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PREFACE 


Perhaps no course in mathematics has grown in popularity 
more rapidly than the mathematics of finance. This course was 
introduced in the United States less than fifty years ago, and yet 
at the present time it is required for students in nearly all collegiate 
schools of • business and is elected by many in other colleges. 
Because of this increased popularity one would expect constant 
improvements in techniques and teaching methods. In the 
opinion of the authors, however, the presentation in most modern 
books differs very little from that of earlier texts. This is particu- 
larly true of the treatment of general annuities, for example, where 
the traditional presentation is almost invariably followed. 

Experience in teaching the course many times has firmly 
convinced the authors that many of the most effective techniques 
are either passed over lightly or omitted entirely in existing texts. 
The concept of an equation of equivalence is an example. It is so 
fundamental that the student understand the properties and uses 
of an equation of equivalence that the authors have devoted a 
short chapter to this topic, including the proofs of several of the 
obvious properties. 

Throughout the text, extensive use is made of the time diagram 
as an aid in writing an appropriate equation of equivalence. It is 
difficult to overemphasize the importance of this “visual aid” 
in setting up problems. 

Tins book differs widely from existing texts in the treatment of 
general annuities. The development given here has been used in 
the classroom for the past eight years with gratifying success. 
Thus it is not an untried innovation. Moreover, many of the 
advantages of this treatment carry over to perpetuities. 

The authors have purposely omitted a chapter on building and 
loan associations since they differ so widely in practice and since 
a thorough knowledge of interest and annuities is sufficient to 
solve any problem arising in this field. 

A brief chapter on life insurance has been included for those 
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who wish to teach the bare fundamentals of this important 
topic. It is the feeling of the authors that the theory of life 
insurance should be a course in itself, so that at most onk' a brief 
introduction can be included in a course in the mathematics of 
finance. 

The chapter on approximating methods has been included 
mainl} 1 - for the benefit of new teachers and the more mature 
students. Although the proof of some of the formulas requires 
application of the calculus, the proper use of these formulas can be 
taught to elementary students. Much of the material in this 
chapter is not found elsewhere. 

Normally, all the material in this book cannot be covered in 
one course. In those schools where the course is required and 
presupposes only college algebra, a five-quarter or three-semester- 
liour course should include practically all the material in the first 
nine chapters. Most of the starred sections should be omitted in 
such a course. For a similar course given to more mature stu- 
dents, the first nine chapters (including many of the starred sec- 
tions) should be augmented bj' additional topics from Chaps. X, 
XI, and perhaps XII. A short course should cover at least most 
of the material in Chaps. I, II, III, IV, and VII and selected topics 
from Chaps. V, VI, VIII, and IX. An advanced course of two 
semester or three quarter hours can be fashioned by a brief review 
of the first nine chapters (including most of the starred sections) 
followed by most of the material in Chaps. X, XI, and XII. Such 
a course should be a mixture of theory and computational tech- 
niques. Computing machines should be available to the students 
in this case. 

Extreme care was exercised in compiling the tables, and the 
authors believe they are as accurate as any others in existence. 
Tables III to VII were computed by them. When possible, they 
were compared with existing tables, all discrepancies were inves- 
tigated, and the correct results determined and checked. For 
these tables, various internal-consistent checks were developed 
and applied so that the chance of their containing errors is rather 
small. Tables VIII to XII were obtained by reducing to eight 
decimal places the corresponding entries in Kent and Kent’s “Com- 
pound Interest and Annuity Tables,” published by the McGraw- 
Hill Book Company. Table XV was taken without change from 
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this same source. The authors are greatly indebted to the Kents 
for permission to use these tables. 

The authors are also indebted to the many friends who have 
read the manuscript in part or in whole and have offered many 
valuable criticisms. In particular, Norman E. Dodson painstak- 
ingly read the entire manuscript, detected many minor errors, and 
some rather serious ones, and offered some excellent suggestions. 
They also wish to express appreciation to Mrs. Marion Hawley 
for her willing and capable assistance in helping to compile the 
tables. The main acknowledgment, however, is made to the thou- 
sands of students who have tolerantly allowed the authors to try out 
various techniques on them. Through them the authors feel, 
and earnestly hope, that they have been able to add somewhat to 
the effective teaching of the mathematics of finance. 

Paul M. Hthumel 
Charles L. Seebeck, Jr. 

Tuscaloosa, Ala. 

Avgust , 194S 
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CHAPTER I 
SIMPLE INTEREST 


1. Interest. Interest is the income from invested capital; or in a 
narrower sense, it is the fee paid for the use of money. If a man owns 
a. house in which he is not living, he may rent tins house to another 
person. In the same way, a man who owns money that he is not 
using may loan (or rent) it to someone else. The fee (or rent) 
charged for the use of the money is interest. The sum of money 
loaned is the principal. An agreement is usually made concerning 
the period of time for which the money is loaned. The sum of the 
interest and principal, due at the end of this time period, is called the 
amount. The interest rate per period is the ratio of the interest for 
the period to the principal. This rate is always expressed as a 
percentage or the equivalent decimal. 

Example. The Smith Co. borrowed S150 from the First National 
Bank. If the bank charged S3. 75 interest for the use of its’ monej r for 
the period of 6 months, what was the interest rate for this period? 

Solution. Call the interest rate for the 6 months period i. Then 
i = 3.75/150 = .025 = 2>£%. 

2. Simple interest. Let P be the principal, r the interest rate 
for 1 year, and t the length of the time period in years. If interest 
is computed by means of the formula 

(1) I — Prt 

and if the interest is due at the end of the lime period, then the interest 
payment is called simple interest. In this case, the interest rate for 
the time period involved is rt. For simple interest, however, the 
interest rate is always given on a yearly basis. 

If S represents the amount, then 

(2) S = P + 1 

Equations (1) and (2) are called the fundamental equations of 
simple interest. Every problem in simple interest can be solved 
by means of these two equations. It should be noted that they 

i 
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contain five different quantities, namely, S, P, I, r, and t. If any 
three, except the first three, are given, the remaining two can be 
found by means of Eqs. (1) and (2). For convenience, another 
one will be added. If I is eliminated from Eqs. (1) and (2), 

(3) S = P(1 + rt) 

is obtained, an equation for the amount in terms of P, r, and t. 

Since, for simple interest, r is always given as a yearly rate, 
t must be changed into years unless it is already given in this unit. 
When the time is given in months, t is simply the number of months 
divided by 12. When the time is given in days, two different 
methods are in use for computing t. The most commonly used 
method is to divide the number of days bj r 360. When t is com- 
puted in this manner, the interest obtained is called ordinary simple 
interest. A second method in use is to divide the number of days 
by 365 (366 in leap years). When t is computed in this manner, 
the interest obtained is called exact simple interest. 

Example 1. Find the simple interest at 6% on $250 for 3 months. 

Solution. We have P = 250, r = .06, and i = = 34* 

/ = Prt = 250 X .06 X \ = §3.75 

Example 2. Find the exact simple interest and the amount if §500 is 
loaned for 100 days at 4%. 

Solution. P = 500, r = .04, and t = 10 % 65 - 

I = 500 X .04 X - §5.48 and S = 500 + 5.48 = §505.48 

Example 3. A man who invested §1000 had §1010 returned to him 
45 days later. At what rate did his money earn ordinary simple interest? 

Solution. P = 1000, S = 1010, and t = 4 % 60 = Y- Since 

S = P + I, I = S - P = 1010 - 1000 = 10. And, since I = Pri, 

rz= Ti = 1000 X M = ‘° 8 = 8% 

Example 4. Ninety days after borrowing money a man pays back 
exactly $100. How much was borrowed if the $100 payment includes 
the principal and ordinary simple interest at 8%? 

Solution. S = 100, r = .08, and l = 9 %60 = 34- Substituting 
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these values in S = P(1 + r£) gives 

100 = P(1.02) and P = ~ = S98.04 
EXERCISE 1 

Ex press the following percentages as proper fractions and as decimal 
fractions correct to the nearest four places. 

1. 5%%. 2. 2.5%. 3. 2%%. 4. % 2 %. 5. 2.913%. 

Change each of the following fractions to a percentage, correct to the 
nearest hundredth per cent. 

6. .045. 7. .7. 8. .1/1.6. 9. .3/5. 10. S4.20/S140. 

Find the value of 1 + rt, and express the results in both fractional and 
decimal form. 

11. r = 5%, t = %. 12. r - 2%%, t = 13. r - 6.24%, 

t = tf 2 . 

14. Compute $10,000(1 + .02%) correct to the nearest cent. If 
.02% is changed to a decimal in obtaining the result, how many decimal 
places are necessary? 

16. Find the value of $10,000/(1 + .01%) correct to the nearest cent. 

16. Find the ordinary and exact simple interest on $5000 for 30 daj's 
at 5%. 

17. Find the simple interest and amount if $300 is loaned for 5 months 
at 3%. 

18. An interest charge of $20 is made for the use of $1000 for 4 months. 
What is the simple-interest rate? 

19. An investment of $300 earns $3 interest in 2 months. What is 
the simple-interest rate? 

20. A businessman, in payment for a shipment of goods, may pay 
either $400 cash or $405 at the end of 60 days. If he borrows the money 
to pay cash, what ordinary simple-interest rate can he afford to pay? 

21. In how many days will $500 amount to S510 if it is invested at 6 % 
ordinary simple interest? 

22. Find the principal if the amount is $122.40, the rate is 8%, and 
the time is 3 months. 

23. How much should be invested today at 4%% in order to get 
$2030 at the end of 4 months? 

24. A man will need $1200 for the purchase of a new car at the end 
of 6 months. How much should he invest today at 5% simple interest 
in order to have the money when needed? 

25. A city must pay off a debt of $10,000 at the end of 10 months. 
What sum could it invest today at 4%% in order to pay the debt when 
due? 
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+3. The 6 per cent method of computing ordinary simple interest 
Ordinary simple interest may be readily computed by using the following 
simple relations: 6 per cent ordinary simple interest on P for 60 days is 
P X .06 X °%go = .OLP, and 6 per cent ordinary simple interest on P 
for 6 days is one-tenth of the previous result, or .00IP. Thus, moving the 
decimal point is all that is necessary to find the ordinary' simple interest 
at 6 per cent for either 6 or 60 days. For any other number of days, the 
proper multiples or fractional parts of the above results are used. 

Example 1. Find the ordinary' simple interest on $700 for 135 day's 
at 6%. 

Solution. 135 may' be represented as 2X60 + 2X6 + 34X6. 
For 60 days, 6% interest on $700 is $7.00, and 6% interest on $700 for 
6 days is 0.70. The interest then for 135 day's will be 

2 X 7.00+2 X 0.70 + 34 X 0.70 = $15.75 

When the rate is not 6 %, the procedure is to first find the interest at 
6%, then take the proper multiple or fractional part of it. 

Example 2. Find the ordinary' simple interest on $800 for 78 days 
at 5%. 

Solution. First find the ordinary simple interest on S800 at 6%. 
Since 78 = 60 + 3 X 6, the interest at 6 % will be 

8.00 + 3 X 0.80 = S10.40. 

Interest at 1% would be one-sixth of the above result, or $1.73, and 
interest at 5% would be 10.40 — 1.73 = $8.67. 

The 6 % method applies only to ordinary simple interest. There is 
no comparable method for exact simple interest. 

*4. Ordinary and exact simple-interest tables. Various types of 
simple-interest tables have been compiled. Table II is such a table. 
An example will illustrate its use. 

Example. Find the exact simple interest on $1250 for 93 days at 4 %. 

Sohdion. Table II gives the exact (and ordinary) simple interest on 
$10,000 at 1 % for any number of days up to 365. By' moving the decimal 
point properly, the interest on $1000, S100, $10, and $1 is readily obtained. 
Thus, the exact simple interest on $1000 for 93 day's at 1% is $2.54795, 
for $100 it is $0.25479, and for $10 it is $0.02548. Hence, the exact sim- 
ple interest on S1250 for 93 days is 

2.54795 + 2 X 0.25479 + 5 X 0.02548 = $3,185, 
and the exact simple interest on $1250 for 93 day's at 4% is 

4 X 3.185 = $12.74. 
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★EXERCISE 2 

Find the ordinary simple interest using the 6 % method. 

1. P = $200, r = 6%, and the time is 90 days. 

2. P = $3000, r = 5%, and the time is GO days. 

3 . P = $225, r = 3%, and the time is 43 days. 

4 . P = $150, r = 434%, and the time is 36 days. 

6. P = $1050, r = 1M%> and the time is 110 days. 

6 . P = $1250, r - 334%, and the time is 137 days. 

Find the exact and ordinary simple interest using Table II. 

7. P = $100, r — 1 %, and the time is 90 days. 

8. P = $2500, r = 1 %, and the time is 60 days. 

9. P = $333.33, r = 2%, and the time is 82 days. 

10 . P = $2150, r = 3%, and the time is 180 days. 

11 . P = $454.54, r = 4%, and the time is 120 days. 

12 . P = $10,503.87, r — 5%, and the time is 256 daj^s. 

5. The time between dates. When the time is given indirectly 
as the time between dates, it is customary to count the exact number 
of days including either the first or the last day, but not both. When 
the time is computed in this manner, it is called the exact time. This 
custom makes it easy to determine the number of days between 
any two dates of the same year if a calendar that contains the 
number of the day of the year of each date is available. The 
exact number of days is the difference between the numbers of 
the days of the 3 r ear of each date. Table I is essential^ -such a 
calendar. In leap years, the number of the day of the year is 
increased 1 for all dates after Feb. 28. 

Another method of counting the number of days between dates that 
is sometimes icsed consists of counting 30 days for each month. When 
this method is used, the time obtained is called the approximate time. 

Regardless of which method of computing the number of days 
is used, either exact or ordinary simple interest may be used. 
Thus, there are four distinct methods of computing simple interest 
between dates, namely: 

a. Using the exact time and ordinary simple interest 

b. Using the exact time and exact simple interest 

c. Using the approximate time and ordinary simple interest 

d. Using the approximate time and exact simple interest 

Of the four methods, d is almost never used, b and c are used 
occasionally, and 0 is nearly always used. Method a is frequently 
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called the bankers’ rule and will be used at all times in this text 
unless definitely specified otherwise. 

Example 1. Find the exact time from June 20 to Sept. 15, 1949. 

Solution. From Table I, June 20 is the 171st day of the j'ear and 
Sept. 15 is the 258th. So the exact number of days is 258 — 171 = 87. 
If ordinary simple interest is specified, t = 8 %oo; and if exact simple 
interest is used, t = s J4g5- 

Example 2. Find the approximate time from Apr. 10 to Aug. 23. 

Solution. Arrange the data as below: 


Date 

Month 

Day 

Aug. 23 1 

S 

23 

Apr. 10 

4 

10 

Difference 

4 

13 


The difference is 4 months 13 days, or 133 days, since each month is 
counted as having 30 days. 

EXERCISE 3 

1. What ordinary simple interest would be charged on a loan of S1200 
made on Aug. 21 if the interest rate is 4p£% and the money is returned on 
Nov. 19? Give two answers, one for the exact time and one for the 
approximate time. 

2. What amount would be paid on July 5 if $7300 is borrowed at 
3K% on Mar. 7 and the exact number of days with ordinary simple 
interest is to be used? 

3. Using the bankers’ rule, find the amount when the principal is 
S360, the rate is 2 and the dates are May 20 and July 31. 

A On Apr. 15, $7300 is loaned out and is repaid on June 26. Find 
the simple interest due at 4% by each of the methods a, b, c, and d. 

5. If §100 is loaned out at 4% ordinary simple interest on Mar. 20, 
on what date will the interest be §1 ? 

6. If $1200 on June 3 accumulates to S1227 on Nov. 30, at ordinary 
simple interest, what is the rate? 

7. How much should be invested at 6% ordinary simple interest on 
May 15 so as to have $1275 on Sept. 12? 

8. What principal invested at 8% ordinary simple interest on Apr. 20 
will accumulate to $803.40 on Sept. 2? 

9. What principal invested on Feb. 20, 1948, will amount to $2777.50 
on May 3, 1948, if the rate is 5% and exact simple interest for the exact 
time is used? 
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6. Notes. A note -is essentially a written promise to pay a 
certain sum of money on a specified date. The date on which the 
xnone 3 r is due is called the date of maturity. The sum of money 
due is called the maturity value. Although the maturity value 
and the date of maturity are the onty essential features of a note, 
often other information is given such as the date on which the 
note was made, the length of time until it matures, a sum of money 
borrowed, and an interest rate. In fact, it is usually necessary to 
compute the maturity value and the date of maturity from the 
other information given. For example, suppose Mr. Black borrows 
$100 from Mr. White and agrees to pay back the loan with $3 
interest at the end of 6 months. The following note could be 
signed by Mr. Black and given to Mr. White: 

January 15, 1945 

Six months after date I promise to pay to the order of Mr. White 
the sum of §100 and simple interest at the rate of 6% per annum. 

(Signed) Mr. Black 

This note is essentially a promise to pay Mr. White .$103 on 
July 15, 1945. The $100* is called the face of the note, and the 
6-month period is called the term of the note. The following note 
should satisfy Mr. White just as well as the above: 

January 15, 1945 

Six months after date I promise to pay to the order of Mr. White 
the sum of S103 without interest. 

(Signed) Mr. Black 

Clearly either of the above notes calls for the payment of $103 
on July 15, 1945. The practice of writing notes in this second form 
is rather common with banks on short time loans. 

When the term of the note is given in months, it normally 
matures on the same day of the proper month. An exception 
w ? ould be a 3-month note dated Nov. 30. Such a note would 
mature on the last day of February. If the term of the note is 
given in days, it is customary to count the exact number of days 
in computing the date of maturity, with either the first or the last 
day counted, but not both. For example, a 90-day note dated 
Mar. 15 would mature on June 13. When the term is given in 
days, Table I is useful in finding the date of maturity. 



s 


MATHEMATICS OF FIX A MCE 


Example. Find the date of maturity for a 90-day note dated June 30. 
1945. 

Solution. From Table I, June 30 is the 181st day of the year. Add- 
ing 90 gives the date of maturity as the 271st day of the year. From 
Table I, the 271st day of the year is Sept. 28. 

7. Simple discount. A discount is a deduction from an 
account, bill, debt, or the like, made for various reasons. In the 
mathematics of finance, a discount is a deduction from the maturity 
value of an obligation made when the obligation is sold before its date 
of maturity. The sum remaining after the discount is deducted 
from the maturity value is called the proceeds. For example, 
suppose Air. A holds a note for $400 on Mr. B that will mature in 
10 months. Suppose Mr. A sells this note to a bank for $375. 
The discount is $25, and the proceeds are $375. 

The discount rate for a given period of time is the ratio of the 
discount for the period to the maturity value. As in simple interest, 
this rate is always given as a percentage or the equivalent decimal 
and is usually quoted on a yearly basis. 

Let S denote the maturity value, d the discount rate for one 
year, and t the length of the time period in years. If discount is 
computed by means of the formula 

(4) D = Sdt 

it is called simple discount or bank discount. If P represents the 
proceeds, then 

(6) P = S - D 

Equations (4) and (5) play the same role for simple or bank 
discount that Eqs. (1) and (2) do for simple interest. If D is 
eliminated from Eqs. (4) and (5), 

(6) P = S(1 - dt) 

is obtained, an equation for the proceeds in terms of S, d, and t. 

When an investor, such as the bank in the illustration above, 
buys a note before its maturity date, he is essentially loaning 
money to the seller. Thus the bank actually loans Mr. A $375 
for 10 months and keeps Mr. B’s note as security. On the date of 
maturity, the bank Mill collect $400 from Mr. B so that the bank 
realizes $25 profit for the investment of $375 for 10 months. 
Clearly the $25 may be considered as simple interest on the S375 
invested. Thus, on the date of maturity, the discount on S becomes 
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interest on P. Or stated differently , S — P may be considered either 
as discount on S or as interest on P. Clearly the discount rate and 
the interest rate will not be the same. In the example above the 
discount rate is (from D = Sdt) 

i d) 25 _ 

° ~ St ~ 400 X % _ 

whereas the interest rate is (from I = Prt) 

r _ L _ 25 

“ Pt 375 X % 

The relation between the interest rate and the discount rate is 
easily obtained by equating the right-hand members of Eqs. (1) 
and (4) and dividing out t. This gives 

(7) Pr = Sd 

The confusion in connection with problems concerning dis- 
count usually arises from misuse of the rates r and d. Equation 
(7) clearly shows that they are not the same and therefore not 
interchangeable. 

When a note is bought before its date of maturity, the price P 
that an investor is nulling to pay is usually determined by one of 
two methods: 

a. The investor may state that a given discount rate d is to be used. 
In this case, S, t, and d are known and the simple-discount equations 
are used to find P. 

b. The investor may state the interest rate r that he ivishes to 
realize on his investment. In this case, S, t, and r are knoivn so 
that the simple-interest equations must be used to find P. 

When the proceeds from the sale of a note are found by either 
of the above methods, the note is said to have been discounted. 
If method a is used, the discount is called bank discount or dis- 
count at a discount rate. When method b is used, the discount is 
called discount at an interest rate or sometimes true discount. 
It is unfortunate that the discount computed by either method is 
called simple discount by various financial institutions. 

When a person borrows money and gives his note, he is essen- 
tially selling his own note before its date of maturity. In the 
preceding section, Mr. Black actually sells to Mr. White for SI 00 
a note that will mature 6 months later for $103. The proceeds 
are $100. The $3 may be considered as discount on the maturity 
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bearing note that they would sign if the money is received on July 5, 
1945. 

11. Mr. Smith asked the Fifth National Bank for a loan of $480 for 
10 months. He received only $450. What discount rate did the bank 
use? At what rate did Mr. Smith pay interest? 

12. The Sixth National Bank charged the Novelty Jewelry Co. 
634 % bank discount on a 6-month loan of $775. If the jewelry company 
received the $775 on Apr. 5. 1945. what noninterest-bearing note did they 
sign? At what rate did this money earn interest? 

13. The following note was discounted at the Seventh National Bank 
at 65c bank discount on Nov. 15. 1945. 

August 17, 1945 

One hundred and twenty days after date I promise to pay to the 
order of John Doe the sum of $120 with ordinary simple interest at 
5% per annum. 

(Signed) Richard Roe 

Find the maturity value and the date of maturity. Find the proceeds 
of the sale. 

14. Mr. A. loaned Mr. B $1000 and received a note calling for the 
payment of $1000 with interest at 6% due in 90 days. Mr. A held 
the note for 30 days and then sold it to a bank that charged 7 % bank 
discount. How much did Mr. A receive, and what interest rate did he 
actually realize on his investment? 

15. A note maturing for $450 in 120 days is sold to the Eighth 
National Bank at 8% interest in advance 90 days before it is due. Thirty 
days later, this bank sells the note to a Federal Reserve Bank, which 
discounts notes at 6$^ bank discount. Find the profit made by the 
Eighth National Bank and the rate at which its money earned interest on 
this investment. 

16. A 6-month note for $1S0 with interest at 55c is sold 75 days before 
maturity to the Peoples’ Investment Corp.. which wants 6% simple 
interest on its investment. What is the discount charge, and what are 
the proceeds of the sale? What bank-discount rate is the investment 
corporation using on this transaction? 

17. Mr. Robertson owes Mr. Brown $1000 due immediately. Mr. 
Brown agrees to accept as payment of this debt a no nin terest-bearing 
note tor 60 days, which can be discounted immediately at the Tenth 
National Bank for $1000. If the bank charges 8% interest in advance, 
what should the face of the note be? 

18. A note maturing for $2500 is to be sold S months before it is due. 
Who will oner the larger sum; Mr. White, who uses a 6J4 5c interest rate, 
or Mr. Green, who uses a 65c discount rate? 



CHAPTER H 

COMPOUND INTEREST 

8. Compound amount and compound interest. When interest 
is periodically added to the principal and this new sum is used as 
the principal for the following time period and this procedure is 
repeated for a certain number of periods, the final amount is called the 
compound amount. The difference between the compound amount 
and the original principal is called the compound interest. 

The time period between two consecutive interest computa- 
tions is called the interest period, or conversion period, and may 
be any convenient length of time. The conversion period is usually 
taken as an exact divisor of the year, such as a month, 3 months, 
6 months, or a year. 

The interest rate is usually quoted on a yearly basis and must be 
changed to the interest rate per interest period for computational 
purposes. 

Example. Find the compound amount at the end of 1 year on S1000 
if the rate is 6 % converted quarterly. 

Solution. The phrase 6 % converted (or compounded) quarterly means 
1J4 % per 3 months. Thus, at the end of the first 3 months, 134 % of 81000 
would be added on, giving $1015 as the amount at the end of the first 
period, and this new sum will be the principal for the second period. At 
the end of the second 3-month period, 134 % of $1015 would be added on, 
giving $1030.23 as the amount at the end of the second period and the 
principal for the third period. At the end of 3 more months, 134 % of 
S1030.23 is added on, giving $1045.68 as the amount at the end of the 
third period. And finally, at the end of the year, 134% of $1045.68 is 
added on, giving $1061.36 as the compound amount at the end of the 
year. The compound interest for the year is $61.36, which is $1.36 more 
than simple interest would have been. 

The direct method of computation used in the example becomes 
quite tedious as the number of interest periods gets larger, 
and quicker methods of getting the compound amount will be 
developed. 
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Example 3. Find approximately the amount to which 81000 will 
accumulate in 20 years at ji = 5.2%. 

Solution. We have S = 1000(1.052)-°, and the main problem is to 
evaluate the accumulation factor (1.052)°°. This will be done by inter- 
polation, since an approximate solution is sufficient here. From Table 
Yin, we find the value of (1 + i) ;o for values of i on either side of 5.2% 
and arrange the data as shown below. 


0 005 


0.002 


! 

2 

! 

(1 -f i)-' 

0.055 

2.917S 

' 0.052 

X I 

0.050 

2.6533 ] 

i 


> 0 2645 


The entries in the right-hand column are written with only four decimals, 
since additional places will not appreciably increase the accuracy. 

The method of interpolation is based on the assumption that the 
corresponding values in the two columns change proportionally. That is. 
the ratio of any two differences in one column equals the ratio of the 
corresponding differences in the other column. Thus, 

X - 2.6533 .052 - .050 

2.9178 - 2.6533 .055 - .050 


The above equation is solved for X. giving X = 2.7591 as an approxi- 
mate value of (1.052)°°. Hence S = 1000 X 2.7591 = 82759.10. The 
correct value to the nearest cent when computed by a more accurate 
method is S = 82756.22. 


In actual practice, the computer seldom bothers to set up the 
proportionality equation as was done in the example but uses only 
the differences involved. If we denote by c the correction to be 
applied to the tabular entry 2.6533, that is, the difference between 
X and 2.6533, and write down the other differences involved 
alongside the interpolation table as shown, then the propor- 
tionality equation takes the simple form 

c .002 
.2645 ~~ .005 ~~ — 

This gives c = .1058 and X = 2.6533 + c = 2.7591 as before. 

When an approximating method is used, it is important to 
know how accurate the result is. In Chap. XI, approximating 
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methods and the corresponding errors are discussed in more detail. 
It is shown in Chap. XI that if (1 + i) n is evaluated by inter- 
polating between the entries for ?i and where ii is less than ig, 
the value obtained is too large but the error is less than 

E(i) = - [»(1 + « 2 ) n_1 (f2 ~ u) — (1 + iz) n + (1 + u) n ] 

If this error function is evaluated using the data of Example 3, 
we get .003 as an upper limit on the error. Thus, the error in S 
is less than S3. It is interesting to note that the error is actually 
$2.88, so that the error function gives a very satisfactory limit in 
this case. 

When compound-amount tables are not available or do not 
apply, logarithms can be used to find S. Theoretical^ the loga- 
rithmic solution is exact, but actually the accuracy is limited to 
the accuracy of the table of mantissas used. If interpolation is 
used, the accuracj’’ of logarithmic computation is usually to the 
same number of digits as the table used. That is, using six-place 
mantissas, the first five digits in the answer null be correct and 
the sixth, obtained by interpolation, is nearly always correct. 

The first two pages of Table XV contain seven-place mantissas 
for the numbers 10,000 through 11,009. This includes all numbers 
of the form 1 + i for all values of i up to and including 10.09%. 
The rest of Table XV contains six-place mantissas for the numbers 
1000 through 9999. The seven-place mantissas should always be 
used when log (1 + i) is involved, not only for added accuracy but 
also because an additional digit is obtained without interpolation. 

Example 4. Solve the preceding example by logarithms. 

Solution. Applying logarithms to the equation S = 1000(1.052) ::o 
gives 

log S = log 1000 + 20 log 1.052 

The mantissas of the numbers in the right-hand member of the above 
equation are found in Table XV, and we have 

log 5 = 3.000000 + 20 X 0.0220157 == 3.440314 

Using Table XV we next find the antilogarithm of the mantissa .440314. 
Interpolating, we get 275622,’ hence S = §2756.22. When seven-place 
mantissas are used, this result is found to be correct. 

*One more method of evaluating (1 -f i) n vail be described. Using 
the binomial expansion, we have 



18 


MATHEMATICS OF FINANCE 


< 1 +fl"-l+? + 2&^ + 


n{n — 1)(» — 2 )i 3 
1X2X3 


+ 


If n and i are not too large, only four or five terms of the expansion are 
needed to obtain five- or six-place accuracy. 

Example 5. To what amount will $500 accumulate if invested at 
jt = 4% for 3 years? 

Solution. Using the binomial expansion to evaluate the accumulation 
factor, we have 


(1.01) 12 = 1 + 12(.01) 


12 X ll(.Ol) 2 , 12 X 11 X 10(.01) 3 
1X2 + 1X2X3 

12 X 11 X 10 X 9(.01)« 

+ 1 X 2 X 3 X 4 + 


= 1 + .12 + .0066 + .00022 + .00000495 + • • ■ 
= 1.12682495 


which should be rounded off to six decimal places, giving 1.126825. 
Multiplying by 500 gives S = $563.41. 

When the binomial expansion is used, the number of terms 
needed will depend upon the desired accuracy, the size of n, and 
the size of i. It is not difficult to show that once the terms start 
to decrease, they continue to decrease, so that the expansion is 
continued until the terms become sufficiently small not to affect 
the desired accuracy. 

Obviously, using the compound-amount tables is the simplest 
way of finding the value of the accumulation factor. However, 
such tables are not always at hand or do not contain the necessary 
entries; thus it becomes highly desirable to master several of the 
methods discussed. 

EXERCISE 6 


Find the compound amount in the following problems by use of 
Table VIII: 


Problem 

Principal 

... ._ 

Nominal rate 

1 

i ._ 

Frequency of 
conversion 

Time 

1 

$2,000 

5% 

i 

Semiannually 

8 years 

2 

$300 

■m% 

Quarterly 

5 years 3 months 

3 

$2,500 

7% 

Monthly 

15 years 7 months 

4 

$1,125 

3% 

Yearly 

12 years 

6 

$875 

5 y.% 

Quarterh- 

15 years 9 months 

6 

$-13 50 

4'A% 

Semiannually 

1 1 years 6 months 

7 

$10,000 

6% 

Monthly 

5 years 2 months 
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Compute the value of (1 + i) n accurate to the nearest six decimal 
places using Table VIII and the laws of exponents. 

8 , j i = 3%, time = 60 years. 9. jn = 6%, time = 20 years. 

10. jis = 6%,- time = 23 34 years. 

11. jw = 7%, time = 27 K years. 

♦Compute the value of (1 + i) n accurate to six decimal places by 
means of the binomial theorem. 

12 . ji = .4%, time = 1234 years. 

13. jn = 6%, time = 3 years 4 months. 

14 . ji = 5%, time = 5 years. 

16 . jz = 4%, time = 10 years. 

Compute the value of (1 + i) n to four decimal places by interpolation. 

16 . ji = 4.1%, time = 10 years. 

17 . ji = 3.6%, time = 634 jmars. 

18 . ji = 3.2%, time = 14 years. 

19. jn = 534%, time = 4 years 5 months. 

Find the compound amount in the following examples by logarithms. 

20. P = §225, ji = 934%, and the time is 5 years. 

21. P — 8322.50, ji = .8%, and the time is 25 years. 

22. P = 8872.75, ji» ~ 2%, and the time is 1634 years. 

23. P = 887.92, jn = 134%, and the time is 10 years. 

Solve the following problems by the simplest method, accurate to 
the nearest cent. Tell which of the other methods would also apply. 

24. Mr. Mann has 810,000 invested at 5%, compounded monthly. 
How much will he have at the end of 18 months? 

25 . A man invested 810,000 25 years ago at j i2 = 4%, to be given at 
his death to his son with all the accumulated interest. How much is in 
the fund today if the man is still alive? 

26. Mr. Smith gets 10% per year on his investments. If he invests 
8100 today and keeps all the interest invested, how much will this invest- 
ment amount to at the end of 10 years? 

27 . A city has 8100,000 invested at 1.2%, m — 12. How much 
interest will be realized on this investment in 5 years if all interest pay- 
ments are immediately reinvested at the same rate? 

28 . How much interest will 8100 earn in 10 years at j 2 = 3.2 %? 

29 . A savings bank pays interest at j 2 = 234%. To what amount 
will 8125 accumulate in 234 years? 

30. A loan company lends money at 7 % simple interest for periods of 
1 month. One half of the interest is used for operating expenses, and 
the other half is immediately reinvested at the same rate. If the com- 
pany starts the year with 810,000 and keeps it all invested, how much will 
the company have at the end of the year? 
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★31. Compute an upper limit for the interpolation error for Prob. 17. 

*32. Compute an upper limit for the interpolation error for Prob. 18. 

12. Present value and compound discount. Frequently it is 
necessary to know what principal P invested now at a given interest 
rate will accumulate to a specified amount S at some later date. 
Under these conditions, P is called the present value of S. Stated 
differently, the present value P on a given date of a sum S due at a 
later date is that principal which if invested on the given date at the 
given interest rate will amount to S on the date that S is due. The 
difference S — P may be thought of as compound discount on S, 
and the process of finding present value is called discounting. 
Compound discount is practically always found by using an 
interest rate, although it need not be, and discounting at a com- 
pound discount rate will not be considered here. 

Computing present value (or discounting S) means merely 
solving Eq. (1) for P when S, i, and n are given. Equation (1) 
solved for P gives 

p - — g— 

(1 + *)" 

and the methods of computing (1 + i) n discussed in the previous 
section could be used here. However, it is desirable to avoid long 
division whenever possible, and this can always be done in numeri- 
cal computations if a table of reciprocals is available. To illus- 
trate, multiplying by .5 gives the same result as dividing by 2; 
similarly, multiplying by .08 gives the same result as dividing bv 
12.5. In fact, every number except zero has a reciprocal, obtained 
by dividing it into 1, which has the property that multiplying by 
the reciprocal gives the same result as dividing by the given 
number. 

Table IX is a table of reciprocal values of the numbers in Table 
VIII. For example, Table VIII gives (1.05) 10 = 1.62S89468, 
whereas Table IX gives (1.05)~ 10 = 1/(1.05) 10 = .61391325, and 
multiplying by .61391325 gives the same result as dividing bv 
1.628S9463. 

When reciprocal tables are available, Eq. (1) is usually written 
in the form 

(2) P = S(H z") " 

for discounting purposes. 
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Example 1. Find the present value of $10,000 due in 5 years if the 
interest rate is j« = 5%. 

Solution. We have S = $10,000, i = .025, and n = 10, so that 
P = 10,000(1.025)~ 10 

From Table IX we find that (1.025)~ 10 = .78119840, and hence 
P = 10,000 X 0.78119S40 = $7,811.98 

When n is beyond the range of values given in Table IX, the 
law of exponents used in Example 2 of the preceding section may 
be used in an analogous manner here. 

Example 2. Find the value of the discount factor (1.01) -550 

Solution. We write 

(1.01)- 250 = (1.01)- 150 X (1.01)- 100 
Table IX gives the values of the factors on the right, hence 

(1 01)-25o = .22479877 X .36971121 = .08311063 

The “bobtailed” method of multiplication outlined in Appen- 
dix I will greatly reduce the amount of work when multiplications 
of the above tj-pe are necessaiy. 

When the interest rate is not in Table IX, we resort to inter- 
polation if an approximate solution is adequate or use logarithms 
if a more exact solution is desired. The accuracy of a logarithmic 
solution depends upon the extensiveness of the logarithmic table 
used. Table XV null, in general, give six-digit accuracy. 

It is also possible to evaluate the discount factor by using the 
binomial formula given in the preceding section. It can be shown 
that this formula holds for all values of n, positive, negative, or 
fractional, as long as i is less than 100 per cent. 

Example 3. Find the present value of $1200 due in 5 years if interest 
is at (4.4%, m — 2). 

Solution 1. 5 = $1200, i = .022, and n = 10, so that 
P = 1200(1.022)- 10 

Applying logarithms, 

log P = log 1200 — 10 log 1.022 
Using Table XV, we get 

log P = 3.079181 - 10 X .0094509 = 2.984672 
Hence P = S965.32, correct to the nearest cent. 
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Solution 2 (by interpolation). From Table IX we obtain values 
of the discount factor for rates on either side of .022 and record as below. 


.0025 


I 

(i 4- jr'° 

/ .02 

S2035 1 

\ .022 

X J 

.0225 

.80051 


■010S4 


The proportionality equation is 

c .002 
.01984 .0025 ' 6 

We get c = .01587, X = .82035 — .01587 (note that the correction is 
subtracted, since the tabular values are decreasing) = .80448, and finally, 
P = 1200 X .804 48 = S965.38. The error is 6 cents. 

When interpolation is used, an upper limit, for the error is 
highly desirable. In Chap. XI, it is shown that when the dis- 
count factor is evaluated by interpolating between the entries for 
t'i and /«, where ?i is the smaller rate, the value obtained is too 
large but the error is less than 

E(i) = | [ti (f. - t,)(l + u)— 1 + (1 + it)"* - (1 + j,)-"] 

If this error function is evaluated using the data of the example 
above, we find that the error in the discount factor cannot exceed 
.000067, and hence the error in P cannot exceed S cents. Actually, 
the error is 6 cents. 

EXERCISE 6 

Compute the value of P, using the table. 

1. S — $10,000, jt = 3 %, time = 8 years. 

2. >S = $150, j s = 4)4%, time = 6 years. 

3. S = $750, j-> = 3)£%, time = 3)4 years. 

4- S — $330, ji~ — 3)4 %, time = 4 years. 

G. S = $645, jn = 3)4%, time = 5 )4 years. 

6. S = $4300, = 3)4%, time 3)£ years. 

Find the value of P, using logarithms. 

7. S = $345.50, ji = 4)4%, time = 12 years. 

8. S = $2700, jt = 2.36%, time = 13)4 years. 
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9. S = $240.46, ji = 4.2%, time = 10 years. 

10. S = $150, ji = 0.2%, time = 2 years. 

Find the value of P by interpolation. 

11. S = $100, ii = 4.7%, time = 6 years. 

12. S = $24.50, ji = 1.3%, time = 8)4 years. 

13. S = $150, = 5.4%, time = 7 years 2 months. 

14. S = $50, ii 2 = 7)4%, time = 12$$ years. 

Solve the following problems accurate to the nearest cent by the best 
available method. 

15. Discount $1500 for 12 years 9 months at 5)4% compounded 
quarterly. 

16. Find the present value of $290 due at the end of 17 years 6 months 
if interest is computed at ji = 4%. 

17. If money can be invested to earn 3)4%, compounded monthly, 
how much should be invested now in order to have $300 at the end of 

4 years 5 months? 

18. What sum will accumulate $100,000 in 20 years atjn = 5 %? 

19. What sum of money invested 100 years ago at 7.15% per year 
would amount to S1000 today? 

20. A certain obligation matures today for $10,000. Find its value 

5 years ago at 3)4 %, compounded quarterly. 

13. The yearly effective rate. It has been seen that the yearly 
nominal rate is meaningless until the frequency of conversion is 
specified. Below is given the amount to which $10,000 will 
accumulate in 1 year at a 6 per cent nominal rate converted with 
different frequencies. 


m = 1 

m = 2 

m = 4 

m — 12 

10,600.00 

10,609.00 

10,613.64 

10,616.78 


The table shows clearly why it is essential to specify the fre- 
quency of conversion. Since it is often desirable to know the total 
yearly growth of each unit of original principal, a new definition is 
next introduced. 

The yearly effective rate r corresponding to a given nominal rate j 
converted m times per year is the total amount of interest earned per 
year for each unit of principal at the beginning of the -year. 

From the table above, the yearly effective rate corresponding 
to ji = 6 per cent is 6 per cent; for j 2 = 6 per cent, the yearly 
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effective rate is 6.09 per cent; and for j J2 = 6 per cent, the yearly 
effective rate is 6.1678 per cent. 

It follows readily that the yearly effective rate, converted 
annually, will give the same compound amount at the end of any 
number of years as would be obtained by using the corresponding 
nominal rate compounded in times per year. Thus, S1000 will 
earn the same amount of interest in 10 years at = 6.09 per cent 
as at j ‘2 = 6 per cent. 

To find the yearly effective rate corresponding to a given nominal 
rate converted with a given frequency, it is sufficient to accumulate 
some principal for one year at each rate and equate the resulting 
amounts. 

Example 1 . What is the yearly effective rate corresponding to 8%, 
m = 4? 

Solution. Let r be the corresponding yearly effective rate. Then 
SI at rate r for 1 year will amount to 1 + r, and SI at fi = .08 for 1 year 
nil! amount to (1.02) 4 . Equating these amounts we have 

1 + r = (1.02) 4 = 1.08243216 (Table VIII) 
andr = .08243216. 

A general relationship between r, j, and m can be obtained 
exactly as above bj r finding the amount which SI will accumulate 
in 1 year at each rate and equating the results. Thus, the amount 
which SI will accumulate in 1 year at the effective rate r is 
1 + r, and the amount which SI will accumulate in 1 year at 
rate j, converted m times per year, is (1 + i) m , where i = j/m. 
Equating these amounts gives 

( 3 ) 1 + r = (1 4 - i) m where i — — 

m 

Equation (3) contains three quantities, so that if any two are 
known, the tliird can be found. 

Example 2. Find the nominal rate that converted quarterly cor- 
responds to an effective rate of 6%. 

Solution. Herer = .06, m = 4, and j is to be determined. Equating 
the amounts at the end of 1 year at each rate [or using Eq. (3)] gives 

1.00 = (1 -}- f) 4 where i — ^ 
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Extracting the 4th root of each member of the above equation gives 

1 + * = (1.06)” 

The fourth root of 1.06 can be extracted by logarithms; or if a table 
such as Table III is available, it can be looked up. Table III gives the 
fourth root of 1.06 as 1.014673S5. Hence i = .01467385, and- 
j = 4 i = .0586954. 

Any two -interest rates, whether nominal or effective rates, that give . 
the same compound amounts at the end of the year are called yearly 
equivalent or, more briefly, equivalent. Thus a nominal rate con- 
verted monthly and a (different) nominal rate converted quarterly 
are equivalent, or correspond, if they produce the same amounts 
at the end of the year. The method of finding an equivalent rate 
when sufficient data are given is the same as above. 

Example 3. What nominal rate converted monthly corresponds to 
U = S%? 

Solution. Let (j, m = 12) be the desired rate, and let i — jf 12. 
Equating the amounts which SI will accumulate in 1 year at each rate 
gives 

(1 + ifl- = (1.02) 4 

Extracting the twelfth root of each member of the above equation gives 

1 + i = (1.02) 55 = 1.00662271. (Table III) 

Hence i — .00662271, and j = 12 i = .07947252, which should be 
rounded off to seven decimal places, since multiplying bj T 12 will in general 
reduce the accuracy of the result by one decimal place. 

The importance of equivalent rates cannot be overemphasized. 
Since equivalent rates give the same compound amounts on any 
principal at the end of any number of years, the following principle 
is logically sound: In the mathematics of finance, it is always per- 
missible to replace the given interest rate by an equivalent one. The 
importance of this principle will become apparent in later work. 
For example, if the interest rate for a certain problem is j s = 8 per 
cent, it is permissible to replace this rate by = S.16 per cent. 

EXERCISE 7 

Find the yearly effective rate, to the nearest hundredth per cent, 
equivalent to the following rates. 

1- 3* = 6%. 2. j. = 2}4%. 3. j 12 = 8%. 
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4. j A = 5 Yi%. 5. jz = hy 2 %. 6. jt? = 6%. 

7. j\ = 4M%- 8. in = 9%. 9. ii-» = 4%. 

10. in = 3M%- 

Find the nominal rate, to the nearest hundredth per cent, equivalent 
to the given yearly effective rate r. 

11. r = 6%, find j«. 12. r = 7%, findi 2 . 

13. r = 4H%, find in- 14. r = 334%, fmdjV 

15. r = 2M%, find is. 16. r = 33^%, findi, 2 . 

Solve the following problems, using logarithms. 

17. Find the j'early effective rate equivalent to 2%, converted 
monthly. 

18. Find the yearly effective rate corresponding to j t = 4.7%. 

19. Find the nominal rate, jt, equivalent to 12% effective. 

20. Find the nominal rate, in, equivalent to 5.3 % effective. 

Solve the following problems, using the tables whenever possible. 

21. A sum of money is invested at 6%, m = 4, for 1 year. What 
nominal rate, converted monthly, would accumulate the same amount 
in 1 year? 

22. What nominal rate, compounded semiannually, is equivalent to 

8%, m = 4? 

23. One thousand dollars is invested for 1 year at in = 6%. What 
nominal rate, compounded semiannually, would produce the same 
amount? 

24. A sum of money is accumulated for 5 years at = 5%. What 
nominal ratej’i 2 would yield the same amount for the same period? 

26. Find the nominal rate j< equivalent toii 2 = 7.2%. 

26. What nominal rate j\z would equitably replace 3%, m = 4? 

14. Compound amount for a fractional period of time. A 
statement such as compound interest at ji = 6 per cent for 3 
months does not have meaning at present, and an agreement must 
be made as how such cases are to be treated. The simplest method 
uses simple interest when a fractional period of time is involved. 
This is called the practical method and may be formulated as 
follows: To find by the practical method the amount or present value 
when a fractional period of time is involved; first, accumulate at 
simple interest the given sum from the given dale to the nearest later 
date that is a whole number of periods from the desired date. Then 
accumulate or discount this new sum to the desired date. Examples 
will illustrate the rule. 

Example 1. S1000 is invested at jz = 6% for 5 years 9 months. 
Find the amount by the practical rule. 
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Solution. The $1000 is first accumulated, by simple interest at G%, 
for 3 months (that is, to a date 11 full periods from the desired date). 
Using S = P(1 + rt) gives 

1000 ^1 + .06 X 0 = 1000(1.015) = $1015 

The new sum $1015 is now accumulated at = 6% for the remaining 
11 periods, giving 

S = 1015(1.03) 11 = 1015 X 1.38423387 = $1405.00 

It should be observed that if the two computations are merely indi- 
cated, the result is 

S = 1000(1.015) (1.03) 11 

Clearly, the final result will be the same if the order of the two accumula- 
tion factors is reversed, giving 

S = 1000(1.03) n (1.015) 

\ 

This last form usually gives simpler arithmetic. 

Example 2. Using the practical method, find the present value of 
$600 due in 7 years 3 months at (5%, m — 1). 

Solution. First accumulate $600 for 9 months at 5% simple interest 
(that is, to a date eight full periods from the desired date). This gives 
[using £ = P(1 + rf)] 

600 ^1 + .05 X = 600(1.0375) = $622.50 

The new sum $622.50 is now discounted for S years, giving, 

P = G22.50(1.05)- s = 622.50 X .G7GS3936 = $421.33 

Here too, as in the previous example, the order of the two multiplications 
is usually reversed for simple arithmetic. 

It can be shown rather easily that the results obtained by the 
practical method are exactly what would be obtained if the accu- 
mulation factor or discount factor were evaluated by interpolation. 

The theoretical objection to the practical method is that the 
same interest rate is not used throughout the entire time involved. 
The final result in Example 1 , S = 1000(1.015) (1.03) u , could be 
described by saying that the interest rate is j 4 = 6 per cent for 
3 months and j 2 = 6 per cent for the remaining 5 y 2 years. For 
this reason, a second method called the theoretical method of accu- 
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mulating and discounting will be described. An example will 
illustrate the logical basis of the theoretical method. 

Example 3. Solve Example 2 by first replacing j i = 5% by an 
equivalent rate compounded quarterly. 

Solution. Let i be the interest rate per quarter that is equivalent to 
ji = 5%. Then 

(1 + f) 4 = 1.05 and . 1 + i = (1.05)K 

If we now discount for 7 years 3 months at rate i per quarter, we get 

P = 600(1 + i)~" 9 

Substituting for 1 + i its value from the preceding equation gives 

P = G00[(1.05)M]- 13 = 600(1.05)"”* = 600(1.05)" 7 (1.05)-» 

The discount factor (1.05) -7 is found in Table IX and the value of (1.05)"* 
is taken from Table IA'. Thus 

P = GOO X .71068133 X .98787655 = $421.24 

It should be observed that the final result P — 600(1.05) _i ’ s 
could have been obtained by using i = .05 and n — 7)4 in Eq. (2). 
This illustrates the following rule: The theoretical method of accu- 
mulating or discounting consists of using the fundamental Eqs. (1) 
or (2) whether the time is an integral number of periods or not. 

Example 4. Using the theoretical method, find the compound 
amount if $10,000 is accumulated for 15 years 3 months at j. = 6%. 

Solution. We have P = 10,000, i = .03, n = 30)4, and 

S = 10,000(1.03)’°* = 10,000(1.03) !0 (1.03)H 

= 10,000 X 2.42726247 X 1.01488910 (Tables VIII and III) 

= $24,634.02 

It can be shown that the theoretical rule always gives the same 
result as would be obtained by first replacing the given interest 
rate by an equivalent rate compounded with a frequency that 
would make the time involved a whole number of periods, then 
accumulating or discounting at this new rate. The theoretical 
method is logically sound in view of the principle of equivalent 
rates stated in the preceding section. The results obtained by the 
theoretical method are always slightly less than those obtained by 
the practical method. 
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EXERCISE 8 

Find the compound amount by the practical and theoretical methods. 

1 . P = $1000, 34 = 7%, time = 5 years 4 months. 

2. P = $150, ji = 5%, time = 6 % years. 

3. P = $5000, jo = 4%, time = 10 years 7 months. 

4. P = $500, j 4 = 3%, time = 9 years 10 months. 

6. P = $7500, j'x = 43^%, time = 5 years 5 months. 

6. P = $1500, j 2 = 2%, time = 12 years 4 months. 

Discount the following sums by the practical and theoretical methods. 

7. S = $1000, ji = 6%, time = 6 years 9 months. 

8. S = $2500, j 2 = 5%, time = 11 years 11 months. 

9. S = $3000, j 2 = 3M%, time = 4)4 years. 

10. S = $6000, ji = 3 %, time = 9 years 5 months. 

11. S = $4500, jo = 3)4 %> time = 8 years 8 months. 

12. 5 = $3500, j 4 = 6%, time = 7 years 7 months. 

13. Accumulate $1053 for 8 months at j 4 = 7% by the practical 
method. 

14. Using the practical method, find the present value of $800 due 
in 5 years 4 months at the rate j 1 = 4%. 

15. $10,000 is invested for 6 months at ji = 5%. Find the interest 
earned by each method. 

16. What sum of money, invested now, will accumulate $900 at the 
end of 12 years 4 months if the theoretical method is used and the rate is 

Ji = 4H%? 

17. Using the theoretical method, find the compound amount if 
$345.50 is invested for 10 years 8 months at )4 %, m = 4. 

16. Determining the interest rate. When S, P, and n are 
known, the interest rate is determined and can be found by sub- 
stituting the known values into either Eq. (1) or. (2) and solving 
for i. A logarithmic solution, though theoretically exact, is limi ted 
to the accuracy of the tables used; using Table XV, accuracy to 
the nearest thousandth per cent is possible. If interpolation is 
used, accuracy to the nearest hundredth per cent is possible for 
the smaller rates and }4o per cent accuracy holds throughout the 
entire table. 

Example. Find the nominal rate, converted semiannually, at which 
$1500 will amount to $2400 in 9 years. 

Solution 1. S = 2400, P = 1500, and n = 18. Let i be the interest 
rate per 6 months, then 


1500(1 + t') 18 = 2400 
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Taking logarithms of both members of the above equation gives 
log 1500 + IS log (1 -f i) = log 2400 
Substituting the numerical values of log 1500 and log 2400 gives 
3.176091 -f IS log (1 -f i) = 3.3S0211 


Sohdng for log (1 -r i) gives 


log (1 


3.380211 - 3.176091 
IS 


= 0.0113400 


From the first page of Table XV we next find mantissas on either side 
of .0113400 and interpolate, getting 1 -f i = 1.026455, where only the 
last digit is in doubt. Consequently, i = .026455. andj = 2f = .05291. 

Solution 2 (by interpolation). Solve the first, equation for (1 -r f) ls - 
Thus 


(1 -r *) 3S = 


2400 

1500 


1.60 


From Table VIII find two consecutive rates that give values slightly 
larger and smaller than 1.60. and record as below. 


05991 


04034 


a -f i) 1! 

■ i 

j 

1 69957 

.0275 

j .055 

I 1 60000 

i 

j 

| 1 55966 

.0250 I 

.050 



It should be observed that the interpolation table above contains a 
column that gives the yearly nominal rates corresponding to the given 
semiannual rates, and hence we can interpolate directly for j. The 
proportionality equation is 

c _ .04034 
.005 - .06991 


Whence c = .002S9, and j = .05289. 

It is shown in Chap. XI that when i is found by interpolating between 
(1 -h ti) n and (1 i:)”, where ij < f : . the value obtained is too small, but 

the error is less than 


E{i) = 


1 r (1 -F tYF - (1 4- ilY 

4 L «fl t Ji)” -1 


is -F ti 
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If this error function is evaluated using the data of the example, we 
get .000014 as an upper limit for the error in i, and hence the error in the 
interpolated value of j cannot exceed 2 X .000014 = .000028. 

It is also shown in Chap. XI that when i is found by interpolating 
between (1 + ii)~ n and (1 + where ii < f 2 , the value obtained is 
too large, but the error is less than 


E(i) 



(1 + tQ-» - (1 + i*)~ n 
n(l + h)~ ,n+1) 


— ii + i\ 


As a result, excellent accuracy can be had by interpolating for i in both 
tables, retaining six or more decimal places throughout, then averaging 
these results. 


16. Finding the time. When S, P, and i are given, n is deter- 
mined and can be found by methods similar to those used in the 
preceding section. Usually n will not be an integer, so the question 
arises as to whether the practical or theoretical method of accumu- 
lating (or discounting) is in effect. If the theoretical method is 
assumed, a logarithmic solution gives the correct value for n, 
whereas interpolation gives the true value for n if the practical 
method is in use. Usually the difference in time obtained by the 
two methods is so small that unless large sums of money are 
involved, it does not matter which method of solution is used. 

Example. If the interest rate isji = 6%, how long will it take $1000 
to amount to $1500? 

Solution 1. If n represents the number of years, then 

1000(1.06)” = 1500 
Taking logarithms, we have 


log 1000 + n log 1.06 = log 1500 
Substituting the numerical values of the logarithms gives 


3.000000 + 7^(0.0253059) = 3.176091 (Table XV) 
Solving for n, we get 


3.176091 - 3.000000 
.0253059 


6.9585 years 


or slightly over 6 years 11% months. This answer assumes that the 
theoretical method of accumulation is used. 
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Solution 2. If the practical method of accumulation is in effect, 
then the correct value of n is found by interpolation. 


« 

(1.06)” 

7 

1.503630 

X \ 

1 

1.500000 ] .085111 

c 

1.41S519 J 


The proportionality equation is 


c 

I 


.081481 

.085111 


= .95735 


Hence the time is 6.95735 years, or 6 years 11.4882 months. 

The difference in time between the two solutions is less than one- 
half day. 

Since interpolation is an exact method for this type problem, 
the number of decimal places retained throughout the computa- 
tions will depend upon the accuracy desired in the final result. 

EXERCISE 9 

Find the nominal rate by interpolation. 

1. P = $10,000, S = $12,824.32, time = 6H years, m = 4. 

2. P = $10,000, S = $17,777.44, time = 6 years 5 months, m = 12. 

3. P = $1000, S = $1500, time = 7 years, m = 2. 

4. P = $250, S = $750, time = 6)4 years, m = 4. 

Find the nominal rate by logarithms. 

5. P = $2300, iS = $4500, time = 12 years, m — 1. 

6. P = $125, S = $550, time = 25 years, m — 4. 

7. P = $445.25, iS = $1000, time = 13 years 5 months, m = 12. 

8 . P — S100, 5 = $35,000, time = 100 years, m — 2. 

In the following examples it is assumed that the practical method is 
used for accumulating P to S. Find the time. 

9. P = S500, S = $1000, i; = 5%. 

10. P = $25,000, S = $52,000, = 3%. 

11. P = $150, S = $250, ji; = 6%. 

12. P = $435, S = $1000, j« = 4J 

In the following examples it is assumed that the theoretical method 
of accumulation is used. Find the time. 

13. P = $325, S = $522 ,j t = 3)4 %- 

14. P = $1000, & = $3500, ji- = 6%. 
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15 . P = $342.14, S = $ 400 , j, = 4%. 

16 . P = $50, S = $231, j 4 = 4H%- 

17 . Find the effective interest rate earned on money invested in 
United States Bonds, which cost $75 and pay $100 10 years later. 

18 . A house was purchased for $6500 and sold 4 years later for $9000. 
Assuming that rent payments just compensated for taxes and other 
expenses, what effective rate of interest was earned on the investment? 

19 . How long will it take $1000 to amount to $2500 at jn = 6 % if 
the practical method of accumulation is used? 

20 . At what nominal rate ,712 will money double itself in 12 years? 

21 . How long will it take money to double itself at 7 j = 6 % if the 
theoretical method of accumulation is used? 

The remaining examples require a knowledge of the calculus. 

*22. Show that lim (1 +j/m) m = &, where c is the natural base of 

m= co 

logarithms. If j is the nominal rate of interest, e 3 may be interpreted 
as the accumulation factor for 1 year with interest converted continu- 
ously, or instantaneously. Hence for continuous conversion, S = Pe" 3 ’. 

*23. Find the compound amount if $1,000 is invested for 10 years 
at 6 % converted continuously. Compare the result with that obtained 
by using j 12 = 6 %. (Hint: Use logarithms and the fact that e = 2.71828). 

*24. For a fixed effective rate r, show that the corresponding j x , that is, 
(j, m = oo), is equal to log, (1 + r). For a given r, the corresponding j„ 
is called the force of interest. 

*25. When the nominal rate j is converted continuously, show that the 
instantaneous rate of change of S is equal to jS. (Hint: Find dS/dn.) 



CHAPTER III 

EQUATIONS OF EQUIVALENCE 

17. Dated values. The value of a sum of money is meaningless 
unless the date on which it falls due is given. Clearly $1000 cash 
is more desirable than $2000 due in 95 years and anyone with 
reasonable judgement would prefer the former. The maturity value 
of an obligation together with its date of maturity is called a dated 
value. Thus, $500 due Jan. 2, 1950, is a dated value. 

If two dated values are to be compared, it is necessary to 
decide on an interest rate for the comparison. If it is possible 
for any reasonable person to invest money at any time to earn 
4 per cent, compounded annually, we say money is worth j\ — 
4 per cent. At this rate, $100 that is due 2 years from now and 
S100(1.04) 3 = $112.49 due 5 years from now would be considered 
equivalent since the $100 if collected when due and invested at 
j i = 4 per cent would accumulate to the latter sum in the remain- 
ing 3 years. In the same way $100(1.04)~ 2 = $92.46 would be 
considered an equivalent sum at the present. 

In general, dated values are compared by the following defi- 
nition of equivalence: P due on a given date is equivalent at a given 
compound interest rate to S due n periods later, if 

S = P(1 + i)" or P = S(1 + i)— 

Accumulating or discounting may' be thought of as simply 
transferring a given dated value to a different date. The trans- 
ferring is done in accordance with the time diagram below. 

D( 1 + D D( 1 -f j)- 

Earlier date Given date Later date 

The earlier and later sums are each equivalent to the dated value D. 

An important and useful property of equivalent dated values is 
the following: Property 1. At a given compound interest rate, if A 
is equivalent to B, and B is equivalent to C, then A is equivalent to C. 

To prove this statement we arrange the data on a time diagram 

Zi 
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as below 


0 m n; n i 

where 0 represents “now” and the n’s represents the number 
of interest conversion periods until the corresponding dates of 
maturity. If A is equivalent to B, then 

B = A{ 1 + i) nr ~ ni 


Similarly, if B is equivalent to C, 

C = B( 1+ f) ns_n5 

Eliminating B from the two equations gives 

C = A(1 + i) nr ~ ni (1 + 0 nT-n! = A(1 + 

The final result is the condition that A be equivalent to C as was 
to be shown. 1 * 

This property does not hold for simple interest rates or simple 
discount rates, and in consequence the concept of equivalence at 
these rates lacks logical soundness. 


Example 1. A debt of $1000 is due at the end of 10 years. If money 
is worth j i = 5%, find an equivalent debt at the end of (a) 1 year and 
(6) 15 years. 

Solution. Arrange the data on a time diagram as below. 


o 


X 

_L 

i 


1000 

J 

10 


Y 

1 

15 


According to the definition of equivalence 


X = 1000(1.05) 9 = $644.61 due at the end of 1 year 

Y = 1000(1. 05) 5 = S1276.2S due at the end of 15 years 

Property 1 may be illustrated by noting the equivalence of X and Y, 
since 644.61(1.05) 14 = $1276.28. 

Example 2. A note for $1000 with compound interest at j. t = 6% for 
3 years falls due at the end of 3 years. What sum due at the end of 8 
years is equivalent at js = 4%? 

Solution. The dated value of the given sum is 1000(1.015) 12 = 
SI 195.62 due at the end of 3 years. We arrange the data on a time 
diagram as below: 

1 The fact that .4, B, and C all appear to be due at future dates is not essential to 

the proof, as similar reasoning holds regardless of their maturity dates. 
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1195 62 A' 

! l 

0 0 16 

v,here the 6 and 16 represent the number of interest periods from the 
present. When $1195.62 is transferred 10 interest periods to the right in 
accordance with the definition of equivalence, the result is 

X = 1195.62(1.02) 10 = $1457.45 due at the end of 8 years 


18. Sets of dated values. The sum. of a set of two or more 
dated values, due on different dates, has little or no meaning. For 
example, suppose $1000 is due at the end of 2 years and S2000 is 
due at the end of 5 years. The sum $3000 is not associated with 
any date and consequently has little meaning. However, if all the 
sums involved are replaced by equivalent dated values, due on the 
same date, the sum of these equivalent values is called a dated 
value of the set. It will van - according to the date on -which 
the equivalent values are summed. The following property of the 
various dated values of the same set is true: Property 2. The 
various dated values of the same set are equivalent. 

A proof is given for a set of two dated values. Let A and B 
be the two dated values due n x and n 2 interest periods from the 
present. 1 Let V and V be any two dated values of the set, at 
1 1 and t« interest periods from the present. We arrange the data 
on a time diagram as below. 

A B u v 

l I | l i 

0 «1 n» t i J- 

Transferring the values A and B to the time L in accordance with 
the definition of equivalence and adding the results, we get 

U = A(l + + B( 1 + 

Multiplying both sides of this equality by (1 + and making 
obvious simplifications, we obtain 


nit 


17(1 + = A(1 + + J5(l + i)**-"* 

But the right-hand side of this equalit} - is exactly V, so that 

17(1 + *•)'-'> = V 


is cquivUCc as * n the preceding proof, the reasoning holds regardless of the various 

To prove 5 
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which is the condition that U and V be equivalent, and property 2 
is true. 

Example. If money is worth ji = 4%, find a single payment equiva- 
lent to the set $1000 due at the end of 2 years and $1500 due at the end 
of 5 years (a) at the present, (6) at the end of 2 years, and (c) at the end 
of 5 years. 

Solution. Represent the set on a time diagram as below. 


OS 20 

Next, compute equivalent values for both sums at the three times asked 
for, and arrange in tabular form as below. 


Sums 

At the 
present 

At the end J 
of 2 years I 

At the end 
of 5 years 

First 

923. 4S3 

1000.000 

1126. S25 

Second 

1229.317 

1331.174 

1500.000 

Value of the set 

2152.800 

2331 . 174 

2626. S25 



According to property 2, the three dated values of the set must be 
equivalent. This can be verified in the following manner. Place the 
dated values of the set on a time diagram as below. 


2152. S00 
I 

o 


2331.174 2626.825 


s 


20 


Since 2152.800(1.01) s = 2331.174, the dated value of the set at the 
present is equivalent to the dated value of the set at the end of 2 years. 
Similarl} 7 , since 2331.174(1.01) 12 = 2626.825, the second dated value of 
the set is equivalent to the third, and consequently all three dated values 
of the set are equivalent. 


19. Nonequivalent dated values. If two amounts are due on 
different dates, it is necessary to replace them by equivalent values 
on the same date for comparison purposes. Their differences null 
vary, depending on the date used to compare them. In the same 
manner, as with sums, the differences on various comparison dates will 
he equivalent. The proof of this statement is similar to that of 
property 2 and is left as an exercise for the student. 

Example. Compare the two obligations, $2000 with compound 
interest for 2 years at jf 4 == 5% due at the end of 2 years and S1000 due 
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at the end of 6 years if money is worth j 2 = 6%, (a) at the present, (6) at 
the end of 2 years, and (c) at the end of 6 years. 

Solution. The first dated value is 2000(1.0125) s = 2208. 9T2, due 
at the end of 2 years. We now arrange the maturity values on a time 
diagram as below. 

2208.972 1000 

) 1 I 

0 4 12 

We transfer these two amounts to the three comparison dates in accord- 
ance with the definition of equivalence and arrange the results in tabular 
form as below. 


1 

Amounts 


At the end 
of 2 years 

At the end 
of 6 years 


19G2 613 

220S.972 

2798. 260 

Second 

701. 3S0 

789.109 

1000.000 


1261.263 

1419.563 

1798.260 



We can verify that these differences are equivalent, at j 2 — 6%, by 
showing that ' 1261.263(1.03)'' = 1419.563 and 1419.563(1.03) 8 
= 1798.260. 

EXERCISE 10 

1. If money is worth j s = 4%, find the dated value, due at the end 
of 10 years, equivalent to S1000 due at the end of 3 years. 

2. If money is worth 5% effective, find the sum, due at the end of 
13 years, equivalent to S500 with 5 years’ interest at j» = 6%, due at the 
end of 5 years. 

3. $200 with 10 years’ interest at j t = 5% is due at the end of 
10 years. Find the equivalent sum, due at the end of 4 years, if money 
is worthy- = 5H%- 

4. Find the dated value, due now, equivalent to $150 due at the end 
of 7 years if money is worth j\ = 7%. 

6. Find the dated value at the end of 2 years and at the end of 
10 years of $1000 due at the end of 5 years at 6% effective, and show that 
these values are equivalent at this rate. 

6. A note bearing simple interest at 6% has a face value of $400 and 
a term of 90 days and matures at the end of 2 more months. If it is sold 
at its equivalent value today and money' is worth j 1S = 5%, find the 
selling price. 

7. $750 is due at the end of 2J^ years, and $800 is due at the end of 
S years. If money' is worth 5% compounded semiannually', compare 
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these debts (a) at the present and (6) at the end of 2)4 years. Show that 
the differences found in (a) and (6) are equivalent. 

8. If money is worth = 5%, which of the following obligations 
is more valuable to the payee: $1200 with interest at j 2 = 6% for 3)4 
years due at the end of 2)4 years or $2400 due at the end of 15 years? 

9. If money is worth ji — 4 %, find the dated value at the end of 
5 years of the set: $175 due at the end of 10 years and $450 due at the 
end of 6 years with 9 years’ interest at ji = 2%. 

10. Find the dated value both at the present and at the end of 10 
y ears of the set: $1000 with 5 years’ interest at 4)4% effective due at the 
the end of 10 years and $3500 due at the end of 3)4 years if money is 
worth 4% compounded semiannually. Show that the dated values of 
the set at these two dates are equivalent. 

11. Find the effective rate at which $250 due now is equivalent to 
$500 due at the end of 12 years. 

12. Find the nominal rate m = 12 for which X dollars due at the 
end of 4 years is equivalent to 3X dollars due at the end of 22 years. 

20. Equivalent sets of payments. One of the most important 
problems in the mathematics of finance concerns the replacing of 
a given set of payments, or obligations, by an equivalent set. For 
example, a car may be priced at S1500 cash. However, it can also 
be purchased for a moderate cash payment followed by a series of 
monthly payments. 

In Sec. IS we discussed the dated value of a set of payments or 
obligations. It was seen that the value of a set depended upon 
the interest rate used and the date on which the su mmin g was 
done. It follows as a logical consequence to make the following 
definition: For a given compound interest rate, tivo sets of payments 
are equivalent if the dated values of the sets, on any common date, 
are equal. Thus, if the cash price of a car is S1500, any set of 
payments used to buy it must have a cash value (or present value) 
of $1500. 

An equation stating that the dated values, on a common date, of two 
sets of payments are eqxial is called an equation of equivalence or 
an equation of value. The date used is called the comparison date. 
It follows from property 1 that any date may .be used as a com- 
parison date. 

Example 1. A holds two notes signed by B, one maturing in 3 years 
at $1000 and the second maturing at $2000 in 8 years. A and B agree 
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that money is worth = 6 St- K A accepts $500 now. how much will 
be required to liquidate B’s obligations at the end of 5 years? 

Solution. Let X, due at the end of 5 years, be the required amount. 
The problem is to determine X so that the set: $500 now and X at the 
end of 5 years is equivalent, at i- = 6%, to the set: $1000 at the end of 
3 years and $2000 at the end of 8 years. 

We arrange the data on a time diagram as below, keeping one set 
above the line and the other set below the line. 

1000 2000 

1 ! 1 1 

o e 10 le 

500 X 

We next choose a date on which to compare. Any date may be used, 
so suppose we choose the end of 8 years, that is, 16 interest periods. An 
equation of equivalence is now obtained by transferring all sums in both 
sets to the comparison date and equating the dated values of the sets. 
This gives 

500(1.03) IC -f X(1.03)« = 1000(1.03) JD -f 2000 

Evaluating the accumulation factors gives 

802.35 -f 1.1940523X = 1343.92 -f 2000 

From this latter equation, X = S212S.52. 

Since any comparison date may be used on which the dated values 
of the two sets are equated, we could select the end of 5 years (10 periods) 
and avoid a long division. The equation of equivalence in this case 
would be 

X + 500(1.03) 10 = 1000(1.03)’ -f- 2000(1.03)-® 

Evaluating the interest factors and solving gives 

X = 1125.51 -f 1674.97 - 671.96 = $2128.52 

as before. 

Example 2. If money is worth 5% effective, what equal payments 
at the end of 1 and 3 years will equitably replace the following set of 
obligations: $1000 due at the end of 3 3 ’ears and $2000 with accumulated 
interest from today at j. = 6% due at the end of 4 years? 

Solution. Let X be the maturity value of each of the desired pay- 
ments. Place the data on a time diagram as shown below, keeping the 
maturity values of one set above the line and the other set below the line. 

1000 2000 (1.03) 5 

l i | l 

3 

X 


o 


i 

X 


4 
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We select the end of 4 years as a comparison date, although any other 
date would serve almost as well. All sums are transferred to the com- 
parison date, and the dated values of the sets are equated, giving the 
equation of equivalence 

X(1.05) 3 + XCl.OS) 1 = 1000U.05) 1 + 2000(1.03) s 

that is. 

1.157625X -f 1.05X ='1050.00 + 2533.54 


Solving this equation, we obtain 

T 3583.54 
A ~ 2.207625 


$1623.26 


*21. Problems of occasional occurrence. Careful study of an equa- 
tion of equivalence shows that it involves several types of quantities: 
maturitj' values, maturity' dates, and interest rates. In the preceding 
section, the unknown occurring in the equation of equivalence was alwaj’S 
a maturity value, and this is the problem most frequently arising. Occa- 
sionally, however, the unknown in the equation of equivalence is a 
maturity date or the interest rate. While the technique used to obtain 
the equation of equivalence remains the- same, the algebra involved in 
solving it is somewhat different and will be illustrated by examples. 

Example 1. $1000 is due in 5 years, and $2000 is due in 10 years. 
If money is worth — 4%, (a) on what date would $2500 equitably 
replace both obligations and (6) On what date would $3000 replace both 
obligations? 

Solution, a. Let 7! be the number of years from now to the date on 
which the $2500 should fall due. We arrange the data on a time diagram 
as shown below. 

1000 2000 

I ! ! l 

0 n 5 10 

2500 

Since the relative position of n is not known, it is usually best to choose 
the present as a comparison date. Transferring all sums to the present 
and equating the results in an equation of equivalence, we obtain 

2500(1.04)-" = 1000(1.04)~ 5 + 2000(1.04)~ 1 ° 

The right-hand side is evaluated, giving 

2500(1.04)-" = S21.927 + 1351.128 = 2173.055 

We now solve for n as in the illustrative example in Sec. 16. If inter- 
polation is used, we obtain n = 3.57S years, or approximated 3 vears 
6 months 2S days. 
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b. The procedure is exactly the same as in (a). The equation of 
equivalence is 

3000(1.04)— = 1000(1.04)- 5 -f 2000(1.04)- 10 

that is, 

3000(1.04)— = 2173.055 

By interpolation, we obtain n = 8.226 years, or approximately 8 years 
2 months 21 days. 

When a set of obligations is replaced by a single one whose maturity 
value is equal to the sum of the maturity values of all the members of 
the set, the time at which it must fall due in order to be an equitable 
replacement is called the average due date or the equated date. In 
(b) of the last example the average due date is approximately 
S years 2 months 21 days from the present. 

Although solving for the equated date presents no particular 
difficulties, it is possible to simplify the computations if a rough 
approximation is sufficient. Let Si, S«, Sz, . . . , be the maturity 
values of the various obligations due at the ends of ni, n s , n 3 , ... , 
interest periods and let n be the number of interest periods until 
the average due date. Then 


?ii X »Si ~r X Sz -j- X Sz T * * * 
Si +5;t5j+ • • • 


is an approximate formula for n. The formula may be obtained by 
writing an equation of equivalence using the latest of the various 
maturity dates for a comparison date and using simple interest 
instead of compound interest. 

Example 2. Use the approximate formula to find the equated date 
for ( b ) of the preceding example. 

Solution. According to the formula 

5 X 1000 + 10 X 2000 25000 „ 1 

1000 -f 2000 3000 ~ 8 3 yearS 

For completeness, we shall consider the problem of an unknown 
interest rate. An example will illustrate. 

Example 3. What effective interest rate will cause the following two 
sets of obligations to be equivalent : (a) S3 00 due at the end of 2 years and 
$1000 due at the end of 4 years and (6) 8400 due in 1 year and*.?S00 due 
in 3 years? 
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Solution. Arrange the data on a time diagram as below. 


300 1000 



Choose 4 years as a comparison date, and write an equation of 
equivalence. 

400(1 + if + 800(1 + f) 1 = 300(1 + i )- + 1000 

To solve this equation we transpose all terms that contain i to the left- 
hand side of the equation and abbreviate it by /(f), that is, 

/(f) = 400(1 + if - 300(1 + f) 2 + 800(1 + f) = 1000 

We seek a value of f that makes /(f) = 1000. Using the tables, we com- 
pute /(f) for various interest rates until two consecutive rates are found 
such that /(f) exceeds 1000 for one of them and is less than 1000 for the 
other. These values are then recorded in tabular form as below. 



We now interpolate, the proportionality equation being 

c _ 5.0876 
^005 ~ 7.6348 

Hence, c = .0033 and 

X = .065 + c = .0683 approx. 

If greater accuracy is required, a more refined method of solving the 
equation of equivalence is necessary. 

EXERCISE 11 

Solve the following equations for X. In each case tell if it is possible 
to solve for X without division. 

1. ,Y(1.04) 5 = 1000. 

2. 1000(1.05) 10 + X(1.0o) = 2500. 

3. 200(1.06) + X( 1.06) 12 = 500(1. 04) 5 . 

4. X + X(1.02 f = 350. 
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5. 200 + X(l.OG) -4 4- X(1.0G) 3 = 700(1.06)~ 5 . 

6. A debt of $5000 is due at the end of 5 years. If §3000 is paid on 
the debt today, what single payment at the end of 2 years would liqui- 
date the obligation if money is worthy'; = o%? What comparison date 
gives the simplest arithmetic? 

7. A debt of $6000 with compound interest from today at j, = 5% 
is due at the end of 3 years. If $3000 is paid at the end of 1 year, how 
much will be outstanding at the end of 3 years? Money is worth 4}£%, 
772 = 1. 

8. A man placed $500 in a savings account 5 years ago. He with- 
drew $100 three years ago and a second $100 two years ago. How much 
can he withdraw today if the savings earned interest at j- = 3 %? 

9. A man made the following deposits in a savings account that 
pays interest at j\ = 2J^%: (a) $800 four years ago and (b) $300 two 
years nine months ago. He withdrew $100 6 months ago and intends to 
withdraw the remainder 9 months from now. How much will he get? 

10. A merchant buys goods valued at $750 today. He pays $300 
cash and will pay the rest in a single payment at the end of 8 months. 
If interest is computed at y 12 = 6%, find the payment. 

11. A lady buj's a piano whose cash value is $625. She pays $125 
cash and will pay the balance in two equal installments at the ends of the 
first and second year. What will these payments be if money is worth 

= 4 

12. A man has $1000 in a savings account today. If interest is at 
jt =3%, how much should he add to his account 1 year hence so that 
the account will contain $1600 at the end of 4 years? 

13. Air. Watson has $500 in a savings account drawing interest at 
the rate j* — 2 %%. He will place $300 more in the account 6 months 
hence. What equal deposits, at the ends of the first and third years, will 
be necessary in order to have the account contain $1500 at the end of 
5 years? 

14. Mr. Jones has a note maturing today' at $250 and simple interest 
at 6% for the past 9 months. He wishes to pay r $100 on the note and 
the balance 1 year hence. What will this payment be if interest, after 
today, is computed at = 3%? 

15. Air. Smith has two notes outstanding. One of them matures in 
3 months for $900 plus simple interest at 5% for 10 months, and the 
other matures at the end of 6 months for $1000. He will pay $500 today 
and $500 more at the end of 3 months. If money is worth j t = £>}/>%, 
what equal payments at the ends of 9 and 12 months would pay off the 
remaining debt? 
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Write an equation, of equivalence for Probs. 16 to IS, but do not 
solve it. 

16 . Mr. Riley will need S1000 at tbe end of the year. What equal 
deposits, made at the end of 3, 6, 9, and 12 months, will furnish the neces- 
sary amount if the deposits earn interest at j.\ = 4 %? 

17 . Mr. Davis has $1000 in a savings fund that earns interest at 
ji =3%. What equal deposits at the end of each quarter will cause the 
fund to contain $2000 in one more year? 

18 . A contract calls for the payment of $100 at the end of each 6 
months for the next 2 years and a final payment of $300 at the end of 
3 years. What is the cash value of this contract if money is worth 
}s = 7%? 

* 19 . $3000 is due in 4 years, $2000 is due in 6 years, and $1000 is due 
in 10 years. Money is worth 7 % effective, (o) Find the equated date 
by the exact method. (6) Find the average due date by the approximate 
formula. 

*20. $2000 is due in 5 years, $5000 is due in 15 years, and $10,000 is 
due in 25 years. Money is worth j i = 5 %. (a) Find the average due 

date by the exact method. ( b ) Find the equated date by the approxi- 
mate formula. 

*21. Find the date on which $5000 would equitably replace the three 
obligations in Prob. 19. 

*22. Find the yearly interest rate that makes the following two sets of 
obligations equivalent: $500 due in 2 years and $250 due in 3 years, $800 
due in 4 years. 

*23. Find the yearly effective rate that makes the following two sets of 
obligations equivalent: (a) $800 due in 3 years and $400 due in 5 years, 
(b) $500 due in 4 years and S900 due in 8 years. 

*24. Find the yearly rate that makes the following two sets of debts 
equivalent. $250 cash and $750 due in 5 years, $260 due in 2 years and 
$700 due in 3 years. 
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A represent the present value of the same annuity- We arrange 
the data on a time diagram as below. 


0 1 2 3 4 n - 1 n 

A S 

To find S we write an equation of equivalence using the end of the 
term as a comparison date. This gives 

S = 1 + 1(1 + i) + 1(1 + 0 2 + 1(1 + i) z + • - • + 1(1 + 0 n_l 

The right-hand side is the sum of a geometric progression of n 
terms, whose first term is 1 and whose ratio is (1 -f- i). Using a 
formula from algebra for such a sum, 1 we find 

g , q . t -r- i 

I 

The right-hand side of this equation depends on n and i and is 
universally designated by the symbol or at i, read “s angle 
n at i.” Thu«, 

(or at i) = ■ — — l l - 

If each payment of the annuity is R dollars, then the amount is 
R times as large and the formula for the amount is 

(1) S = Rsj t 

To obtain the present value A of the same annuity, we note 
that A and S are both dated values of the same set of payments 
and hence are equivalent to each other. Thus, 

(2) S = A(1 + i) n or A = S(1 -f 
Combining Eqs. (1) and (2) gives 

i - (l + Or* 


A = + *7- = R 


If we set 


03 .- (or ap, at i) = 


1 - (1 + *)- 


then the formula for the present value is 
(3) A = Ra^ t 

1 Appendix III contains a brief description of geometric progressions. 
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Equations (1), (2), and (3) are the fundamental relations 
between S, A, and R. The two new symbols s^ { and have 
been computed for most of the values of n and i that occur in 
practice. These values are tabulated in Tables X and XI. For 
example, if n = 50 and i = 2 per cent, from Table X we find that 
S£ 5 | 2% = 84.57940145, and from Table XI, = 31.423605S9. 
If the desired rate is not in the tables, it is difficult to compute the 
value of these symbols to a satisfactory degree of accuracy. Inter- 
polation is seldom used here unless a rough approximation to the 
answer is adequate. In Chap. XI improved methods of approxi- 
mation are given. 

Example 2. Mr. Smith will deposit $25 at the end of each quarter 
in a savings fund that earns interest at the rate 3 %, compounded quar- 
terly. How much will he have in the fund at the end of 10 years if 
(o) he has nothing in the account today, (b) he has $1000 in the fund at 
the present? s , 

Solution, a. Arrange the data on a time diagram as below. 


25 


25 


25 


25 


25 


25 


39 


40 

S 


The time diagram is numbered from 0 to 40, representing payment 
intervals, and S is the sum at the end of the fortieth period equivalent to' 
the annuity. Since R = 25, i = % per cent per period, and n = 40, we 
have 


5 = Rs^f = 25sjoi 5i% = 25 X 46.44648164 = $1161.16 

b. An additional sum of 1000 should be placed on the time diagram 
at the present. In this case the equation of equivalence is 

5 = 1000(1.0075) 40 + 25«5|m« = 1348.35 + 1161.16 
and S = $2509.51. 

Example 3. A city is paying off a debt by making payments of $5000 
at the end of each 6 months. Interest on the debt is at the rate 
is = 5}4%- What is the outstanding debt at the present if (a) 30 pay- 
ments will be needed to cancel it, ( b ) besides the 30 $5000 payments, an 
additional payment of $2000 will be needed 6 months later? 

Sohition. a. Arrange the given data on a time diagram as below. 

5000 5000 5000 5000 5000 5000 (2000) 

4 ! 1 ! L_ . . . _J i i 

5 1 2 3 4 29 30 ( 31 ) 
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The present value A of the debt is the present value of an annuity of 
$5000 payments for 30 periods, interest at i = 2%%. An equation of 
equivalence gives 

A = Raz\i = 5000055,. oj-s = 5000 X 20.24930130 = $101,246.51 

For ( b ) an additional sum of $2000 is placed on the time diagram at the 
end of the thirty-first period. A is equal to the sum of these payments 
all discounted back to the present. Therefore 

A = 5000ojoi. 0 2r 5 + 2000(1.0275)~ 31 = 101,246.51+862.57 = $102,109.08 

EXERCISE 12 

1. Find the amount and the present value of an annuity of 20 quar- 
terly payments of S300 if interest is at the rate jt = 4J-£ %. 

2. Deposits of $100 -were made at the end of each year for 10 years 
in a savings bank that credits interest at the rate 3%, m = 1. How 
much did the fund contain at the end of that time? 

3. A man has been depositing $25 at the end of each month for the 
past year and a half in a savings fund that earns interest at the rate 
j ls = 3 %. How much has he to his credit today? 

4. Find the cash value of a house if it can be purchased by payments 
of $120 at the end of each quarter for 10 years and money is worth 5%, 
m = 4. 

5. An automobile can be purchased by paying $100 down and there- 
after $30 per month for 2 years. Find the equivalent cash price of the 
car if money is worth 6%, m = 12. 

6. The present value of an annuity is $5000. Find the amount if 
the term is 20 years and interest is computed at/? = 6%. 

7. The amount of an annuity payable monthly for 15 years is 
$10,000. Find the present value if money is worth 5%, m = 12. 

8. A radio worth S125 cash can be purchased by making a certain 
down payment followed by 12 monthly installments of $10 each. If 
the interest rate is jx 2 = 9%, what is the down payment? 

9. A pian buys a new car worth $1500. If he gets $400 credit for 
his old car, what additional cash payment will be necessary so that the 
balance of his obligation can be liquidated by monthly payments of $50 
for 18 months? Interest is charged at the rate jn = 6%. 

10. Money deposited in a certain savings fund earns interest at the 
rate 3%%, m = 4. If Air. Smith has $1000 in the fund today and 
deposits $100 at the end of each quarter for the next S}4 years, how much 
will he have on deposit at that time? 

11. A man wishes to deposit with a trust company a fund sufficient 
to provide his wife with a monthly income of $100 for the next 16 years. 
How much is necessary- if the fund draws interest at the rate j l; = 3% %? 
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12. Mr. Jones will deposit $20 at the end of each month and an 
additional $200 at the end of each year. How much will he have at the 
end of 2 years if liis savings earns interest at the rate j 12 = 4%? 

13. A contract calls for the payment of $35 at the end of each 6 
months for 25 years and an extra payment of $1000 at that time. Find 
the equivalent cash value of the contract if money is worth 4 %, m = 2. 

14. Is it more profitable to buj r a truck for $3000 cash or to purchase 
it by paying $500 down and $100 at the end of each month for the next 
2 yi years if money is worth 6%, m = 12? 

16. A certain contract calls for the payment of $150 at the end of 
each 3 months for 5 years followed by quarterly payments of $100 for 

4 } r ears more. What is the equivalent cash value of this contract if 
money is worth 3%, m = 4? (Hint: Consider the payments as forming 
two annuities.) 

16. Mr. Wilson will deposit $25 at the end of each month for the next 

5 years followed by deposits of $40 at the end of each month for 2 more 
years into a fund that earns interest at the rate j i» = 3%. How much 
will the fund contain at that time? 

17. A man agrees to settle a debt by making payments of $45 at 
the end of each quarter for 7 years. He fails to make any of these pay- 
ments for the first 3 years, at which time he wishes to settle the entire 
obligation with a single payment. If money is worth 6%, m = 4, what 
should this pajunent be? 

18. A trust company has been holding $10,000 for Willie until his 
twenty-first birthday. On his fourteenth birthday, they invested this 
money at 6 %, m = 2. Since then, each half year they have been giving 
him half of the interest and reinvesting the remaining interest at j« = 5%. 
How much will Willie receive on his twenty-first birthday? 

*19. Derive the expression for a^ { by writing an equation of equiva- 
lence at the beginning of the term and summing the resulting geometric 
progression. 

*20. Prove algebraically that s^ { increases with increasing i whereas 
g- u decreases with increasing i. 

24. Annuities due. Frequently it is desirable to consider the 
terra of an annuity as starting on the date of the first payment. 
Thus, the periodic payments are considered due or made at the 
beginnings of the payment intervals rather than at the ends. 
Under these conditions the annuity is called an annuity due. 
That is, an annuity due consists of a set of periodic payments due 
or made at the beginnings of the payment intervals, with the term 
starting on the date of the first payment and ending one period after 
the last. Since the present value of an annuity has been defined 
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as an equivalent value at the beginning of the term, this means 
that the present value of an annuity due is an equivalent value due 
on the date of the first payment. Also, since the amount of an 
annuity is an equivalent value at the end of the term, it follows 
that ihe amount of an annuity due is an equivalent value due on a 
date one period after the last payment. 

Let A represent the present value, S the amount, R the periodic 
payment, and i the interest rate per payment interval of an annuity 
due of n pa}ments. We arrange the data on a time diagram as 
below. 


R R R R R R 



A studj' of the time diagram shows that the essential difference 
between an annuity due and an ordinary annuity is that for the 
annuity due each payment is due one payment period earlier, 
relative to the equivalent values A and S, than for an ordinary 
annuity. The present value and amount of an annuity due may 
be computed b}' two methods. 

To find A. Method 1. We write an equation of equivalence 
using the date one period before the present for the comparison. 
On this date the n payments of R may be considered as forming 
an ordinary annuity. Therefore, 

A(1 + i) -1 = Ra- U 

Solving this equation for A, we get, since (1 -f- i)~ 1 = 1/(1 A i), 

( 4 ) A = (1 + i)Ray u 

Method 2. Write an equation of equivalence using the present 
as a comparison date. For this comparison date, we consider the 
first payment R as a cash payment and the remaining n — 1 pay- 
ments as forming an ordinary annuity. Consequently, 

(5) A = R A Ra^=?i = R(1 A c^=n,-) 

To findS. Method 1. Write an equation of equivalence using 
the date of the last payment as the comparison date. On this 
date, the payments may be considered as forming an ordinary 
annuity. Consequently. 

S(1 A i)~ l = i?v, 
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Solving this equation for S, we get 
(6) S = (1 + t)Rs^ { 

Method 2. Referring back to the time diagram, we see that if 
an additional payment of R is added to the set at the end of the 
last period, the resulting set may be considered as an ordinary 
annuity of n 4- 1 payments. This additional payment, however, 
null increase S by exactly R, since it occurs on the same date as S. 
Consequently, 

S + R - Rs^- 


Solving this equation for S, we get 

(7) S = Rsyxili - R = Rfe at - 1) 

It is strongly recommended that the student master the 
methods used rather than apply the results as formulas. The 
formulas are extremely limited in their use, whereas the techniques 
involved have a wide application to various types of financial 
problems. 

The examples that follow will illustrate the methods just 
described. 


Example 1. Find the equivalent cash value of a refrigerator that 
can be pm-chased by payments of $10 at the beginning of each month 
for a year and a half if money is worth ji 2 = 6%. 

i Solution. Arrange the given data on a time diagram as below. 


10 10 10 10 10 


-10 12 3 4 

A 


10 10 10 


15 16 17 


IS 


Method 1. From the date one period preceding the present, the 
payments may be considered as forming an ordinary annuity with the 
term starting on that date. An equation of equivalence with this com- 
parison date gives 

Afl.OOS)- 1 = 10<zjg|j 5rc 

and therefore 


A = (1.005) X lOctjs,^ = 1.005 X 10 X 17.17276S02 = $172.59 

Method 2. We consider the first payment as a cash payment and 
the remaining 17 payments as forming an ordinary annuity with its term 
starting at the present. With the present as a comparison date, the 
equation of equivalence is 

.4 = 10 + lOa^u, = 10(1-4- 16.25S631S6) = $172.59 
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Example 2. A savings fund earns interest at the rate = 4%. If 
5500 is deposited at the beginning of each half year, how much will the 
fund contain at the end of 12 years? 

Solution. Place the given data on a time diagram. 



Method 1. Write an equation of equivalence using the last payment 
date as a comparison date. On this date, the accumulated value of the 
payments equals the amount of an ordinary annuity, therefore 

<S(1.02) -1 = 500^,* 

Solving for S we get 

S = 1.02 X 500s24 l2 % = 1-02 X 500 X 30.42186247 = $15,515.15 

Method 2. At the end of the twenty-fourth period, add an extra 
$500 payment to the set of annuity payments and also add $500 to the 
equivalent sum S. An equation of equivalence on this date now gives 

5 + 500 = 500sj5, 2% 

Solving for S gives 

S = 500sj5], % - 500 = 500(32.03029972 - 1) = S15, 515.15 

25. Deferred annuities. When the term of an annuity is to 
start at some future date, the annuity is called a deferred annuity. 
It is customary to analyze all deferred annuities as deferred ordi- 
nary annuities, and henceforth the qualifying adjective “ordinary” 
will be omitted. 

The length of time from the present to the beginning of the 
term, that is, to the beginning of the first payment interval, is 
called the period of deferment. Thus, an annuity consisting of 
semiannual payments, the first one to be made at the end of 
4 years, would be described as a deferred annuity, the period 
of deferment being 3 Yi years. 

To find the present value of a deferred annuity requires no new 
methods. An equation of equivalence is used as illustrated in the 
following example. 

Example. A certain sum is given a trust company in return for 
which they will pay $50 per month, the first payment to be made 2 years 
from today and the last one 5 years from today. How much should the 
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trust company receive today if interest accumulates at the rate 6%, 
m = 12 ? 

Solution. Let A be the present value of the payments, and place 
the data on a time diagram as below. 

SO 50 50 50 

i l I I . . . I 1 I . . . J L 

0 1 2 3 23 24 25 59 60 

A 

Method 1. The first payment is due at the end of the twenty-fourth 
month, and the last is due at the end of the sixtieth month, so there are 
37 payments in all. Therefore we consider tins as an ordinary annuity 
of 37 payments with the term deferred 23 periods. We write an equation 
of equivalence with the end of the twenty-third month as the comparison 
date. This gives 

A(1.005) 23 = 50as^ 

Since dividing by (1.005) 23 is the same as multiplying by (1.005) -23 , 

A = (1.005)- 23 50a57|} i% = .89162160 X 50 X 33.70250372 = $1502.49 

Method 2. This method consists of a tricky but ingenious device. 
The time diagram is altered by adding $50 payments at the end of the 
1st, 2d, 3d, ... , 23d months to both the annuity and its equivalent 
value A. The new time diagram looks as follows. 

(50) (50) (50) (50) 50 50 50 50 

I l I ! 1 ) l J L 

0 1 2 3 ' 23 24 25 59 60 

A (50) (50) (50) (50) 

Since A is equivalent to the deferred annuity, the two new systems are 
equivalent and an equation of equivalence with the present as a compari- 
son date gives 

A + 50a^ i% = 50 a eg] i,* 7( , 

Solving this equation for A, we get 

A = 50(a55, )i% - = 50(51.72556075 - 21.67568055) = $1502.49 

It Anil be observed that method 1 seems more natural but method 2 
involves simpler arithmetic. 

If these two methods of finding A are applied to an annuity of 
?! payments of R dollars each with the term deferred for k periods 
and the interest rate is i per period, "then method 1 gives 

( 8 ) _ A = (1 + i)~ 7: Ra^ { 
and method 2 gives 

( 9 ) 


A = £(<qpp*k - (%) 
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Since the values of A obtained by the two methods must be 
the same, we may equate the right-hand members of Eqs. (S) and 

(9) and obtain the useful identity 

(10) o^TTu- - am = (1 + 

It is strongly recommended that the student master the 
methods used in the example rather than merely memorize Eqs. 
(8) and (9). Always draw a time diagram and determine very 
carefullj' the number of payments and the period of deferment. 

EXERCISE 13 

1. Find the present value and the amount of an annuity due of 
50 payments of $100 each if the interest rate is 1)4% P er period. 

2. A man bu3's a suit of clothes for a dollar down and a dollar per 
week for the next 25 weeks. Find the equivalent cash price of the suit 
if the interest rate is 13 %, m = 52. 

3. A gas stove can be purchased bj' making 10 monthly pajments 
of $10, the first one due on the day of sale. What is the equivalent cash 
price of the stove if money is worth in = 7%? 

4. Find the present value of an ordinary annuity of $1000 per year 
for 20 3'ears if the term is deferred for 5 3'ears and money is worth 3 % 
effective. 

6. A cit3 r places $10,000 at the beginning of each quarter in a saving 
fund that earns interest at 5)4%, wi = 4. How much will this fund 
contain at the end of the 3'ear? 

6. A compan}- has been making deposits of $500 at the beginning of 
each half j'ear into a fund passing interest at 2]A %, m = 2, for replacing 
obsolete machinery. Find the amount in the fund one period after the 
twelfth deposit. 

7 . A debt of X dollars is to be retired b}' regular monthh* payments 
of $25, the first to be made at the end of 2)4 3'ears and the last at the end 
of 6 3'ears. Find X if the interest rate is ju = 4%. 

8. A man has been pa3'ing $100 at the beginning of each quarter to 
settle a debt. If the interest rate is jt = 6%, what pa3ment at the 
beginning of each 3'ear would be considered equivalent? 

9. To retire a debt, a man has agreed to pa3' $150 at the beginning 
of each quarter. If money is worth 5%, m =4, what pa3ment at the 
end of each quarter would be equally acceptable? 

10 . A man, on his son’s fifth birthda}', wishes to deposit with a trust 
compam' a sum sufficient to provide the bo3 r with regular monthh' pa3'- 
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ments of $50 for 4 years, the first coining 1 month after his sixteenth 
birthday. If money' is worth 6%, m = 12, what should this sum be? 

11. Mr. Smith wants to borrow some money on June 1 for repairing 
his house. He can repay the loan by payments of $50 a month, starting 
the payments on Oct. 1 and continuing through the following June 1. 
If interest is computed at 8%, m = 12, how much can he borrow? 

12. On his thirtieth birthday a man wishes to buy an annuity that 
will pay him $500 semiannually for 20 years, the first payment to be 
received on his fiftieth birthday. How much should he pay for the 
annuity if the interest rate is 3%, m = 2? 

13. Mr. Jones owns a contract that calls for the payment of $100 
at the end of each quarter for 5 years followed by 12 quarterly payments 
of $75. If money is worth 7%, m = 4, what cash settlement should 
Mr. Jones be willing to accept to cancel the contract? 

14. A contract requires semiannual payments of $100 for 8 years 
followed by semiannual payments of $150 for 4 more years. What is 
the equivalent cash value of this contract if money’- is worthy’s = 5 %? 

15. A woman purchased a washing machine by r making a cash pay r - 
ment of $30 and promising to pay $20 at the end of each quarter for 
the next 2 y'ears. She made the first two payments when due. On the 
date that the third paymient is due, what single payment will cancel the 
contract if interest is computed at 5%, m = 4? 

16. A contract called for the payment of $300 at the end of each 
half year for S years. The last six payments were not made. On the 
date 2 years after the last payment was due, what single payment would 
cancel the defaulted payments if the interest rate is 4% %, m = 2? 

*17. Prove algebraically that Eqs. (4) and (5) give the same result. 
Similarly show that Eqs. (6) and (7) give the same results. 

*18. Prove algebraically that Eq. (10) is an identity. 

26. Identities relating s^ t - and a^.. There are two relation- 
ships existing between the two annuity symbols s^,- and a-],- that 
we shall frequently find useful. To obtain the first, we start with 
Eq. (2) of the preceding section. 

S = A(1 -j- i) n 

Replacing S and A by their formulas and dividing out R, we obtain 

( n ) = (1 + i)"ag,- 

which is the first identity. 
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Since bv definition 


ST.- = 


(l 4 lT - l 


it easily follows that 


1 4 is^i = (14- i) n 


Dividing this equality by Eq. (11). we obtain the second identity 


( 12 ) 



1_ 


Both Eqs. (11) and (12) are valid for all values of n and i. 

EXERCISE 14 

Prove the followinc identities: 1. rv,- = 1- 2. cj ; = (14 fj~ l . 

3. (1 4 f)^ t - - «s=r. - 1. 4. (1 4 i>~. = a^rt 4 1. 

27. Finding the payment of an annuity. The fundamental 
annuity equation (1) expresses a relation among S, R. n. and f. 
Similarly Eq. (3) expresses a relation among A, R, n, and f. In 
either ease, if we knovr three of these quantities, it should be 
possible to solve for the remaining one. When S, n. and i are 
known, the periodic payment of the annuity is found b%' solving 
Eq. (1) for R. Thus, 



Here as in the chapter on compound interest, it is highly desirable 
to avoid the indicated long division. For this purpose, a table 
of reciprocals of sr ; is provided. The preceding equation is 
written in the form 

f 13) R = S — 


The values of the fraction 1/sy, are given in Table XII. 

When A, n, and i are given, the formula for R is derived from 
Eq. (3). Thus, 


(14) 


R = 


A 


_1_ 

<?T.- 


It is not necessary to have a separate table for the values of 1/ or,-, 
since these values are easily obtained by using Eq. (12) and 
Table XTL Adding i to the value of 1 J'sr. : gives the desired value 
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of 1/a^i,-. For example, to find 1/ S e ^ ^ ie va ^ ue °f lAiilsr. — 
.04634229 from Table XII, add i = .05, and obtain .09634229 as 
the value, of 1 / 0515 %- 

It should be noted that Eqs. (13) and (14) are valid only for 
ordinary annuities. When the payment of an annuity due or a 
deferred annuity is to be found, these equations cannot be used. 
The procedure in such cases is to write an equation of- equivalence 
as in the preceding sections and then solve for R. 

Example 1. A savings bank pays interest at ji = 3 % on all deposits. 
What sequence of equal deposits made at the end of each quarter for 
5 years would be necessary to accumulate $1000 at the end of that 
time? 

Solution. Arrange the data on a time diagram as below. 


4 • • • 17 


We write an equation of equivalence with the end of the twentieth period 
as comparison date. This gives 

1000 = l^ s 2ol?s% 

Solving for R, we get 

R = 1000 — = 1000 X .04653063 = $46.53 (Table XII) 


Example 2. The cash value of a piano is 8500. - It may be purchased 
for a down payment of $200 and the balance in equal monthfy install- 
ments for 2 years. If money is worth j 12 = 3% %, find the monthly 
payment. 

Solution. Arrange the data on a time diagram as below. 

R R R R R R 

J ! l ! | 1 

2 3 4 22 23 24 


200 R 

I L 

0 1 

500 


The two methods of payment shown above and below the line are equiva- 
lent at the monthly rate of % 4 %. An equation of equivalence with the 
present as comparison date gives 

500 = 200 -f- Rarity.! % 

Solving for R, we get 

R = 300 — — 

a 24|K'4 % 
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In view of Eq. (12) 


1 




1 

s-iKi.*-. 


+ V2 4% 


We express as a decimal and use Table XII to get the value of 

V s 24 l;‘tn- Thus, 

— - — = .04028606 + .00291667 = .04320273 
asWi*r<, 


Therefore, R = 300 X .04320273 = 812.96. 

Example 3. A student borrows S400 to meet college expenses during 
his senior year. He promises to repay the loan with interest at j s = 4 % 
in 10 equal semiannual installments, the first payment to be made 3 years 
after the date of the loan. What will these payments be? 

Solution. Arrange the data on a time diagram as shown. 

R R R R 

j I ! J ! I J L 

0 X 2 • ‘ ■ S C 7 * • • 14 15 

400 

Method 1. Write an equation of equivalence using the end of the fifth 
half year as a comparison date. This gives 


Ra To\2Hn = 400(1. 0225) 5 

Solving for R (and multiplying by l/a^oteH^ instead of dividing by 
gives 

R = 400(1.0225) 5 — - — = 400 X 1.11767769 X .11278768 = 850.42 
®Tol2Hr; 


Method 2. Add payments of R at the ends of the first five periods 
to both the 8400 and the deferred annuity. The new time diagram 
appears below. 


{R) (R) (R) R R 

J l L J ! L 

U 1 2 ' ' ‘ 5 6 7 

400 ( R ) (R) (R) 


R R 

j !_ 

14 15 


An equation of equivalence with the present as a comparison date now 
gives 

= 406 + Ra$ ] sM cj 

Solving for R, we get 


R = 


400 


400 

12.61216551 - 4.67945253 


850.42 
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If method 2 is used, the table of reciprocals does not apply and long 
division cannot be avoided. 


' EXERCISE 15 

1. How much must be deposited semiannually in a savings bank 
paying interest at 2}4%, w == 2, in order to accumulate $1000 at the 
end of 10 years? 

2. The amount of an annuity of 24 quarterly payments is $3000. 
Find the payment if the interest rate is j 4 = 4J4%. 

3. What equal payments at the end of each year for 20 years would 
purchase a house worth §10,000 cash if interest is at 5}4, % effective? 

4 . A car worth §1200 cash can be purchased by a down payment of 
S400 and the rest in equal installments at the end of each month foi- 
ls months. What should these payments be if interest is atyA = 6%? 

5. It will cost $S00 to buy a machine at the end of 15 years to replace 
one that will wear out at that time. The old machine will be worth §50 
as scrap. How much should the company save each year for replacing 
the old machine if their savings will accumulate at the effective rate 

3M%? 

6. A man borrows §500 and will discharge the debt with a series 
of 10 quarterly payments. The interest rate is §¥z%, m ~ 4. What 
will these payments be if (a) the first payment is made 3 months from 
now, (6) the first payment is made immediately’’? 

7. A debt of §1000 will be discharged by a sequence of 18 monthly 
payments. Money is worth 6%, m = 12. What will the payments be if 
the first payment is made (a) today, (5) at the end of the first month, 
(c) at the end of the first year? 

8. A contract calls for the payment of $1000 at the end of each year. 
If money is worth j 4 = 4%, what quarterly payments would be equally 
satisfactory? 

9. A contract requires the payment of §2000 at the begi nnin g of 
each year. If money is worth 6%, m - 12, what payments at the end 
of each month would be an equitable substitute? 

10 . A man has §300 in a savings account. The bank pays interest 
at j 4 = 3J^ %. What deposits at the end of each quarter will be neces- 
sary in order that his fund contain §1500 at the end of 6 years? 

11 . A town receives interest at — V/i% on money placed in a 
savings fund. They now have §7500 in this fund. How much should 
be added at the end of each half year for the next 20 years in order to 
pay off bonds worth §50,000 coming due at that time? 

12 . A man on his forty-fifth birthday deposits §10,000 with a trust 
company to be paid back to himself with. accumulated interest at 3%, 
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m = 12, in monthly installments for 10 years, the first to be paid on his 
sixtieth birthday. How large -will these payments be? 

13. On his son’s tenth birthday, a man deposits $4000 with a trust 
company to finance the son’s college education. If the fund earns 
interest at ju = 3%, what monthly payments will the son receive if the 
first one is made 1 month after his eighteenth birthday and they continue 
for 4 years? 

14. A man borrowed $ 2500 4 years ago. Since then he has paid 
$100 at the end of each quarter. If the interest rate is 5%, m — 4, 
what further quarterly payments must be made to discharge the debt, 
in three more years? 

15. A man will need $2000 at the end of 5 years. He will accumulate 
this sum by making equal deposits at the end of each month for the next 
2 years in a fund that earns interest at jn = 334%. How large must 
the deposits be? 

28. Annuities with n unknown. Illustration: Suppose a man 
borrows S1000 and agrees to discharge the debt, with interest at 
ji = 4 %, bj r paj-ments of $50 at the end of each quarter for as 
long as is necessary. Clearl} - , the $50 payments will form an 
annuity whose present value should equal the loan. That is, 

1000 = 50a a -, or = 20 

where n is unknown. If we now refer to Table XI, we find that 

°-5h'-c = 19-66037934 and 05^ = 20.455S2113 

Thus, there is no integer n such that ap t ~ = 20. Stated difrer- 
entlj', there is no proper annuity with these given quantities. 
Clearly it would be possible to solve = 20 for n either by 
interpolation or by the use of logarithms. The only new point 
arising concerns the interpretation of nonintegral solutions. This 
point will be discussed in the next section. 

In the above illustration, the customary practice would be to 
make 22 full payments of $50 each, followed by a s ma ller payment 
one period later, just sufficient to discharge the remaining debt. 

In general, when A, R, and i are given, there is usually no 
proper annuity with these given quantities. Algebraically, this 
means that usually there is no integer n such that A = Rup ; . 
Consequently, it is necessary to include one payment different from 
R in order to have equivalence. Xormalh’, this odd payment is 
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less than B and is dated one payment period after the last full 
payment of R, although this need not be the case. 

When sufficient data are given, the number of full payments 
and the final payment are determined by solving a suitable 
equation of equivalence as illustrated in the following examples. 

Example 1. Suppose the borrower in the last illustration signs a 
contract that calls for the payment of 22 quarterly payments of $50 
each and a final payment F, due at the end of the twenty-third period, 
just sufficient to liquidate the debt. How large is F? 

Solution. We arrange the data on a time diagram as shown. 

50 50 50 50 50 F 

1 ! I 1 . . . J 1 L 

0 1 2 3 21 22 23 

1000 

Method 1. Write an equation of equivalence using the end of the 
twenty-second period as a comparison date. This gives 

F(1.01) -1 + 50sm! 1% = lOOO(l.Ol) 22 
Solving for F gives 

F(l.Ol)- 1 = lOOO(l.Ol) 22 - 505^,% = 1244.716 - 1223.579 = 21.137 
and F = 21.137(1.01) 1 = §21.35. 

Method 2. Place two additional §50 payments on the time diagram, - 
one above the line and one below the line at the end of the twenty-third 
period. Now write an equation of equivalence using this comparison 
date. This gives 


F -}- 50355,,% = 1000(1. 01) 23 -f- 50 

F = 1000(1. 01) 23 + 50 - 50353,,% = 1257.163 + 50 - 1285.815 » §21.35 

When S, R, and i are given, the situation is analogous and 
essentially the same procedure is followed. 

Example 2. Deposits of §100 will be made semiannually into a 
savings fund that earns interest at j 2 ~ 3 %. On what payment date 
will a final partial payment, less than §100, cause the fund to contain 
exactfy §3000? What will this final deposit be? 

Solution. The deposits will form an annuity whose amount is to be 
§3000. Therefore we should have 

3000 = lOOs^,^ or s^.% = 30 
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where n is unknown. Referring to Table X, we find that 

s^ lHrc = 28.63352080 and = 30.06302361 

Consequently there will be 24 deposits of $100 and a final deposit F, 
made at the end of the twenty-fifth period. We next, arrange the data 
on a time diagram. 

100 100 100 100 100 F 

1 1 I ! . J ! 1 

0 I 2 3 ‘ 23 24 25 

3000 

F is now determined by solving a suitable equation of equivalence. 

Method 1. Using the end of the twenty-fourth period as a comparison 
date, we get 

F(l.Olo)- 1 + 100s^ l54rt = SOOOCl.Olo)- 1 
Soiling for F gives 

F = 3000 - 1.015 X lOOs^uoj = 3000 - 2906.30 = S93.70 

Method 2. We add 8100 to both F and the S3000 and use the end of 
the twenty-fifth period as a comparison date. This gives 

F + loosen = 3000 -r 100 

Soiling for F gives 

F = 3100 - lOOs^u^ = 3100 - 100 X 30.06302361 = $93.70 

*29. Determining the final payment by interpolation. Tilien A, R, 
and i (or <S, R, and i) are given, the annuity equation A = Ra~ H (or 
S = 2?sj] { ) can be solved for n either by interpolation or by the use of 
logarithms. The algebra is not difficult. The only question that arises 
concerns the interpretation of nonintegral solutions. For example, if the 
annuity equation a^ irc = 20, which arose in the illustration at the 
beginning of Sec. 28, is solved for n by interpolation, we get n = 22.42696. 
It is easily' verified that if the fractional part of the solution is multiplied 
by the full payment, we get 50 X .42696 = $21.35, which is exactly the 
value that was obtained for the final payment F. We shall now prove 
that this property' holds in general. 

Given A, R, and i. Let the value of n be determined by' interpo- 
lation. U rite n in the form h -j- c, where 1; is an integer and c is a 
fraction less than 1. Then F = cR is the final payment, due one period 
after the last payment of R, necessary for equivalence. For if we set 

= -4/1?, this value in general will fall between two consecutive 
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tabulated values a m and o^,-. We write n in the form n - k + c and 
set up an interpolation table. 


h -f* 1 

aj+Ili 

k -f* c 

A/R 

1 

k | 

<Xk\i 


The proportionality equation is 

c _ A/R — 

1 Ojt+IIi — «tl» 

In view of Eq. (10), See. 25, with n = 1, the denominator of the above 
fraction becomes (1 + i)~ fc an»; and since obviously ajj f = (1 + i)~\ the 
denominator becomes (1 + i)~ k ~K Hence, 

. _ A/R — am 
C (1 + f)-*- 1 

We now multiply both sides of the last equation by i?(l + i)**" 1 . This 
gives 

cR( 1 + — A — Ra-fli 

On the other hand, if F is determined by writing an equation of equiva- 
lence with the present as a comparison date, we get 

R R R R R F 

I | 1 ! ! ! I 

0 1 2 3 k - 1 k k + 1 

A 

A = Ra m + F( 1 + 

Comparing these last two equations we see that 

A — Ra-fti = c22(l + i )~ h ~ 1 = F( 1 -j- z)~ h ~ 1 

and consequently F — cR, as was to be proved. 

Thus, when the annuity equation a^,- = A/R is solved for n by inter- 
polation, the fractional -part of n may be interpreted as the fractional part 
of R necessary for the final payment F, where F is dated one period after 
the last R. 

For completeness, it is stated without proof that while a solution of 
the annuity equation a^ t - == A/R (or s^ { = S/R) for n by logarithms is 
quite simple, the nonintegral solution does not have the same interpre- 
tation as above and is used only to find the number of payments. Con- 
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Using Table XI, we next compute a^ t — a$ ; for various values of i 
until we find two adjacent rates that produce values larger and smaller 
than 9.4241. The data are now arranged in an interpolation table as 
shown below. 


0868 


0331 


o — . — a-, 

i2]> 

i 

j 

f 9.4572 


9% 

l 9.4241 | 

? 1 

? . 

9 3704 


io y 2 Vc 


m%> 


Interpolating for j, the proportionality equation is 


c 


.0331 

.0868 


.3813 


Hence, c = .0057 and j — .0957, compounded monthly. 

Whenever approximating methods are used, a knowledge of 
the size of the error is of prime importance. Consequently, we 
shall state several facts concerning the error resulting when i is 
found by interpolating in the annuity tables, (a) When i is 
obtained by interpolation from a^„ the result is slightly too large; 
when s^i, is used, the resulting value of i is slightly too small. 
(6) The error depends primarily on the difference between the two 
interest rates used and to a much less degree on the size of n. 
Thus in the early part of the tables where adjacent rates differ 
very little, the accuracy is always excellent. ( c ) Throughout the 
tables, the error seldom exceeds nj 10 times the square of the 
difference of the rates used. Thus, for Example 1, the error in i 
should not exceed 6(J-^4%) 2 = .00000104, and the error in j should 
not exceed 12 times this, or .0000125. With the use of more exact 
criteria developed in Chap. XI, it can be showm that the error in 
j is about .00001. Similarly, it can be showm that the value of j in 
Example 2, to six decimal places, is .095719. 

In the following exercises, it will be sufficient to find i or j to 
the nearest four decimal places. 


EXERCISE 17 

1. Find the interest rate j u earned by a mail-order house that sells 
goods w orth §100 by collecting $10 down and $9 at the end of each month 
for 1 year. 
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2. A car worth §1250 is sold for $500 down followed by payments 
of $40 at the end of each month for 2 years. What interest rate, m — 12, 
is the buyer paying? 

3. Mr. Smith has been depositing $100 in a savings account at the 
end of each quarter for the past 5 years. If he now has S2160 to his 
credit, what rate jt was earned on the fund? 

4. What effective rate of interest must be earned for deposits of 
$500 at the end of each year to accumulate $9000 in 14 years? 

6. A man has been depositing his bonus check of $200 in a savings 
fund at the end of each year for the past 7 years. An additional deposit 
today of $300 brings his account up to $2000. What effective rate of 
interest was earned on his deposits? 

- SUMMARIZING PROBLEMS 

1. Mr. Smith borrows $10,000 from Mr. Jones and signs a contract 
promising to pay $600 interest at the end of each year for 10 years, at 
which time he will pay back the principal. Jones immediately sells this 
contract to a bank that expects to make 4% effective on its investment. 
What does the bank pay for the contract, and what is Mr. Jones's profit 
on the transaction? 

2. A man rents a house for $50 a month payable in advance, with 
the option of buying it at the end of 2 years. In this case, the rent will 
be considered as payments on the house. If the house is worth $6000 
cash and money is worth 5%, m = 12, how much should he pay at the 
end of 2 years to complete the purchase? 

3 . A suite of furniture may be purchased for $270 cash or $60 down 
and $20 per month for a year. At what nominal rate, m = 12, are 
these two options equivalent? 

4. It cost $500 to paint a certain house. The owner washes to make 
an agreement with a firm of painters to have his house painted every 
4 years and to .pay for this service by making monthly payments starting 
immediately. Money is worth 3>£%, m = 12. How much will these 
payments be (a) if the house will need its first paint job at the end of 
4 years, ( b ) if the house needs painting now? 

5. A monthly magazine costs 50 cents on the newsstands. A 2-year 
subscription costs $9. What rate, m = 12, does a subscriber earn on his 
investment if the first issue is delivered immediately upon subscribing? 

6. A boy inherits S6000 on his tenth birthday. He wishes to deposit 
this sum with an investment corporation that pays 3%, m = 12, on 
deposits and to be paid $150 a month with the first payment on his six- 
teenth birthday. How long will these payments continue, and wTat 
will be his final payment? 
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31. Introduction. It has been seen that the fundamental prob- 
lem in the mathematics of finance deals with the equivalence of 
sets of financial obligations. Thus, $100 due today is equivalent 
to $105 due a year from today if the interest rate is 5 per cent. 
Likewise, a house worth $12,000 cash can be purchased for $2000 
down and quarterly payments of S215.4S for the next 20 years if 
the interest rate is 6 per cent, converted quarter]}'. The only 
essential tool for an\* problem in the mathematics of finance is an 
equation of equivalence. Numerous formulas have been devel- 
oped and tables have been compiled for convenience rather than 
necessity, and the approach to each new type of problem should 
be an attempt to express it as simply as possible in terms of 
existing formulas and tables. A wide variety of symbols and 
tables is undesirable and should be introduced as sparingly as 
possible. 

An annuity has been defined as a series of payments, usually 
equal, made at equal intervals of time. It is called a simple 
annuity if the interest conversion period and the payment period 
are equal; otherwise it is called a general annuity. For example, 
suppose Herman Carpenter deposits $50 in a savings bank at the 
end of each 3 months. If the bank compounds interest quarterly, 
the deposits form a simple annuity. If the bank uses any other 
conversion period, the deposits form a general annuity. 

The alert student will wonder if general annuities can be treated 
by replacing the given interest rate by an equivalent rate com- 
pounded with the desired frequency. The answer is yes, but 
usually the new rate is not found in the annuity tables, and com- 
putational difficulties arise. 

In order to make maximum use of the formulas and methods 
already developed, the treatment of general annuities that follows 
will uniformly consist of replacing the given general annuity by an 
ordinary simple annuity with payments coming at the ends of the 
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given conversion periods. In this chapter, we shall treat only 
ordinary general annuities, that is, annuities with payments 
coming at the ends of the payment intervals. 

32. Converting ordinary general annuities into simple annuities. 

Let W = the general annuity payment 

p = the n um ber of general annuity payments per year 
i = the interest rate per conversion period 
m — the n um ber of interest conversion periods per year 
R = the ordinary simple annuity payment, made to times 
per year, which equitably replaces the general annuity 

If an annuity is to be replaced by another annuity, clearly two 
conditions must hold: (a) the interest rates must be the same or 
equivalent, and ( b ) the values of the two annuities on any date must 
be the same. 

Given then, an ordinary general annuity with payments of 
W made p times per } r ear and an interest rate of i per conversion 
period, with m conversion periods per year. 


W W 

i l . . . _ 

p payments per 3 f car 

R R R R 

I 1 I I . 

m payments per year 




To determine the equivalent ordinary simple annuity of payments 
R, made to times per year, we proceed as follows: Let i' be the 
interest rate per general annuity payment period that is equiva- 
lent to i per interest conversion period. 

Then (see Sec. 13, Chap. II) 

( 1 ) (1 + i'Y = (1 + i) m 


Now if we equate the amounts of the two annuities at the end of 
the year, we get 

( 2 ) RKhi = Ws^ c 

If and are replaced by the algebraic expressions for which 
they stand, Eq. (2) becomes 


(3) 


R 


(1 + i) m ~ 1 = (1 + i'y - 1 

i i' 
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In view of Eq. (1), the numerators of the above fractions are equal 1 
and may be divided out, giving 


(4) 


R _ W 
1 ~ V 


When Eq. (1) is solved for i', we get 

i' = (1 + i) m,v - 1 

and Eq. (4) may be written in the form 
(6) R = W ^ _ i 


The fraction appearing in the above equation is precisely what one 
gets by substituting m/p for n in the expression for l/s^ ; . There- 
fore no new symbol need be introduced. Thus, the preceding 
equation may be written in the abbreviated form 


( 6 ) 

or the equivalent form 

(7) 


R = w~~ 

W = Rsr^jdi 


Clearly the fraction m/p could conceivably have almost any 
value. In nearly all applications, one of two situations holds: 
(a) m/p is an integer in which case Tables X and XII are used to 
evaluate Eq. (6) or (7). (6) Or m/p is a fraction of the form 

k/ 12, k = 1, 2, 3, 4, or 6. In this latter case, Tables V and VI 
are used to evaluate Eq. (6) or (7). Finally, it should be observed 
that m and p need not be yearly frequencies; all that is essential is 
that they both be obtained from the same time interval. 


Example 1. Mr. Brown receives a pension of $1000 at the end of 
each year. What monthly payments are equivalent if money is worth 
Jis = 6%? 

Solution. Here IF = 1000, p = 1, i = Yz%, m = 12, and R is to be 
determined. 


L 

o 

L 

o 


R 

I 


(1 year) 
R 

J 

2 


1000 

1 


r n 

J l 

n 12 


1 This would be true if present values or the amounts at the end of any number of 
years had been equated in Eq. (2) instead of the 1-year amounts 
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Using Eq. (6) gives 

R = 1000 — - — = $81.07 (Table XII) 

Thus, Mr. Brown should be nulling to accept $81.07 at the end of each 
month in place of $1000 at the end of the year. The same result is 
obtained by writing an equation of equivalence using the end of the 
year as a comparison date. 

Example 2. If interest is at 5%, m = 2, replace payments of $50 
at the end of each quarter by semiannual payments. 

Solution. We have W — 50, p = 4, i = 2}4 %, and in = 2. 

50 50 50 50 

J ! I ! I 

0 12 3 4 

(1 year) 

R R 

! ! L 

0 12 

Equation (6) then gives 

R = 50 — = 50 X 2.01242284 = $100.62 (Table V) 
s Hb«% 

Thus, semiannual payments of $100.62 are equivalent to quarterly pay- 
ments of $50 if interest is at j° = 5%. 

EXERCISE 18 

1. Find the regular monthly payments equivalent to semiannual 
payments of $500 if money is worth 5%, vn = 12. 

2. If interest is at j\z = 6%, replace quarterly payments of $75 by 
monthly payments. 

3. An annuity with payments of $10 each quarter is to be replaced 
by an annuity with annual payments. What will the payments be if 
interest is at % effective? 

4. A man pays $25 at the end of each month as part pajunent on a 
house. If money is worth 5%, m = 1, find the equivalent payment 
made at the end of each year. 

6. If money is worth j i2 = 5%, replace an annuity of $100 per 
quarter by an equivalent annuity payable monthly. 

6. If interest is 3)4 % effective, what yearly payments will replace 
monthly payments of $600? 

7. Convert a general annuity with semiannual payments of $500 
into a simple annuity (a) if interest is at* = 4 y 2 %, ( b ) if interest is at 
3* = 4 *A%. 
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8. An annuity requires payments of $250 at the end of each quarter. 
Find an equivalent simple annuity (a) if the interest rate is = 1 9c- 
(6) if the interest rate is 7% effective. 

9. An annuity requires payments of $5000 at the end of each 3 years. 
Find the equivalent simple annuity if interest is 2)4 9c- ™ = 2. 

10. $500 is needed even' 5 years to repaint a house. What simple 
annuity will suffice if the interest rate is 3% compounded quarterly? 

33. Amount and present value of an ordinary general annuity. 
To find the amount or present valve of a general annuity, we first 
convert the general annuity into an ordinary simple annuity and then 
find the amount or present value of the simple annuity . The only 
new theory involved is the replacing of the general annuity by a 
simple one. As soon as this replacement is made, all the theory’ 
of the preceding chapter applies. 

Xo additional theory is necessary for deferred general annuities. 
They are converted into simple annuities and then treated as in 
the preceding chapter. 

Example 1. Mr. Jones deposits $100 at the end of each quarter in a 
fund that earns interest at ji = 4 9c- How much will be in the fund at the 
end of 5 years? 

Solution. We first replace the general annuity by a simple annuity. 
TT = 100, p = 4, rn — 1, and i = 49c- 

o 

\ 

0 

Using Eq. (6), 

R = 100 — — = 100 X 4.05950975 = 405.950975 (Table V) 

•SfTiu 

The annuity is to run for five interest periods, son = o, and 

5 = = 405.950975 X 5.41632256 = $2198.76 (Table X) 

Example 2. Find the present value of a set of $500 payments to be 
made semiannually for 8 years, the first one due at the end of 5 years, 
if the interest rate is j t — 5 %. 

Solution. First replace the general annuity by an ordinary simple 
annuity. IT = 500, p = 2, m = 4. and i = 1 YiTc- 


100 100 100 100 

* i 

j " ” "5 " T~ 

fl vear» 

R 
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(1 year) 

R R R R 

J I I L 


0 1 ' 2 3 4 

Using Eq. (6), 

R = 500 — i- = 500 X .49689441 = 248.4472 (Table XII) 

. S 2\lH% 

which is the quarterly payment equivalent to 8500 paid semiannually. 
The term of the annuity is 8 years and is deferred 4% years. Using the 
technique developed in the preceding chapter, we have 

A ~ 248.4472(ajg)j^er 

= 248.4472(37.01287574 - 16.02954893) = 85213.25 

It should be observed that as soon as the equivalent simple 
annuity is obtained, the interest period becomes the unit of time. 

EXERCISE 19 

1. A certain house can be purchased for a cash payment of 8500 and 
monthly payments of 830 for the next 20 years. If the interest rate is 
4 X A% effective, what is the equivalent cash price? 

2. On the last day of each month, Mr. White deposits 850 in a fund 
that earns interest at V/i%, m = 2. How much will the fund contain 
at the end of 8 years? 

3. Solve Prob. 2 if Mr. White has $1000 in the fund at the beginning 
of the first month and the interest rate is j 4 — 3%. 

4. A iadio can be purchased on an installment plan for a cash payment 
of 810 followed by monthly installments of 85 for 18 months. If interest 
is included at j* = 9%, what is the equivalent cash price? 

5. Monthly deposits of 815 are made into a savings fund that earns 
interest at j 2 = 3^ %■ How much will the fund contain just after the 
thirtieth deposit? 

6. A certain contract calls for 10 semiannual payments of 8100, the 
first one to be made at the end of 3>£ years. What is the present value 
of this contract if the interest rate is = 4)4 %? 

7. On the day of his son's birth, Mr. Adams bought an annuity to 
defray the son’s college expenses. The annuity will pay the boy 8100 
per month for 4 years, the first payment coming 1 month after his eight- 
eenth birthday. If the interest rate is j t = 3%, how much did the 
annuity cost Mr. Adams? 

8. On his twenty-first birthday, Mr. Smith buys an annuity that will 
pay him 8100 per month for 25 years, the first payment to be made 
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1 month after his fiftieth birthday. How much did the annuity cost 
Mr. Smith if interest- is atji = 3}4%? 

34. Converting simple annuities into general annuities. It is 
frequently necessary to change ordinary simple annuities into 
ordinary general annuities. The change is readily made by using 
Eq. (7) and Table YI or X. This problem arises when we wish 
to find the payment of a general annuity. The procedure to he used 
■in such a case is first to find the simple annuity that could be used and 
then to change this simple annuity into the desired general annuity. 

Example. A house worth $12,000 is sold for $2000 down and equal 
semiannual payments for the next 20 years. How large will the pay- 
ments be (a) if the interest rate is j\ ~ 43^%, (b) if the interest rate is 

U = 4M%? 

Solution, a. We first solve the simple annuity problem what yearly 
payments would be required? This latter problem was treated in the 
chapter on simple annuities, and we have 

R = 10,000 — - — = 10,000 X .07687614 = 76S.7614 

as the yearly payments that could be used. We now change the simple 
annuity into the desired general annuity. We have R = 768.7614, 
m = 1, p = 2, and i = 4 H%. 


0 1 
(I vear) 

IT IT 

1 ! L 

0 1 2 

Using Eq. (7), 

TT = EshUhc-, = 768.7614 X .49449811 (Table YI) 

= $380.15 

the desired semiannual payments. 

b. As in (a), we first find the simple annuity, payable quarterly, 
which could be used. Thus, 

R = 10,000 — - — = 10,000 X .01902323 = 190.2323 

Y e now change this simple annuity into a general annuity with semi- 
annual payments. 
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Using Eq. (7), 

W = JJsg lH B = 190.2323 X 2.01125000 = S3S2.60 
the necessary semiannual payments. 

EXERCISE 20 

1. If money is worth 5%, m = 4, replace an ordinary annuity of 
$100 per quarter by an equivalent annuity payable (a) monthly, (h) 
semiannually. 

2. If the interest rate is 334 % effective, replace 3 r early payments of 
$600 by monthly payments. 

3. Deposits are made at the end of each quarter into a savings bank. 
How large must they be to accumulate $1000 at the end of 1 year if the 
bank pays interest at the rate jn — 6%? 

4. The cash value of a car is $925. If a down pajrment of $375 is 
made, what equal monthly payments for 18 months will purchase the 
car if the interest rate is 534%, m — 4? 

6. A house worth $8000 is purchased with a down payment of $2000 
to be followed by equal monthly installments for 20 years. What will 
these payments be if money is worth 5% effective? 

6. At the end of 6 years, $2500 will be needed to replace a machine. 
What equal semiannual deposits into a fund drawing interest at 4%, 
m, — 4, will be necessary to accumulate the desired sum (a) if the fund 
contains nothing at the present, (6) if the fund contains $500 at the 
present? 

7. If money is worth 234%, m — 2, replace an ordinary annuity of 
$50 payable monthly by an equivalent annuity payable annually. 

8. A debt of $3000 is to be discharged by 60 equal monthly pay- 
ments, starting 1 month from today. What will these payments be if 
the interest rate is ji = 6%? What will the payments be if the first 
payment is to be made 25 months from today? 

9. $200 will be needed every 3 years to repaint a house. What 
sum should be set aside each year for this purpose (a) if money is worth 
3i — 334%, (h) if money is worth — 334%? 

10. Replace a semiannual annuity of $4500 by monthly payments if 
money is worth (a) j, = 4%, (6) j K = 4%, (c) j t = 4%. 
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35. Finding the interest rate for a general annuity. When the 
interest rate for a general annuity is to be found, the simplest 
method is to determine first (as in the simple annuity- chapter) 
what the interest rate per payment period would have to be, then 
to change this rate (as in Chap. II) into an equivalent rate with 
the desired conversion period. If interpolation is use cl, first to 
determine the interest rate per payment period, then to find the 
equivalent rate, it is possible to combine the two into a single 
interpolation as in the following example. 

Example 1. An ordinary annuity of $750 per quarter for 7 years 
can be purchased for $15,750. What nominal rate, compounded monthly, 
will the purchaser realize on his investment? 

Solution. "We first solve the simple annuity problem; what quarterly 
interest rate is in effect? For this auxiliary problem we have 

750ajg] { = 15,750 

where i is the rate per quarter. Thus, fljjjf = 21.00, and we set up an 
interpolation table as in the simple annuity chapter. Only the first 
two columns of the table are formed at first. 



The interpolation equation for i is 

c .2813 
K% .6735 

where c is the correction to be added to 2%. However, it is unnecessary 
actually to find i, as the next step is to determine what nominal rate j, 
compounded monthly, is equivalent to the quarterly rate i. The equiva- 
lence relation is 

(* + Ti)" - <' + *■)' 

Solving for j gives 

j = 121(1 + i)» - 1] 
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The col umn for j is now added to the interpolation table. This is done 
by substituting 2% and 234 % for i in the above equation and using 
Table III to evaluate (1 + i) l \ We now interpolate directly for j, 
using the first and third columns of the interpolation table. The pro- 
portionality equation is 

c' .2813 
.0098 .6735 

Solving, c' = .0041, and j = .0795 + .0041 = .0836, compounded 
monthly. 

Example 2. For the previous example, find the interest rate if it is 
converted semiannually. 

Solution . The procedure is exactly as before except that the j? 
column is computed from the relation 

(l +i)’ = (1 + iy or j ~ 2 [(1 + iy- - 1] 

° 28 li i J- 

21.2S13 2% .OSOS 1 \ 

21.0000 i j j > .0102 

20.007S 2 K% -0910 / 

Interpolating between the first and last columns gives 

c _ .2813 
.0102 .6735 

Hence, c = .0043, and j = .0808 + .0043 = .0851, compounded 
semiannually. 

36. Finding the term. The term of a general annuity may 
be found by first converting it into a simple annuity and then 
determining the term by the methods outlined in the chapter on 
simple annuities. Usually a final payment somewhat less than 
the regular payment is required to complete the annuity. The 
determination of the final payment -will be taken up in Chap. X. 
Here we shall simply determine the number of payments. 

Example. How many monthly payments of S50 each, the first due 
1 month hence, will be required to liquidate a debt of $1000 if the interest 
rate is 6%, m = 2? 
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37. Simple perpetuities. A perpetuity is an annuity venose pay- 
ments are to continue forever. There are many examples of perpe 
tuities, perhaps the amplest being the interest payments from any 
sum of money productively invested. All the qualifying adjectives 
such as simple, general, ordinary, deferred, etc., retain the same 
meaning when applied to perpetuities as for annuities. Thus an 
ordinary simple perpetuity is a set of periodic payments, made at 
the ends of consecutive interest periods, which are to continue 
forever. 

A moment's reflection makes it clear that the amount of a 
perpetuity is meaningless, since payments are to continue indefi- 
nitely. The present value, however, of any type of perpetuity is 
a finite sum that can readily be found as soon as sufficient data 
are known. 

Let A be the present value of an ordinary perpetuity. let i be 
the interest rate per period at which A is invested, and lei R be 
the perpetuity payment. Then A must be equivalent to the set 
of payments R as shown on the diagram below. 

R R R R R 

> 

3 — ' < - 

Since A will produce interest payments of Ai at the end of each 
interest period and will continue to do so as long as it remains 
invested at rate i. it. follows that R = Ai. or 
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finite, 


A = Ra-^i = R 


1 - (1 + i)- n 
i 


As n increases, the fraction (1 -f- = 1/(1 + i) n becomes smaller 

and approaches 0 as n becomes infinite, so that the present value 
equation above reduces to Eq. (1). 


Example. How much does a university need to establish a permanent 
scholarship of $450 at the end of each } r ear if money can be invested at 
3% effective? 

Solution. Clearly the payments will form an ordinary simple per- 
petuity, and we have R = 450 and i = .03. From Eq. ,(1), 


4 = 5 = $15,000 

i .03 


38. Ordinary general perpetuities. Frequently, as with annui- 
ties, the payment period is different from the interest conversion 
period. When this is the case, the perpetuity is called a general 
perpetuity. These are treated in essentially the same manner as 
general annuities. The general perpetuity is changed into a simple 
perpetuity by the same formulas used for annuities. The formula 


(2) 



Sm/pli 


which was developed in Sec. 32, is independent of the number of 
interest periods involved and therefore holds for perpetuities as 
well as annuities. Consequently an ordinary general perpetuity 
can be converted into a simple perpetuity by means of Eq. (2), 
after which Eq. (1) is used to find its present value. 


Example. It costs a railroad companj^ $100 at the end of each month 
to guard a crossing. How much should the company be w illin g to 
contribute toward the expense of building an underpass to be main- 
tained by the state if the expense of guarding the crossing would be 
eliminated? Money is worth 4% effective. 

Solution. The S100 at the end of each month forms an ordinary 
general perpetuity. The railroad can afford to pay an amount equal 
to the present value of this perpetuity. If R is the payment of the 
equivalent simple perpetuity, then by Eq. (2) 

R = 100 X = 100 X 12.21844211 = 1221.844211 
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Then from Eq. (1) 

, R 1221.844211 

A ~ i .04 


§30,546.11 


39. Perpetuities due. When the payments of a perpetuity 
come at the beginnings of the payment periods, the perpetuity is a 
perpetuity due. For a simple perpetuity due, the present value is 
merely" R more than would be obtained by means of Eq. (1). 
Hence the present value of a simple perpetuity due is given by 

(3)' A = R+j 


For a general perpetuity" due, let A be the present value, IF the 
perpetuity" payment, i the interest rate per interest period, and R 
the payment of the equivalent ordinary" simple perpetuity". We 
arrange the data on time diagrams. 


ir ir ir if if 

j ! ! I !_ 

0 12 3 4 

.4 

R R R 

J l I L 

0 1 2 3 ' ' 

.4 


Now A is equal to the TF due immediately", plus the present value 
of an ordinary" general perpetuity". Therefore 


A = TF 4- ^ 

i 

and 

Ai = Tf (i + -L) = [Eq. (12), Sec. 26] 

But from Eq. (1), R = Ai. Hence a general perpetuity" due whose 
payments are TF may" be replaced by an equivalent simple perpe- 
tuity" whose payments are R by means of the formula 


The present value of the perpetuitv is then found bv means of 
Eq. (1). 
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Equation. (4) is valid for converting general annuities due into 
simple a nn uities and will be developed in a somewhat different 
manner in Sec. 68, Chap. X. 

Example. A county and state together maintain a wooden highway 
bridge. The county pays $5000 every 3 years as its share for replacing 
the bridge. If a new bridge is needed now and money is worth 5 % effec- 
tive, how much can the county afford to pay toward the construction of 
a steel and concrete bridge if the state agrees to pay all future replacement 
charges? 

Solution. The county can afford to pay the present value, at = 5 % } 
of the perpetuity formed by the triannual payments of $5000. This is a 
general perpetuity due, since a bridge is needed immediately. The 
quantity m/p is the ratio of interest periods to payment periods and is 
therefore 3/1; W = 5000, and i = .05. The equivalent simple ordinary 
perpetuity is then given by Eq. (4). 


R = -9— = 9929 = 5000 x .36720856 = 1836.0428 
The present value of the perpetuity is now given by Eq. (1). 


A 


R 1836.0428 
i .05 


S36, 720.86 


EXERCISE 22 

1. Find the present value of a perpetuity of $500, payable semi- 
annually, if money is worth = 3J^% and (a) the first payment is due 
6 months hence, (5) the first payment is due now. 

2. Find the present value of a perpetuity of $300, payable quarterly, 
if money is worth j 4 = 6 % and (a) the first payment is due in 3 months, 
(b) the first payment is due immediately. 

3. Find the present value of a set of $2000 payments due at the 
end of each 5 years forever if money is worth 2% effective. 

4. Find the present value of a perpetuity of $100, due at the end of 
each month, if money is worth 6 % effective. 

6. How large a sum of money should be given a university in order 
to establish a permanent scholarship of $500 payable at the beginning of 
each year if money can be invested at j 4 = 3 %? 

6. A philanthropist desires to establish a prize of $5000 to be awarded 
at the end of each 5 years to the person who during that period has been 
most philanthropic. If money is worth 5% effective, how much is 
needed to establish the award on a permanent basis? 
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7. It cost a cemetery S3 at the end of each month to provide care 
for a grave. What should the cost of perpetual care be if money can be 
invested at 5% effective? 

8. The present value of a perpetuity, with payments at the end of 
each year, is $20,000. Find the payment if money is worth j 4 = 6%. 

9. $60,000 is the present value of a perpetuity with payments at the 
end of each month. Find the payment if money is worth ji = 4)-£%. 

10. $25,000 is the present value of a monthly perpetuity due. If 
money is worth 3^2 %, in = 4, find the payment. 

11. A college is given S10,000 to establish a permanent scholarship. 
If money can be invested at 4%, m = 2, how much can be given to the 
holder of the scholarship (a) at the end of each year, (b) at the beginning 
of each year, (c) at the end of each month? 

12. The owner of a chain of gas stations finds that when the attend- 
ants sell “soft drinks,” he loses S150 a month because the customers occa- 
sionally forget to pay for the drinks. How much can he afford to pay 
for automatic vending machines, which would eliminate this loss, if the 
machine company provides permanent upkeep and money is worth 5% 
effective? 

*13. A college wishes to establish a permanent scholarship that will 
pay $50 at the end of each month during a 9-month school year, the first 
payment to be made at the end of September. How much will the 
scholarship cost on Sept. 1 if the money can be invested at = 3%? 

40. Capitalization. The process of finding the present value of a 
set of periodic payments that are to continue indefinitely is called 
capitalization. Thus to capitalize an income (or outgo) at a given 
interest rate is to find the present value of the perpetuity that will 
furnish the desired payments. For example, an income of $100 
due at the end of each month capitalized at 3%, m = 12, is 
S40,000, since this is the present value of the perpetuity that will 
furnish S100 at the end of each month if invested at jn = 3%. 

In modem economic theory, capitalization is an extremely 
important device for the evaluation of various assets and lia- 
bilities, one of the most important applications being the deter- 
mination of the capitalized investment cost, usually called the 
capitalized cost, of an asset. The capitalized cost of an asset is 
defined as being the first cost plus the present value of infinitely many 
renewals. The present value of infinitely many renewals is clearly 
the present value of a perpetuity that will furnish the desired 
renewal payments. Hence if C is the original cost and K is the 
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capitalized cost, then 

(5) K= C + A 

where A is the present value of the perpetuity necessary for the 
renewal payments and is determined by Eq. (1). If the interest 
rate is such that the perpetuity is a simple one, R is taken as the 
renewal cost and we have 

(6) *'-C + f 


If, however, the perpetuity is a general one, W is taken as the 
renewal cost and R is computed by means of Eq. (2) before Eq. (6) 
can be used. 


Example 1. It cost an industrial concern $200 initially for drill 
points, after which it cost the company $100 at the end of each month to 
replace those which had been broken or worn out. If money is worth 
434 % effective, find the capitalized cost of the drill points. 

Solution. The $100 payments at the end of each month form a 
general perpetuity. If R is the equivalent simple perpetuity, then 


R = 100 ■ 


= 100 X 12.24553306 = 1224.553306 


Then 




K = C + | - 200 + — - $27,412.30 


If the original cost C is the same as the replacement charge 
the computation can be simplified slightly by considering the 
original cost as the first payment of a perpetuity due. The fol- 
lowing example will illustrate the procedure. 

Example 2. Find the capitalized cost of a machine that cost $5000 
and will need replacing, at the same cost, at the end of each 10 years. 
Money is worth 4% effective. 

Solution. The payments are shown on the time diagram below. 

5000 5000 5000 5000 

J ! ! I 

0 10 20 30 ’ " ’ 


This general perpetuity due of $5000 payments may be replaced by a 
simple perpetuity whose payments are 


R = IT 7 — — = 5000 

a m/p\i 


1 


= 5000 X .12329094 


616.4547 


a l0]4% 
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Then since K is the present value of this perpetuity. 



616 q 4 4 54 - = §15,411.37 


A term frequently encountered in capitalization theory is 
periodic investment cost. The periodic investment cost of an asset is 
defined as the periodic interest on its capitalized cost. For example, 
if the capitalized cost of an asset at j 4 = 4 per cent is $10,000, 
then the quarterly investment cost is $100. Thus if we let H 
represent the periodic investment cost, then 

(7) H = Ki = Ci + R 


where K, C, R, and i retain the same meaning as before. 

The periodic investment cost has a rather simple interpreta- 
tion. If K is the capitalized cost of an asset, then K will keep one 
supplied with that asset indefinitely. On the other hand, K 
invested now at rate i will yield Ki as interest payments indefi- 
nitely. Hence if it is used to keep one supplied with a certain 
asset, the Ki interest payments are lost as income and may logi- 
cally be considered as the periodic investment cost of owning the 
asset. The same conclusion can be reached by analyzing the 
formula H = Ci + R. The term Ci represents interest lost owing 
to the fact that the owner has used the money for the purchase of 
the asset rather than investing it at rate i. Moreover, if IF is 
the cost of replacing the asset at the end of its useful life, then 
R = TF(l/s^],) placed in a savings fund at the end of each 
interest period will accumulate the principal that otherwise would 
be lost when the asset reaches the end of its useful life. Thus, 
the Ci lost as interest and the payment of R necessary to keep the 
original capital intact together comprise the actual periodic cost 
due to having the money invested in the asset rather than in a 
monetary investment and are therefore called the periodic invest- 
ment cost. 


Example 3. What is the semiannual investment cost of a hot-water 
heater that cost $50 originally and needs replacing every 10 years at a 
cost of $45 if money is worth j- = 4%? 

Solution. The $45 replacement charges are first replaced by an 
equivalent set due at the ends of the interest periods. From Eq. (2) 

R = IF ~ = 45 _L 


= SI. 85 
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Thus, 20 semiannual payments of $1.85 made into a savings fund will 
amount to $45 at the end of 10 yearn and together -with the old heater will 
buy a new one or return the original principal. The interest lost each 
period is Ci = 50 X .02 = $1. Hence, 

H = Ci + R = 1.00 + 1.85 = $2.85 
is the semiannual investment cost of owning the heater. 

41. Comparison of assets on an investment-cost basis. A 
problem that frequently confronts the businessman is that of 
deciding which of several machines will prove most economical in 
the long run or when to replace old equipment with new or whether 
to repair a machine or buy a new one. To solve such a problem 
we need some method of comparing the values of different assets. 
Now all machines suffer a gradual loss of value due to wear, and 
the rate of loss is not the same for them all. Consequently, it is 
inadequate merely to compare the original costs. However, since 
money spent for a machine is an investment, we can compare two 
different machines that do the same work by comparing either 
their capitalized costs or their periodic investment costs. 

Example 1. One machine costs $1000 and must be replaced at the 
end of 10 years at a cost of SS00. A second machine for the same purpose 
has an original cost of $1300 and must be replaced at the end of 15 years 
at a cost of $1000. If money is worth 5% effective, which machine is 
cheaper in the long run? 

Solution. Comparison by capitalized costs. By the methods 
developed in Sec. 40, we find that the capitalized cost of the first machine 
is 

Zti = $2272.07 

Similarly, the capitalized cost of the second machine is 

IG = $2226.85 

Therefore the second machine is cheaper in the long run. 

If we compute the annual investment costs of the two machines, we 
obtain 

Hi = $113.60 and H. = S111.34 

Therefore it costs $2.26 more per year to own the first machine than it 
does to own the second one. 

Example 2. A machine costing $20,000 will last 40 years, at which 
time it can be sold as scrap for $1000. How much can a company afford 
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to pay for a second machine for the same purpose that will last only 25 
years and have no final scrap value if money is worth 4% effective? 

Solution. The two machines will be economically equivalent if 
their annual investment costs (or capitalized costs) are the same. For 
the first machine, we have 

Hi = Ci + R = 20,000 X .04 + 19,000 -i- = 999.94631 

S40U% 

Let G be the original cost of the second machine. Then C is also the 
replacement cost, since the scrap value is zero. The annual investment 
cost of the second machine is 

H» = Ci+C — — = C — [Eq. (12), Sec. 26] 

SSliUVo 02514% 

Equating Hi and Hi gives 

C— — = 999.94631 and C = 999.94631a S | 47o = $15,621.24 

This example could have been solved by equating the capitalized costs of 
the two machines. However, the algebra is usually slightly simpler when 
periodic investment costs are used. 

EXERCISE 23 

1. Find the capitalized cost and the annual investment cost of a 
machine that sells for $500 and must be replaced every 10 years at a cost 
of S400 if money is worth 4% effective. 

2. Find the capitalized cost and the semiannual investment cost 
of a machine that cost $1000 and whose replacement cost is $900 at the 
end of each 5 years if money is worth j« = 6%. 

3. Find the capitalized cost of a road surface that cost $50,000 and 
must be replaced at the same cost each 12 years if money is worth 5%, 
vi - 2. 

4. Find the annual investment cost of certain factory equipment 
that costs S300 and must be replaced at the same cost every 6 months if 
money is worth 4 % % effective. 

6. Find the capitalized cost of a machine that sells for $10,000 and 
must be replaced at the same cost every 8 years if money is worth 3%, 
m = 4. 

6. The annual investment cost of a machine is $200. If it must be 
replaced every 5 years at the initial cost and money is worth 4 % effec- 
tive, find the initial cost. 
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7 . The annual investment cost of a machine is $500. If it can be 
sold as scrap for $100 at the end of 4 years and money is worth 5% effec- 
tive, find the initial cost. 

8. Find the initial cost of equipment that Trill last 10 years and have 
a scrap value of $50 if its capitalized cost is $5000 and money is worth 
4%, m = 4. 

9 . A certain machine costs $1200, will last 5 years, and will have a 
scrap value at that time of $200. A second machine for the same purpose 
costs $1500, will last S years, and will have a scrap value of $300. Which 
is the cheaper machine in the long rim if money is worth 3 % effective? 

10 . It costs $300 to paint a house with a grade of paint that will last 
3 years. A better grade can be put on for $375, which will last 5 years. 
Which is cheaper to use if money is worth 4J4% effective ? 

11 . A machine costs $5000, will last 6 years, and will have a final 
scrap value of $500. If mone 3 r is worth = 4%, how much can be paid 
for the de luxe model that will last 9 years and have a final scrap value of 
$400? 

12. A prominent lawyer has in the past bought cars worth $3500, 
driven them 5 years, then traded them in for $1000 on a new one. He 
decides that he would like to buy new cars oftener. What price should he 
pay for a car if he intends to trade every 3 years and the trade-in value 
of the car will be 30 % of its initial cost ? Money is worth 5 % effective. 

13 . Solve Prob. 12 if the lawyer intends to trade every 2 years and 
the trade-in value will be 40% of its initial cost. 

14 . It costs $4 to install a railroad tie. If the tie is untreated, it must 
be replaced at the same cost every 5 years. It costs $1 to treat each tie 
with a preservative that prolongs the life. How long must the life of 
the tie be extended to make the treatment profitable if money is worth 
5 %, ?« - 12? 

*42. Comparison of assets on a production cost basis. In comparing 
the value of two machines that do the same type of work, operating and 
maintenance costs are equally important as the investment cost. Also 
the number of units that each machine will produce per time period 
must be considered. Since it is possible to capitalize any sequence of 
periodic payments, we may capitalize the costs of maintenance and the 
costs of production per unit output, or, what is equivalent, we may find 
the periodic maintenance and production costs per unit output. These 
capitalized costs, or the corresponding periodic costs, provide a basis for 
deciding which of two machines is more economical to use. 

Example. A machine that costs $5000 will last 20 years and have a 
scrap value at that time of $500. Repairs will average $300 per year. 
Operating expenses, including the operator, will be $400 per month. A 
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43. Amortization of debts. Originally, amortization meant the 
liquidation of a debt by any method. In modern vsage, the term 
amortization means the extinction of a debt, principal and interest, 
by means of a sequence of payments that are usually equal. Thus 
each payment is large enough to pay the interest earned by the 
outstanding principal during the preceding time period and also 
to repay part of the outstanding principal. Usually the payments 
are all equal and form an annuity. 

Example 1. A debt of $10,000 is to be amortized by equal payments 
at the end of each year for 5 years. If interest on the outstanding princi- 
pal is computed at 5% effective, find the amount of each payment 
Make out a schedule shoving what part of each payment is interest, what 
part is principal repaid, and what the outstanding principal is at the end 
of each year. 

Solution. We first find what the payments must be. Since the file 
payments form an ordinary annuity whose present value is $10,000 (the 
original indebtedness), we have 

1 


10,000 = Rai] 5 c 0 


or R — 10,000 


= $2309.748 



AMOKTIZATION AND SINKING FUNDS _ 97 


completely liquidated. The schedule below gives a complete record of 
the progress of the amortization of the debt. 


End of 
year 

Interest 
due at. 5% 

Annual 

payment 

Principal 

repaid 

Outstanding 

principal 

0 




10,000.00 

1 

500.00 

2309. 74S 

1809.748 

8190.252 

2 

409.513 

2309.748 

1900.235 

6290.017 

3 

314.501 

2309.748 

1995 247 

4294.770 

4 

214.733 

2309.748 

2095.010 

2199.760 

5 

109. 98S 

2309.748 

2199.760 

0 

Totals 

154S.740 

11,548.740 

10,000.00 



The totals at the bottom of the table are for check purposes. The 
total amount of principal repaid must equal the original indebtedness. 
Also, the total payments must equal the total interest plus the total 
principal returned. 

A second. tjTpe of amortization problem arises when the size of 
the payments is given and it is necessarj^ to find how many pay- 
ments will be required and what the final partial payment will be. 
An example will illustrate. 

Example 2. A debt of §1000 with interest at j z = 6% will be amor- 
tized bjr payments of S2Q0 at the end of each 6 months as long as neces- 
saiy. Make out an amortization schedule showing the complete extinc- 
tion of the debt. 

Solution. The interest due at the end of the first 6 months is 
1000 X .03 = 30. A payment of §200 made at this time will pay the 
interest and will also reduce the outstanding principal by §170. Thus 
the first payment reduces the debt to S830. The procedure is repeated, 
and the results are tabulated below. 


End of 
period 

Interest 
due at 3% 

Periodic 

payment 

Principal 

repaid 

Outstanding 

principal 

0 




1000.00 

1 

30.00 

200.00 

170.00 

830.00 

2 

24.90 

200.00 

175.10 

654.90 

3 

19.647 

200.00 

180.353 

474.547 

4 

14.236 

200.00 

185.764 

288.783 

5 

S.663 

200.00 

191.337 

97.446 

6 

2.923 

100.369 

97.446 

0 

Totals 

100.369 

1100.369 

1000.000 
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It should bo noticed that the sixth payment is only $100.37, since this 
amount completely liquidates the debt. 

The foregoing examples indicate that the problems concerning 
amortization are essentially problems dealing Math annuities whose 
present values are known and the amortization schedule is merely 
a record that shows the distribution of the payments as to interest 
and the repayment of principal. 

EXERCISE 25 

1. A debt of $5000 is to be amortized by' semiannual payments for 

3 years. If the debt earns interest at 6%, in = 2, find the payment and 
make out an amortization schedule. 

2. A debt of S200 is to be amortized by 10 monthly payments. If 
interest is paid at 6%, m = 12, find the payment and construct an 
amortization schedule. 

3. A debt of $1000 bearing interest at 5% effective is to be amortized 
by payments of $300 at the end of each year for as long as is necessary.' 
Make out an amortization schedule for the debt. What is the final 
payment? 

4. A debt of $160 will be amortized by payments of $25 at the end 
of each month as long as necessary. If interest is paid at 8%, m = 12, 
construct an amortization schedule. AT at is the final payment? 

6. A debt of $3000 will be amortized by quarterly payments for 

4 years. Find the payment if the interest rate is j.i = 6%. Make out 
the amortization schedule for the first year. 

6. A debt of $10,000 will be amortized by 10 semiannual payments, 
the first due at the end of 2^ years. If interest is paid on the outstand- 
ing debt at js = 4%, what is the indebtedness at the end of 2 years? 
Make out a schedule for the following year and a half. 

7. A debt of $2000 with interest at jn = 5% will be amortized by 
monthly payments of $100, the first payment due at the end of 13 months. 
What is the indebtedness at the end of 1 year? Make out a schedule 
for the following 3 months. 

*8. A debt of $1000 is to be amortized by three equal payments coming 
at the ends of the next 3 years. If the interest rate is 4%, m — 4, find 
the amortization payment. Construct an amortization schedule shoving 
the outstanding principal before and after each payment. 

*9. A debt of S1000 will be amortized by 12 regular monthly pay- 
ments. Find the necessary' payment if the interest rate is 8% effective. 
Make out the schedule for the first 3 months. 
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44. Finding the outstanding principal. When a debt is amor- 
tized, the amount of principal remaining to be paid after any given 
number of payments can be found by making out an amortization 
schedule. When the number of payments is large, making out a 
complete schedule becomes tedious and short-cut methods are 
desirable. As null be seen, an appropriate equation of value can 
be used for this purpose. 

The outstanding principal on any date represents the unpaid 
balance of the debt. Also on any given date, the present value 
of the pajunents that have not yet been made represents the 
unpaid balance of the debt. Thus we have the following equiva- 
lence relation: The outstanding principal on any given date is equiva- 
lent to the payments yet to be made. 

Example 1. A debt of S10,000 will be amortized by payments at the 
end of each quarter for 10 years. If money is worth 6%, in = 4, find 
the outstanding principal at the end of 7 years. 

Solution. Method 1. We first determine the necessary amortization 
pajunent. The payment-s form an ordinary annuity whose present value 
is 10,000, hence 

10,000 = Raj omac- and R = 10,000 — - 1 - — = 334.271 

a '«ll}47o 

Since the outstanding principal at the end of 7 years is equivalent to the 
payments yet to be made, we draw a time diagram for the last 3 years 
only. 

R R R R. 

J ! L . . i L 

2S 29 30 39 40 

P 

An equation of value now gives 

P = flofeuiir. = 334.271 X 10.90750521 = $3646.06 

Method 2. A' second method of finding the outstanding principal 
makes use of the first 7 years of the time diagram rather than the last 
three. The diagram appears below. 

R R R R. R + P 
I ! ! L . . J ! 

0 12 3 27 2S 

10,000 

Note that P is placed on the time diagram at the end of the seventh year 
to replace the remaining payments. We now unite an equation of value 
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using the end of the seventh year as a comparison date. This gives 
P + tfsjshtfr. = 10, 000(1. 015) 2S 
Solving for P, we get 

P = 10,000(1.015) :s - 334.271s^, lHro = $3646.06 

In finding the outstanding principal, the two methods illus- 
trated in the example are always available. The first method 
makes use of the latter part of the time diagram and the pay- 
ments yet to be made. This is sometimes called the prospective 
method, since it uses the future history of the debt. The second 
method makes use of the first part of the time diagram and the 
payments that have been made. Since this method makes use of 
the past history of the debt, it is sometimes called the retrospective 
method. When all the payments including the final one are the 
same, it is usually^ simpler to use the first method, since the out- 
standing principal at any time is merely the present value of the 
annuity consisting of the payments yet to be made. However, 
when the final payment is an irregular one, it is usually simpler to 
use the second method. 


Example 2. A debt of S3000 and interest at j\z = 6% is to be amor- 
tized by payments of §50 at the end of each month for as long as is neces- 
sary. Find the outstanding principal at the end of 3 years. 

Solution. Since the number of payments and the size of the final 
payment are not known, it is simpler to use the retrospective method. 
Let P be the principal outstanding at the end of 3 years. Then P is 
equivalent to all the payments made after 3 years and may be used to 
replace all these payments on the time diagram. The time diagram 
appears below. 


50 50 50 

J I ! L 

0 12 3 

3000 


50 50 -f P 

J ! 

35 , 30 


We now write an equation of value using the end of the thirty-sixth period 
as a comparison date and get 

P + SOsja.0. = 3000(1. 005) 36 

Soiling for P gives P = §1623.24. 

45. Equity. The amortization method is often used to liqui- 
date a debt incurred by the purchase of property. Under such 
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conditions, the outstanding principal is frequently referred to as 
the seller’s equity. The amount of principal that has been paid, 
including the down payment if any, is called the buyer’s equity. 
Thus we have the relation 

Buyer’s equity + seller’s equity = cash value of property 

Cash value refers to the original selling price, which may or may 
not be its present market value. 

Example 1. A house worth $15,000 cash is purchased by a down 
payment of $5000 and the balance in equal monthly installments for 
15 years. If the interest rate is = 5%, find the buyer’s and seller’s 
equity in the house at the end of 6 years. 

Solution. Since $10,000 is to be amortized, 

10,000 = Koi8oj5{ 2% 

and 

R = 10,000 X — - — = 79.0794 

which is the required monthly payment. The outstanding principal 
at the end of 6 years is now found bj 1 - either method, the prospective 
method being simpler in this case. We draw a time diagram for the 
last 9 years. 

R R R R R 
I I ! L . . . 1 I 

72 73 74 75 179 ISO 

P 

An equation of value gives 

P = Ra m ^ % = 79.0794 X 86.S2610765 = $6866.16 

which is the outstanding principal, or the seller’s equity at the end of 
6 years. Since the original price of the house was $15,000, the buyer’s 
equity is 15,000 - 6S66.16 = S8133.S4. 

Example 2. Mr. Smith bought a tract of land worth $10,000 cash 
by paying $4000 down and the rest in monthly installments of $50 for as 
long as necessary. If the interest rate is 5% effective, find Mr. Smith’s 
equity at the end of 10 years. 

Solution. Since the number of payments is unknown, the second, or 
retrospective method will be used. The $50 payments form a general 
annuity; hence we first find the equivalent yearly annuity. Thus we 
have (see Sec. 32) 

R = W = 50 — = 50 X 12.27257753 = 613.6289 
ssTi].- sjElsro 
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discount on the list price. Thus he would be given a discount of 
S60 and would pay $300 for the merchandise. It should be noted 
that the markup is 6 % 0 o = 20 per cent of the cash selling price, 
whereas the cash discount is G %eo = 16% per cent of the list 
price. 

Example 1. Find the interest rate ji» paid by a purchaser who uses 
the installment plan described above. 

Solution. We draw a time diagram showing the two options. 

120 20 20 20 20 20 

J ! 1 L J L 

0 1 2 3 11 12 

300 

Let i be the monthly interest rate that makes these two options equiva- 
lent. An equation of value with the present as a comparison date gives 

300 = 120 -f 203^., ' and = 9.00 

We now use interpolation as described in Sec. 30 and obtain j K — 56.79%. 

When the carrying-charge plan is used , the cash price of the 
merchandise is given. The installment payments are then determined 
as follows: A moderate down payment is usually required, after which 
a carrying charge is added to the unpaid balance to obtain the amount 
to be paid by installments. The carrying charge is usually a certain 
percentage of the unpaid balance. The amount obtained by adding 
the carrying charge to the unpaid balance is then divided into a certain 
number of installments, usually equal in size. 

Example 2. Goods worth $54 cash are purchased by the following 
carrying-charge plan: A down pavment of $14 is required, after which 
20 % of the unpaid balance is added on, and this amount is then divided 
into 12 equal monthly installments. What nominal rate, m = 12, does 
the installment plan include? 

Solution. The $14 down payment leaves an unpaid balance of $40. 
The earning charge is 20% of $40 or $8. Thus $48 is to be paid by 
installments, so that the monthly payments will be $4 each. 

The two options of buying the goods are shown on the time diagram 
below. 
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Let i be the monthly rate that makes these two options equivalent. An 
equation of value with the present as a comparison date now gives 

54 = 14 + 4ajo|j and = 10.00 

Using interpolation as in the preceding example, we get j 12 — 35.08%. 

There are many variations of the two plans described in this 
section. For example, a recent mail-order catalogue sells goods 
• on the following easy payment plan. 


Payment Table* 


If unpaid balance 
amounts to 

We add for easy 
payments 

Amount payable 
monthly is 

$40.01-45.00 

$4.00 

$5.00 

45.01-50.00 

j 4.50 

5.00 

50.01-55.00 

5.00 

5.00 

55.01-60.00 

5.50 

6.00 

60.01-65.00 ; 

6.00 

6.00 


*A down payment of at least 10 per cent of the cash price must be included with the order. 

The method of finding the rate of interest included in an 
installment plan always consists of writing an equation of value 
that states the equivalence of the payment plan and the cash price. 
The interest rate is then found by interpolation. 

EXERCISE 27 

1. An automobile loan company uses a 10% carrying charge on loans 
paid off in 12 equal monthly installments. A man borrows 8250, using 
his car as security. What nominal rate j\« does the loan company realize ? 

2. A mail-order house sells 8200 worth of plumbing fixtures, requiring 
a 10% down payment. If the balance is financed by a 10% carrying 
charge and retired over 9 months, find the nominal rate, m = 12, used 
by this company. 

3. Goods worth 850.56 are purchased from the mail-order house 
whose payment table appears in the preceding section. A cash payment 
of 85.06 is sent with the order. What nominal rate, m — 12, does the 
company realize on this sale? 

4. A S1500 automobile is purchased with a down payment of S500. 
A 6% earning charge is applied to the unpaid balance, and the payments 
are to be made monthly for 1 year. Find the nominal rate, m = 12 
that this plan includes. 
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finding the amount of an annuity whose periodic payment is the 
sinking-fund deposit and whose term is the desired time. Thus, 
in the example above, the amount in the fund at the end of the 
third 3 r ear is 904.874s3] 5!i = $2852.616. 

EXERCISE 28 

1. A sinking fund, accumulating at j. = 5%, is established to furnish 
$5000 at the end of 2 years. Make out a schedule shoving the growth 
of the fund. 

2. A sinking fund, with deposits invested at 4% effective, is to be 
established to replace the principal lost due to the wearing out of a 
machine. If the fund must contain $10,000 at the end of 4 years, find 
the annual deposit and make out a schedule showing the accumulation 
of the fund. 

3. A company wishes to repay the principal of a $100,000 debt at the 
end of 30 years. A sinking fund will be established by annual deposits 
into a fund that earns interest at 4% effective. Find the annual deposit, 
and make out the schedule for the first 4 years. 

4. A sinking fund must contain $25,000 at the end of 10 years. Find 
the necessary annual deposits if the interest rate is 3 % effective. Find 
the amount in the fund just after the eighth deposit, and make out a 
schedule for the last 2 years. 

5. In order to purchase a car at the end of 5 years, monthly deposits 

will be made into a fund that accumulates at ji? = %. Find the 

monthly deposit if the car will cost $1500. How r much will the fund 
contain at the end of 4 years? 

6. A citj r must pay off two debts, one of $50,000 due in 10 years and 
one of $10,000 due in 12 years. A sinking fund will be set up by equal 
annual deposits for 12 years to retire both debts when due. If the fund 
earns interest at 3% effective, what will the annual payment be? How 
much is in the fund just after the first debt is retired? Make out the 
schedule for the last 2 years. 

7. What annual deposits into a sinking fund accumulating at 4%, 
m = 4, would be necessary- to furnish $5000 at the end of 10 years? How- 
much would be in the fund just before the second deposit? 

8. A sinking fund consisting of semiannual deposits will be used to 
accumulate $1000 at the end of 5 years. Find the required payment if 
the interest rate is ji = 2%. How much will be in the fund just before 
the second deposit? 

*9. Show that the increase in the sinking fund at the end of the /;th 
period is Z?(l -f- f) 6-1 - 
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48. The s inkin g-fund method of retiring a debt. The amor- 
tization method of retiring a debt often creates a problem for the 
lender of the money. His principal is returned to him in small 
amounts and at frequent intervals. Since it is not alwaj’S easy to 
invest small sums productively, he is very likely to have some of 
the returned principal lying idle for some time before it can be 
reinvested. For this reason, lenders sometimes require that all 
the principal be returned in a lump sum at the end of the term 
of the loan. Usually the interest is not allowed to accumulate 
but is paid at the end of each interest, period. For example, a 
bank might loan S1000 for 5 years with interest at 6% effective 
and require that it be repaid as follows: At the end of each year 
a 860 interest payment is to be made, and at the end of the fifth 
3 *ear, in addition to the interest due at that time, the entire 
principal of 81000 is to be repaid. 

When money is borrowed under the terms just described, the 
borrower usually prepares for the ultimate liquidation of the debt 
by establishing a sinking fund. Usually the sinking-fund pay- 
ments are made on the same dates as the interest payments on 
the debt. When this is the case, the sum of these two payments is 
called the periodic expense of the debt. 
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49. Comparison of sinking fund and amortization methods of 
retiring a debt. It should be obvious by now that an experienced 
money' lender will usually accept a somewhat lower interest rate 
when the sinking-fund method of retirement is to be used than he 
would demand if the debt is to be amortized. It should also be 
clear that the borrower will want to use the plan that is least 
expensive to him. Since there are usually several sources avail- 
able from which to borrow, it is important for the borrower to 
determine which of the available loans will be cheapest. The 
method of determining which source to choose consists merely in 
computing what the periodic expense of the debt would be under 
the various plans offered. 

Example. A city wishes to borrow $10,000 for 10 years. The First 
National Bank will lend the money at 6% effective and allow the debt 
to be amortized by annual payments. The Second National Bank will 
lend the money at 5 % effective provided only the interest is paid annually 
and the principal is repaid at the end of the 10-year term. If the second 
source is used, the city can set up a sinking fund that accumulates at 3% 
effective. How much can be saved each year by selecting the better 
method? 

Solution. If the money is borrowed from the First National Bank, 
the $10,000 is the present value of an annuity' - of 10 payments. If R is 
the necessary annual payment, then 
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EXERCISE 29 

1. A company borrows $5000 for 5 years, agreeing to pay interest 
semiannually at 5%, m = 2. Semiannual deposits will be made into a 
sinking fund to retire the principal. Find the semiannual expense of the 
debt if the sinking fund accumulates at ji = 4%. 

2. A town borrows $50,000 for a period of 20 years. Interest on 
the debt will be paid quarterly at the rate ji = 6%, and a sinking fund 
wall be established by quarterly deposits to retire the principal. If the 
sinking fund accumulates at 3 %, m = 4, find the quarterly expense of 
the debt. How much wall the sinking fund contain at the end of 15 
years? 

3. A company issues bonds that promise an interest payment on 
$1000 yearly at 7% effective for 50 years and a redemption payment of 
$1000 at the end of this time. A sinking fund consisting of annual 
payments that accumulate at ji = 3 M% is created to take care of the 
redemption payment. What will the annual expense of the debt be if 
the company issues 25 such bonds? 

4. A debt of S15,000 pays interest yearly at. 5%. If a sinking fund 
with quarterly payments accumulates the principal of the debt in 10 
years, at 4%, to = 4, find the sinking-fund payment. What is the total 
amount paid out each year? What is the equivalent annual expense 
of the debt? 

8. A city wishes to borrow $200,000 for 20 years. The money can 
be borrowed at the First National Bank and amortized by quarterly 
payments at an interest rate of js = 5%. The Second National Bank 
will lend the money if interest is paid quarterly at the rate j 4 = 4% and 
the principal repaid in a lump sum at the end of,20 years. In the latter 
case, a sinking fund with quarterly deposits accumulating at 3%, m — 4, 
will be used to retire the principal. How much Ian be saved quarterly 
by choosing the better plan? v ■ 

6. An airplane company can borrow $1,000,000 for 50 years by issuing 
bonds on which interest will be paid semiannually at '434%, vn, = 2, and 
the principal will be retired by a sinking fund consisting of semi ann ual 
deposits invested at ji = 4%. Find the nominal rate ji at which the 
loan could be amortized with the same se miannual expense. 

7. A company can borrow $50,000 at 5 J4% effective and amortize 
the debt with yearly payments for 25 years. From a second source, 
the money can be borrowed at 5% effective if the interest is paid annually 
and the principal is repaid in a lump sum at the end of 25 years. If the 
second source is used and a sinking fund established, what effective rate 
must the fund earn to keep the annual expense of the debt the same? 
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8. A company that can get 3% effective on sinking-fund deposits 
wishes to borrow §100,000 for 30 years. If bonds are issued for this 
purpose, what yearly interest rate should the bonds pay so that the total 
annual expense of the debt is the same as a 6% amortization plan? 

9. A company wishes to borrow S10,000 for 20 years. From one 
source, the money can be borrowed at % effective and amortized by 
annual payments. From a second source, the money can be borrowed at 
5% % effective if the interest is paid annually and the principal repaid 
at the end of 20 years. If the second source is used, a sinking fund will be 
established by annual deposits that accumulate at 4%, m = 4. Find 
the amount saved annually by choosing the better plan. 



CHAPTER VHI 
BONDS 


60. Introduction. When a large corporation wishes to borrow 
a sizable sum of monej^, such as §50,000,000, they usually cannot 
find a single financial company or even a small group of financial 
companies that would be able to lend the entire sum of money 
desired. Hence the money must be obtained from a great many 
investors both large and small. For convenience in dealing with 
a large number of investors, the corporation will have printed up 
in advance many notes or contracts each of which tells the amount 
of the loan, the date when the loan will be repaid, the rate at 
which interest will be paid on the loan, and the dates Avhen these 
interest payments will be made. Each contract will also state 
where the payments can be collected and what security the com- 
pany offers, if any, that the loan will be repaid. Such a contract is 
called a bond. 

Since bonds are issued to borrow money, many devices are 
used to make them attractive to an investor. Most bonds are 
unregistered and can be transferred from one owner to another 
at will. The advantage of such a bond is that it may be sold at 
any time the owner desires. Other bonds are registered and can 
be transferred only by proper indorsement and the consent of the 
issuer. Thus the owner is protected against loss or theft. To 
facilitate the collection of interest, most bonds have dated coupons 
attached, which can be cashed at any bank on or after the date 
mentioned on the coupon. Some registered bonds make the 
interest payments directly to the owner by m ail. 

Some of the terminology relative to bonds will now be defined. 
The sum of money named in the bond is called the face value 
or the denomination. This is usually §500, §1000, §5000, or 
S10,000. The date on which the loan will be repaid is called the 
redemption date. The amount that will be paid on the redemp- 
tion date is called the redemption price. The redemption price is 
nearly always the same as the face value, in which ease the bond 
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is said to be redeemed at par. Some bonds contain a clause that 
allows the issuer to redeem the bond, that is, pay off the loan, 
at a date earlier than the redemption date. Such a bond is said 
to be callable. For example, a bond might be redeemable in 15 
years and callable at any time after 10 years. Most callable 
bonds specif}' that if they are called before the redemption date, 
they will be redeemed at a premium, that is, for more than their 
face value. For example, a bond redeemable at par in 15 years 
might be callable at 105 per cent of its face value after 10 years. 

61. The investment rate. It should be clear bj r now that a 
bond is a contract that may be transferred from one person to 
another. It should also be clear that when the owner of a bond 
decides to sell it, he will naturally sell it to the highest bidder. 
Consequently a bond is very seldom sold for exactly its face value. 
In fact when the bonds are first offered to the investing public, 
only rarely does the issuer get exactly the face value of the bonds. 
Owing to this fact, various bond problems arise. As an illus- 
tration, suppose that a $1000 bond will be redeemed at par in 
10 years and, in the meantime, interest payments of $50 will be 
made at the end of each year. Clearly if a person buys this bond 
for $1000, his investment will earn interest at 5 per cent effective. 
Suppose, however, that this bond cannot be purchased for less 
than $1150. Then the interest payments received will be partially 
offset by the loss of S150 incurred when the bond is redeemed. 
Thus the question naturally arises how good an investment is this 
bond if purchased for $1150? Again suppose that an investor is 
willing to invest money at 3 per cent effective. How much can 
he afford to offer for the bond mentioned above? 

The above illustrations are sufficient to make clear that when 
a bond is sold at a price other than its face value, the purchaser is 
investing money but not at the rate stated in the bond. For this 
reason, there are two interest rates associated with bonds: (a) the 
rate at which the bond pays interest on Us face value, hereinafter 
called the bond rate, and (6) the interest rale realized by the purchaser, 
called the investment or yield rate. 

62. Purchase price to yield a given investment rate. The first 
problem concerning bonds is to determine how much an investor 
should pay for a bond so that his investment earns interest at a 
specified investment rate. 
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Let F = the face value, or par value, of the bond 
C = the redemption price of the bond 
n = the number of interest periods until the redemption 
date 

r = the rate per period at which the bond pays interest on 
the face value 

R = p r = the amount of bond interest paid by the bond 
oh interest dates 

i = the investment rate, or yield rate, per interest period 
P — the purchase price at which the bond will yield i 
For simplicity it null be assumed for the present that the bond 
interest rate and the investment rate have the same conversion 
period. 

When a person buys a bond, he receives a written contract that 
promises the following two types of payments : (a) periodic interest 
payments, which form an annuity, and ( b ) the redemption price due 
on the redemption date. The time diagram below shows the pay- 
ments promised by the bond. 


R 


1 L 

o 1 



R R + C 
_J !__ 

n — 1 n 


The investor who wishes to realize the investment rate i on his 
investment should pay a sum equivalent (at rate i) to these pay- 
ments. Thus P is the present value of the above set of payments 
at rate i. Therefore 


(1) P = Ra* + C(1 + £)-” 

Example 1. A .$1000 bond that pays interest at 5%, m = 2, will be 
redeemed for S1050 at the end of 15 years. What should it sell for to 
yield an investor 4%, m = 21 

Solution. The bond interest payments will be 

R — Fr = 1000 X .025 = $25. 

The bond will therefore furnish the following set of payments 

25 25 25 25 25 + 1050 

! 1 ! L J_ | 

0 1 2 3 “SiT 30 

The purchase price is the present value, at 2%, of this set of payments. 
Therefore 


P = 25a s -fl 2r , + 1050(1.02) -30 = 559.911 + 579.674 = SI 139.59 
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Thus, a person who pays §1139.59 for this bond is investing money at 
4%, m = 2. 

Example 2. A $1000 bond with interest at 6% payable semiannually 
is callable at 110% of its face value on Mar. 1, 1972. If not called on this 
date, it will be redeemed at par on Mar. 1, 19S2. Find the purchase 
price on Mar. 1, 1947, that will guarantee a yield of at least 7%, m = 2. 

Solution. If the bond is called on the given call date, it will furnish 
the set of payments listed on the diagram below. 

30 30 30 30 30 + 1100 

1 1 1 L J 1 

0 1 2 3 49 50 

The purchase price should therefore be 

P = 30a5oi 3Wrc + 1100(1.035)- 50 = 703.669 -f 196.959 = S900.63 

If, however, the bond is not called, it will furnish the following set of 
payments: 

30 30 30 30 30 + 1000 

1 I 1 L J I 

0 1 2 3 C9 70 

In this case, the purchase price should be 


P = 30«^ 3> i % + 1000(1. 035) -70 = 780.012 + 89.986 = §870.00 

Since the purchaser does not know which set of payments he will receive, 
he must buy the bond for the smaller of these prices, S870 to be sure of 
realizing 7 %, m ~ 2, on his investment. 


53. An alternate purchase-price formula. Although Eq. (1) is 
not difficult to use, it does require the use of two tables. A some- 
what simpler formula will now be developed. To this end we 
recall that P is the present value, at rate i, of the set of payments 
promised by the bond. This equivalence is shown on the time 
diagram below. 


(«) 


R R 

J L 

1 2 


R 

_L 

3 


R R+C 

_J L_ 

n — 1 n 


On the other hand, C invested now at rate i will produce interest 
payments of Ci at the end of each interest period for n periods 
and a final payment of C at that time. The diagram below shows 
tlois equivalence. 

Ci Ci Ci Ci Ci + C 
J ! L ! L_ 


(W 


0 

C 


i 


3 


n — 1 
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We now subtract the sums on line (6) from those on line (a) and 
obtain the equivalence relation 

R-Ci R-Ci R- Ci R-Ci R — Ci 
j | ! ! _J 1 

0 1 2 3 n — 1 n 

P -C 

An equation of value now gives P — C = (R — Gi)a^\ { , or 
(2) P = C + (P - Ci)a» u 

The above equation can also be developed algebraically from 
Eq. (1) by using the identity 

(1 + i)~ n = 1 - ia- u 

to ehminate the factor (1 + i)~ n . 

An inspection of Eq. (2) shows that if R = Ci, the purchase 
price of the bond is the same as the redemption price; if R is 
larger than Ci, the purchase price is greater than the redemption 
price; and if R is less than Ci, then R — Ci is negative and the 
purchase price is less than the redemption price. 

Example 1. Solve Example 2 of the preceding section using Eq. (2). 
Solution. If the bond is called on the given call date, C = 1100, 
R = Fr = 1000 X .03 = 30, Ci = 1100 X .035 = 38.50, and n = 50. 
Equation (2) then gives 

P = 1100 + (30 - 38.50)055,3^ = 1100 - 199.37 - $900.63 

If the bond is not called, then C = 1000, Ci = 1000 X .035 = 35, 
R — 30, and n = 70. In this case 

P = 1000 + (30 - 35)a m y. % = 1000 - 130 = $870 

These are the same values of P obtained by using Eq. (1). 

It is, of course, immaterial which purchase-price formula is 
used. Equation (1) seems more natural and is easier to remember, 
whereas Eq. (2) requires only an table, which somewhat 
reduces the amount of arithmetical computation. 

In the examples thus far, we have treated only the case where 
the bond interest payments form an ordinary simple annuity, 
that is, where the bond pays interest with the same frequency 
that the investment rate is converted. Obviously this null not 
always be the case. When these periods differ so that the bond 
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tion, suppose an investor buj's a $1000 bond that pays bond 
interest at 5 %, m = 2, and is redeemable at $1050 at the end of 
3 years, to yield 4%, m = 2. By either Eq. (1) or (2), the pur- 
chase price is found to be $1072.406. At the end of each 6 months, 
the investor will receive a $25 bond interest, payment. However, 
he does not actualh' gain $25 each 6 months, since at the end of 
3 years he will receive only $1050 of the original $1072.406 invested 
in the bond. This excess of $22,406 must be saved out of the bond 
interest, payments in order to recover the entire amcunt of principal 
originally invested in the bond. It is therefore important that 
some systematic plan be adopted whereby a certain portion of each 
bond interest, payment is used to amortize this excess. 

Although there are several methods used by accountants for 
amortizing the excess, the most direct method is based on the fad that 
the bond mas purchased to yield a given investment rate on the money ‘ 
invested in the bond. In the illustration above, the purchase price 
was determined so that the bond would yield 2 per cent each 
6 months on the money invested in it. Thus at the end of the 
first half year, the investor’s interest should be $1072.406 X .02 = 
$21,448. Since he actually receives $25, the difference $3,552 is 
considered as part of the original principal being returned. Con- 
sequently, the bond is now valued on the books at 

$1072.406 - $3,552 = $106S.S54 

This book value is the same as the purchase price of the bond 2}i 
years before maturity to yield 4 per cent, m — 2, and may be 
computed independently by either of the purchase-price formulas. 

Proceeding as above, we find that the investor’s interest at the 
end of the second 6-month period should be 

$1068.854 X .02 = $21,337 

Thus $25 — $21,337 = $3,623 of the second bond interest, pay- 
ment is considered as principal being returned, and the new 
book value is $1068.854 — $3,623 = $1065.231. The above pro- 
cedure is continued untii the bond matures. The final book value 
is $1050, the same as the redemption price. This infor ma tion nmy 
be arranged in the form of a table, and the result is called a bond 
schedule. The following is a complete schedule for the bond just 
considered. 
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Schedule for a Bond Purchased at an Excess 


End of 
period 

Bond interest 
payment 

Investor’s 

interest 

For amortization 
of the excess 

Book 

value 

0 

1 

HI 

21.448 

3.552 

1072.406 

1068.854 

2 

■SKt- 

21.377 

3.623 

1065.231 

3 


21.305 

3.695 

1061.536 

4 

25.00 

21 .231 

3.769 

1057.767 

5 

25.00 

21.155 

3.845 

1053.922 

6 

25.00 

21.078 

3.922 

1050.000 

Totals 

150.00 

127.594 

22.406 



When a bond is purchased for less than its redemption price, 
the difference C — P is called the deficiency. For example, sup- 
pose the bond in the preceding illustration had been purchased 
3 years before maturity to yield 6 per cent, m = 2. In this case, 
either Eq. (1) or (2) gives $1014.788 as the required purchase 
price. Since the bond will be redeemed at $1050, the deficiency is 

$1050 - $1014.788 - $35,212 

When a bond is purchased at a deficiency, the investor gains 
more than just the bond interest payments, since the bond is 
redeemed for more than its original purchase price. Good account- 
ing practice requires that this increase in the value of the bond 
should accumulate gradually. Thus some systematic plan of 
accumulating the deficiency is necessary. There are several ways 
of doing this, the most direct of which makes use of the fact that the 
bond should yield the given investment rate on the amount of money 
invested in the bond. To illustrate this method, we shall construct 
a bond schedule for the bond used in the preceding illustration, 
but purchased at a price to yield 6 per cent, m = 2. In this case, 
the purchase price would be $1014.788; that is, the bond is pur- 
chased at a deficiency of $35,212. Hence the investor’s interest at 
the end of 6 months is $1014.788 X .03 = $30,444. Since the 
bond interest payment is only $25, the value of the bond is con- 
sidered as having increased by $30,444 — $25 = $5,444. Thus it 
is valued on the books at $1020.232. It should be observed that 
the investor's interest is considered as made up of two parts: 
(°) the iond Merest payment and ( b ) the increase in the value of the 
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bond. This latter part will be collected when the bond is redeemed. 

At the end of the second interest period, the investor’s interest 
will be $1020.232 X .03 = $30,607; the increase in the value of 
the bond will be $30,607 — $25.00 = S5.607; and the new book 
value will be $1020.232 + $5,607 = $1025.839. This procedure is 
repeated until the bond matures, at which time the final book 
value will be $1050, the same as the redemption price. The fol- 
lowing table is a complete schedule for the bond just considered. 


Schedule for a Bond Purchased at a Defjcienct 


End of 
period 

Bond interest 
payment 

Investor’s 

interest 

For accumulation 
of deficiency 

Book 

value 

0 




1014. 78S 

1 

25 00 

30.444 

5.444 

1020.232 

2 

25 00 

30.607 

5.607 

1025.839 

3 

25.00 

30.775 

5.775 

1031.614 

4 

25 00 

30.948 

5.948 

1037.562 

5 

25.00 

31.127 

6.127 

1043.689 

e 

25 00 

31.311 

6 311 

1050.000 

Totals 

150 00 

185 212 ! 

35.212 , 



A few remarks are in order concerning modern terminology. 
The premium has been defined as P — F, whereas the excess is 
defined as P — C. When the bond is to be redeemed at par, the 
premium and the excess are the same ; otherwise not. Since most 
bonds are redeemed at par, the process of writing off the excess of 
the purchase price over the redemption value is frequently called 
the amortization of the 'premium. Similarly, the discount F — P 
and the deficiency C — P are the same for bonds redeemable at 
par, so that the phrase “accumulation of the discount ” is frequently 
used to mean the accumulation of the deficiency. 

EXERCISE 31 

1. A S1000 bond, redeemable at par at the end of 4 years and paying 
bond interest annually at 6%, is purchased to yield 5% effective. Make 
out a schedule showing the amortization of the excess for this bond. 

2. A S1000 bond, redeemable at $1100, pays bond interest at 4% 
effective. It is purchased 5 years before maturity to yield 5% effective. 
Make out a schedule showing the accumulation of the deficiency. 

3. A $1000 bond, redeemable at par, pays bond interest at 4%, m — 2. 
It is purchased 3 years before maturity to yield 6%, m = 2. Construct 
an investment schedule for this bond. 
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4. A $1000 bond, redeemable at $1050 at the end of 234 years, pays 
bond interest at 5%, m = 2. It is purchased to yield 4%, m = 2. 
Construct an mvestment.schedule for this bond. 

5. A $500 bond, redeemable at par, pays bond interest at 7 %, m = 2. 
It is pm-chased for $590.29 to yield an investor 534 %> m ~ 2 - Find the 
book value 134 years later. 

6. A $1000 bond, redeemable at $1050, pays bond interest at 3J4%, 
m = 2. It is pmchased for $940.02 to yield 4%, tn = 2. Find the book 
value 1 year later. 

7. A $1000 bond, redeemable at par, pays interest at 3%, in = 2. 
Find the purchase price 30 years before maturity to yield 5%, in = 2, 
and construct a schedule for the. first year and a half. 

8. A S5000 bond, redeemable at $5200 at the end of 25 shears, pays 
interest at 6%, m — 2. Find the purchase price to yield 4%, m = 2, 
and construct a bond schedule for the next year and a half. 

9. A $1000 bond, redeemable at par at the end of 25 years, is callable 
at $1100 at the end of 15 years. It pays bond interest at 4 %, m = 2. 
Find the purchase price to yield at least 6%, m ~ 2. Construct that 
part of the schedule pertaining to the fifteenth year. Assuming that 
the bond is not called, continue the schedule for one more year. 

55. Evaluating bonds between bond interest dates. The pur- 
chase price formulas, Eqs. (1) and (2), were derived for bonds 
purchased on bond interest dates, in which case the seller keeps 
the bond interest payment due on that date and the purchaser 
receives the contract consisting of all future bond payments. 
Obviously bonds can be and are sold at any time. Consequently, 
we need methods of determining the value of a bond between 
bond interest dates. 

As we have seen, the value attached to a bond depends upon 
the interest rate that it is to yield, and this is true whether the 
bond is purchased on a bond interest date or not. Suppose a bond 
is to be purchased between bond interest dates to yield the investor 
interest at rate i. Let P 0 represent the purchase price of the bond 
on the preceding interest date to yield i; let / be the fractional part 
of an interest period that has elapsed since the preceding interest 
date; and let P be its value on the date of sale. Then P 0 and P 
are values of the same contract on different dates and are therefore 
equivalent. 

Po P 

! L 

s 
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An equation of equivalence now gives 

(3) P = P 0 (l + i) f 

as the exact value of the bond on the date of sale. 

The student wall recall from Sec. 14, Chap. II, that when a 
fractional part of an interest period is involved, an approximation 
to the true result can be obtained by using simple interest in place 
of the exact compound interest law. In this case 

(4) P = Po(l + if) 

gives an approximate value of P. 

In actual practice, it is customary to use the approximate Eq. (4), 
and we shall follow this custom unless it is specifically stated otherwise. 
It is also customary to compute the time factor / by the approxi- 
mate method, that is, on the assumption that the year consists of 
12 months of 30 days each. 

Example 1. Find the purchase price on June 16, 1950, of a S1000 
bond, redeemable at par on Oct. 1, 1975, and paying bond interest at 
7%, m — 2, to yield 6%, m = 2. 

Solution. The preceding bond interest date is Apr. 1, 1950. The 
number of interest periods from this date until redemption is 51. The 
value of the bond on Apr. 1, 1950, is therefore 

Po = 1000 + (35 - 30)0^3^, = 1000 + 129.756 = $1129.756 

Counting 30 days to each month, from Apr. 1 to June 16 is 75 days, so 
that / = 7 5/ go = 512- Equation (4) now gives 

P = 1129.756 ^1 + .03 X|) = 1129.756 X 1.0125 = $1143.878 

Had the exact value of P been asked for, we should have used Eq. (3) 
and obtained 

P = 1129. 756(1. 03) 5is = 1129.756 X 1.01239232 = $1143.756 

The difference between the two results is about 12 cents. 

An alternate method of approximating P is as follows. Let 
Po have the same meaning as before, and let Pi be the purchase 
price of the bond on the forthcoming interest date. Now on the 
forthcoming interest date, the bond will make a bond interest pay- 
ment of R and then be worth Pi. Consequently its value just 
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before the bond interest payment is Pi + R. If we assume that 
the change in value from P 0 to Pi + R is uniform during the 
interest period) then the value of the bond at an intermediate 
date can be found by interpolating between these values. The 
proof of tliis fact, though not difficult, will be omitted. 

Example 2. Solve Example 1 by interpolation. 

Solution. As before, P 0 = §1129.756. We now compute Pi. 

Pi = 1000 + (35 - 30)055137, = $1128.649 

The value of the bond just before the next bond interest payment is 
therefore S112S.649 + S35.00 = S1163.649. We now interpolate be- 
tween §1129.756 and §1163.649. Thus 

P = 1129.756 + yL (1163.649 - 1129.756) = §1143.878 
as before. 

Since the methods developed in this section require that the 
yield rate of the bond be known, these methods might accurately 
be described as methods of determining what price an investor 
should offer for a given bond in order that it jdeld a specified 
interest rate. 

66. Purchasing bonds on the market. When a bond is pur- 
chased, one can rarely be purchased to yield a specified rate of 
interest. In most cases, bonds are purchased at a bond exchange, 
where the}' are auctioned off to the highest bidder. This is done 
through agents acting for the buyer and seller. A prospective 
seller instructs his agent as to the minimum price that he is willing 
to accept, whereas a prospective buyer tells his agent the maxi- 
mum price that he is willing to pay. The agents work for a 
straight commission and natural^ trj r to get their client the best 
price possible. 

Now it has been pointed out that when a bond is sold on a 
bond interest date, the bond interest payment due that day is 
considered as belonging to the seller, so that the buyer purchases 
only the future earnings and does not share in those already 
accrued. For reasons that will become apparent, it is desirable 
to retain the concept that the purchaser is entitled to only the 
future earnings of the bond even when the bond is purchased 
between bond interest dates. Thus the seller is considered as 
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entitled to that part of the forthcoming bond interest payment which 
has already accrued. Since the seller’s share of the forthcoming 
bond interest payment is constantly changing, starting from zero 
on an interest date and increasing to R on the following interest 
date, the price at which he is willing to sell fluctuates according 
to the nearness of the forthcoming interest date. For this reason, 
it is undesirable to price bonds on the market at the actual price 
that the seller expects to receive. Consequently bonds are “quoted” 
on the market at a price Q, with the 7inderstanding that the purchase 
price is Q plus that portion of the forthcoming bond interest payment 
which has already been earned. Hence if Q is the market price and 
R' represents that part of the forthcoming bond interest payment 
which has already accrued (hereinafter called the accrued bond 
interest), then the total purchase price of the bond is 
(6) P = Q + R' 

In actual practice, the accrued bond interest is computed by 
the simple formula R' = fR, where / is the fractional part of the 
interest period that has already elapsed. For example, if a bond 
pa}\s 530 interest every 6 months, then 45 days after an interest 
date the accrued bond interest would be 4 ?dso X 30.00 = 57.50. 

Finally, since bonds are issued in various denominations, it is 
customary to give the market quotation on the basis of a 5100 
bond and rounded off to the nearest eighth. Thus if the market 
quotation is 105K, then the market price of a S500 bond would be 
5 X I05)i = 5526.25, and the purchase price would be 5526.25 
plus the accrued bond interest if any. 

Example 1. A 5500 bond pays $15 bond interest on Feb. 1 and Aug. 1. 
This bond was sold on Apr. 1 at a market quotation of 108J4- What 
did the purchaser pay? 

Solution. The market price was Q = 5 X 108.50 = $542.50. Since 
it was sold on Apr. 1, / = e % so = Hence 

R' = fR = | X 15.00 = $5.00 

And finally 

P = Q + R’ = 542.50 -f- 5.00 = $547.50 

Example 2. A $1000 bond pays bond interest at the rate 6%. m =2. 
It is redeemable at par on Jan. 15, 1960. What should the market quota- 
tion be on Sept. 15, 1948, to yield the buyer j s = 4%? 
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Solution. The purchase price on July 15, 1948, to yield 4% 
would be 

P 0 = 1000 + (30 - 20)a m2% = 1000 + 182.92 = $1182.92 
On Sept. 15, 2 months later, the purchase price would be 

P.= p 0 (l + if) = 1182.92 ^1 + .02 X g) = $1190.81 

To deter mi ne Q we now use Eq. (5). The accrued bond interest is 
R< = fR = % X 30 = $10. Hence, from P = Q + R', 

Q = P - R' = 1190.81 - 10.00 = $1180.81 

Reducing this to a $100 bond, we get the market quotation as 118.081, 
and rounding off to the nearest eighth, 118Bs- 

Ail alternate method of computing Q consists of interpolating 
between the values P 0 and Pi where these letters retain the same 
meaning as in the preceding section. 

A few remarks remain to be made concerning modern termi- 
nology. The quantity Q, which we have called the market price, 
is occasionally called the book value of the bond and is frequently 
called the and interest price of the bond. Both of these terms are 
in good usage, and the student should become familiar with them. 
Also, P, which we have called the purchase price, is almost always 
referred to as the fiat price of the bond. 

The methods discussed in the last tw r o sections leave three 
important questions unanswered, (a) If the compound interest 
law is used, what is the accrued bond interest? (b) What is an 
exact formula for Q? (c) How is an investment schedule made 
out for a bond purchased between interest dates? These questions 
null be answered in the next section. 

*57. The theoretical treatment of bonds between interest dates. It 
has previously been observed that the exact value of a bond between 
interest dates is given by 

p = p 0 (i + *y 

where P 0 represents the value of the bond on the preceding interest date, 
i is the yield rate of the bond, and / is the fractional part of an interest 
period that has elapsed since the last interest date. We next develop an 
exact formula for the determination of the accrued bond interest R' . 

If exact methods are to be used, it is clear that the buyer and seller 



128 


MATHEMATICS Or FINANCE 


should divide the forthcoming bond interest payment in a manner con- 
sistent with the compound-interest lav. To this end, let R' be the seller's 
share, due on the date of sale, and let R” be the buyer’s share, due on 
the forthcoming interest date. These two shares must be equivalent to 
the bond interest payment R made at the end of the period as shown 
on the accompanying time diagram. 

TV R" 

\ ! L 

/ i -/ R 

An equation of value taken at the end of the period gives 
(a) R'{ 1 + *) w -f R" = R 

Since both R' and R" are unknown, we need another relation between 
them in order to obtain their values. A second relation is obtained by 
observing that since the determination of R' and R" is to be equitable 
to both the buyer and seller, interchanging the two times / and 1 — / 
would likewise interchange R' and R" as shown on the following time 
diagram. 

R" R’ 

1 I L 

i -/ / R 


An equation of value now gives 

(6) R r + jR"( 1 +i)f = R 


If Eq. (a) is multiplied by (1 — i) f , we get 

(c) R'{ 1 +{) + R"{ 1 + x)< = E(1 -f i y 

We now subtract Eq. (b) from Eq. (c) and get 


Solving for R' gives 

(6) 


R’i = R( 1 + i)f - R 


r' = r i L+ . y l 

l 




In a similar manner, R" = Rsjzj],- 

Example 1. A bond pa 5 'S S30 bond interest every 6 months. What 
is the accrued bond interest 2 months after an interest date if the yield 
rate is (a) 4%, m = 2, ( b ) 8%, m = 2? 

Solution, a. Two months after an interest date, / = Hence 

R' = R^n = 3(kmw c = 30 X .33113548 = 89.934 
b. For a yield rate of 8%, m = 2, we have 

R' = 30^,^ = 30 X .32S98510 = 89.870 
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The practical method of computation gives R' = fR = Yz X 30 = S10. 

It can be shown that the value of R' obtained from the exact equa- 
tion (6) is always somewhat less than that given by the approximate 
(or practical) formula R' - fR. However, the difference is usually 
slight; and since the buyers on one date become sellers at a later date, 
no great injustice is enforced by use of the simpler formula. 

Since Eq. (6) is an exact formula for R r , it is now possible to develop 
an exact formula for Q. To this end, we start -with P = Q + R' or 
Q = P — R'. Using Eqs. (3) and (6) to eliminate P and R' gives 

Q = Po(l + *)' ~ Rs T \i 

We now use Eq. (1) to eliminate P 0 . This gives 

Q = [C( 1 + i)r* + Easi f ](l + iY ~ R*7i t , 

and after rearranging, 

Q = <7(1 + i)-* +r + Efed + iy - SfiA 

By using the identity in Prob. 19 of the summarizing problems at the 
end of Chap. IV, this last results reduces to 

(7) Q = C(1 + i)-™ + Razzju 

By using the same procedure as that used in Sec. 53, Eq. (7) can be 
transformed into 

(8) Q — C + (R — Ci)a~ fIi 

Thus Q is exactly what Eq. (1) or (2) gives when the time until 
maturity contains a fractional number of periods. In view of the mean- 
ing that will be attached to the symbol o-j f in Sec. 69 for fractional values 
of n, Eq. (7) shows that Q is equal to the present value of the redemption 
price plus the present value of the future earnings of the bond and does 
not include the part of the current bond interest payment that has 
already been earned. Hence the purchase price should be P — Q + R' . 

We shall illustrate these theoretical formulas with a numerical 
example. Suppose a S1000 bond paying §30 bond interest every 6 
months and redeemable at par in 10 years 3 months is sold to yield 
ji = 4 per cent. We readily find that 

Po = 1000 -f- lOa-jrjjj^ = $1170.112 

and 

P = Po(l + iy = 1170.112(1.02)* = $1181.755 

Thus the purchase price of the bond should be $1181.755. This sum 
however, should be considered as consisting of two parts, namely, the 
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accrued bond interest R' = 30sjT ; ^ = $14,926 and the market price 
Q = P — R’ = $1166.829. On the following interest date, the bond 
interest payment is likewise considered as consisting of several parts. 
First, the new owner must recover R' with interest. This will require 
I?'(l -r i) = 14.926(1.02)" = $15,075. Second, the owner is entitled 
to interest on Q. The interest on Q will be 

<3(1 -F !) w ~Q - 1166.829(1.02)“ - 1166.829 = $11,611 
The rest of the bond interest payment, namely, 

30.00 - 15.075 - 11.611 = $3,314 

is for the amortization of the premium and reduces the book value of 
the bond to 1166.829 — 3.314 = $1163.515. It can be verified that the 
value obtained for Q is the same as that given by either Eq. (7) or (S) 
and that the final book value $1163.51 is the value of Pi. 

In actual practice, Q is usually given whereas only an approximate 
value of i is known. Consequently, the exact formulas developed in 
this section are of little practical value. However, these exact formulas 
justify the common accounting practice of treating Q and R' as separate 
transactions. Therefore when the buyer of a bond considers R’ as a 
temporary loan that will be repaid out of the first bond interest payment 
and treats Q as the book value of the bond that is being purchased and 
consequently sets up an investment schedule with Q as the starting value 
of the bond, he is proceeding in a manner that is theoretically correct. 

Finally, it should be observed that the approximate formulas used in 
the practical treatment are obtainable from the exact formulas in this 
section by replacing (1 -j- t/ by 1 -r if, and by/. Since/is a fraction, 
it can be shown that these replacements usually differ very little from the 
exact expressions. 


EXERCISE 32 

Find the purchase price and the market price of the following bonds, 
bought to weld the specified interest rate. 


Prob- Face 

lem value 

1 


Bond 

interest rate 

Yield 

rate 

Redemp- 
tion date 

Date of 
purchase 

1 ( $1003 

Par 

Is = 

ji = 6 <~c 

4/1/1963 

3/1/1949 

2 ! $1000 

Par 

jz = 6 <Tc 

jz = ore 

7/1/1978 

3/1/194S 

3 1 $3000 

110 

jz = ’-li% 

jz = 3% 

10/1/1990 

12/16/1954 

4 i $500 

105 

jz = 3 MSi 

jz 

2/1/1965 

11/16/1951 


110 

jz = 3" 

jz = 

6/1/1970 

4 25/1952 

6 $ 100 

Par 

jz = 

j t = 2 y.<Tc 

1/1/1977 

S/C/1948 
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Find the purchase price of the following bonds if bought at the given 
market quotation. 


Prob- 

lem 

Face 

value 

Redemp- 
tion value 

l 

Bond 

interest rate 

Market 

quotation 

Redemp- j 
tion date 

Date of 
purchase 

7 

S1000 

Par 

h = 5% 

105 

3/1/1981 

4/1/1953 

8 

S1000 

Par 

ii = 5>^% 

85M 

9/1/1959 

8/1/1949 

9 

S 500 , 

105 

31 =3% 

98 

12/1/1969 

3/10/1950 

10 

S1000 

110 

is = SH% 

126^ 

5/1/1986 

7/11/1945 

11 

S 100 

105 

1= *= 2H% 

135M 

6/1/1988 

4/21/1946 

12 

$5000 

102 

is = m% 

76M 

12/1/1995 

3/7/1953 


13. Find the purchase price of a $1000 bond, redeemable at par on 
June 1, I960, paying bond interest at 6% effective, to yield 5%, m — 2, 
if it is purchased on July 1, 1956. Use simple interest for the fractional 
part of the period. 

14. Find the market price of a $1000 bond redeemable at 105 on 
Mar. 1, 1950, paying bond interest at 6%, m = 2, to yield 6% effective, 
if it is purchased on May 1, 1951. Use simple interest for the fractional 
part of a period. 

*16. Find the exact purchase price for the bond in Prob. 2. 

*16. Find the exact purchase price for the bond in Prob. 3. 

*17. Find the exact market price for the bond in Prob. 2. 

*18. Find the exact market price for the bond in Prob. 3. 

*19. Prove that if n represents the number of interest periods from 
the date of purchase to the date of redemption, then a formula for Q, 
the exact market price, is 

G't + ^- t )' 1 + *V" 


*20. Use the formula of Prob. 19 to work Prob. 17. 

68. Fmding the yield rate. Perhaps the most important prob- 
lem relative to bonds consists of finding the investment rate that 
a bond will yield when purchased for a given price. It is only by 
solving this problem that an investor can determine which of 
several bonds furnishes the best investment. Unfortunately there 
is no direct solution, but numerous methods of varying degrees of 
accuracy and complexity are available for solving, this important 
problem. Several of these will he discussed. 
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The method of averages. When a sum of money is invested 
for just one period, the interest rate can be found bj r dividing 
the interest earned by the amount invested. Wien more than 
one period is involved and the interest payments and invested 
principal both vary, an approximate value of the rate can be obtained 
by dividing the average interest payment by the average amount 
invested. The procedure null be made clear by an example. 

Example 1. A $1000 bond pays $30 bond interest on Jan. 15 and 
July 15. It will be redeemed at 110 on Jan. 15, 1960. The market 
quotation on Jan. 15, 1950, is 120. What is the approximate yield rate if 
purchased on this date? 

Solution. The purchase price of the bond is $1200, since the date of 
sale is a bond interest date. The benefits that the purchaser will receive 
if he holds the bond until maturity consist of 20 bond interest payments 
of S30 each, making a total of $600, and the redemption price of $1100. 
Thus he pays $1200 and receives a total of $600 -f- SHOO = $1700, or a 
net gain of $1700 — $1200 = S500. This total gain is realized over 
a period of 10 years, or 20 interest periods, so that the average gain per 
interest period is 50 %o — $25. Since the bond originally cost $1200 and 
is finally redeemed for $1100, its average value is 

K(1200 + 1100) = $1150 

We now approximate the investment rate by dividing the average 
gain per period by the average amount invested in the bond. 
This gives i = 2r yiiso = .02174 approximately, or a nominal rate of 
about j 2 = .0435. 

Naturally the question of accuracy arises, and there is no 
satisfactory answer for the method just outlined. In most cases, 
the answer can be trusted to the nearest tenth per cent, so that 
for the example just solved we can be almost certain that the 
nominal rate is between 4.3 and 4.4 per cent. When greater 
accuracy is desired, the method of averages should be followed by 
the interpolation procedure described below. 

The method of interpolation. This method consists of com- 
puting purchase prices to yield various investment rates until 
two such prices are obtained that enclose the actual purchase 
price, then interpolating between these two. Clearly, only two 
purchase prices need be computed provided the right two invest- 
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ment rates are chosen. This can nearly always be done if the 
rate is first approximated by the method of averages. 

Example 2. Compute the yield rate for Example 1 by interpolation. 
Solution. By the method of averages used in the solution of Example 
1, we found that the rate was approximately j« = 4.35%. Hence we 
now compute the purchase prices to yield/* = 4% and /* = 4)4 %■ The 
results are 

P(to yield /• = 4%) = 1100 + (30 - 22)a msVi = S1230.81 

and 


P(to yield / s = 434%) = 1100 + (30 - 24.75)o^„;^ = $1183.81 
Arranging the data in the form of a table, we have 


Purchase 

price 

1 

i 

j, m = 2 

( 1230. SI 

2% 

4% 

( 1200.00 

i 

3 

11S3.81 

2K% 

mvo 


The proportionality equation is 

c 30.81 
47.00 

Hence c = .328%, and/ a = 4.328%. 

Concerning the accuracy of the yield rate as given by inter- 
polation, the following “rule of thumb” almost always applies: 
When the yield rate of a bond is found by interpolation, the result 
is slightly too large. The error, however, seldom exceeds n/5 
times the square of the difference of the rates used. 

The rule of thumb just stated implies that the error in j for 
Example 2 should not exceed .00005. Actually, it can be shown 
by more exact criteria developed in Chap. XI that the error is 
almost exactly .00003. 

Both methods described in this section apply equally well to 
bonds purchased between interest dates. Naturally, the compu- 
tations are somewhat more tedious, but the procedure is essentially 
the same. If the method of averages is used, we may take either 
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-f C) or V>{Q + C) as the average value of the bond. Theo- 
retical considerations imply that M(Q -f- C) gives slightly better 
results. 

EXERCISE 33 

In Probs. 1 to 5, find the jdeld rate by the method of averages. In 
each case the face of the bond is $1000. 


Problem i 

Redemption 

pnee 

Bond 

interest 

j 

Time until 
redemption, years 

Purchase 

price 

X 

Par 

i 

6%, m = 2 

10 

$1100 

2 i 

Par 

[ o%, m = 1 

20 

$ 900 

3 

1 SHOO 

49c, m = 1 

25 

$ 950 

4 

1 $1050 

1 5^, m = 2 

30 

$1200 

6 

} SHOO 

! 

| 4}4%. m = 2 

i 

15 

$1000 


6-10. Find the yield rate in Probs. 1 to 5 by the method of inter- 
polation. 

11. A $1000 bond, redeemable at par and paying bond interest 
annually at 6%, is callable at 105 10 years before maturity. It is quoted 
on the market at 110, 25 years before maturity. Find the yield rate 
(a) assuming it is called, (6) assuming it is not called. 

12. A $5000 bond, redeemable at par and paying bond interest at 3 T 0 
annually, is callable 15 years before maturity at 106. It is quoted on the 
market 25 years before maturity at 106. Find the yield rate (a) assuming 
it is called, (6) assuming it is not called. 

*13. A $1000 bond, redeemable at par on Mar. 1, 1961, pays bond 
interest semiannually at 6%, m = 2. Find the meld rate if it is pur- 
chased for $1125 on July 1, 1948. 

*14. A S1000 bond, redeemable at par on Sept. 1, 1980, pays bond 
interest annually at 5%. Find the yield rate if the market quotation is 
85 on Jan. 15, 1949. 

*59. Bond tables. Extensive bond tables have been prepared that 
give the purchase price of a bond for a aide variety of yield rates. A 
sample of such a table is shown on page 135. 

When bond tables are available, many bond problem can be solved 
by direct reference to the tables. Moreover, since the yield rates are 
tabulated for values that differ by only J-fo per cent, interpolation for 
intermediate values is highly accurate. 

Since the various uses of bond tables are fairly obvious, no illustrative 
examples will be given. It should be emphasized, however, that not all 
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Purchase Price of a S1000 Par Bond Paying Bond Interest at j 2 = 4% 


Yield 

rate, in = 2 

• Time until redemption, years 

8 

8J4 

9 

9^ 

3.25% 

1052.46 

1055.31 

1058.12 

1060.88 

3.30% 

1048.87 

1051.52 

1054.12 

1056.69 

3 . 35 % 1 

1045.29 

1047.74 , 

1050.15 . 

1052.52 

3.40% 

1041 .72 

1043.97 

1046.19 

1048.36 

3.45% 

1038.17 

1040.22 

1042.24 

1044.23 

3.50% 

1034.63 

1036.49 

1038.32 

1040.12 

3.55% 

1031.10 

1032.77 

1034.41 

1036.02 

3.60% 

1027.59 

1029 .07 

1030.52 

1031 .94 

3.65% 

1024.09 

1025.38 

1026.64 

1027.89 

3.70% 

1020.61 

1021.71 

1022.79 

1023.85 

3.75% 

1017.14 

1018.05 

1018.95 

1019.83 

3.80% 

1013.69 

1014.41 

1015.12 

1015.82 

3.85% 

1010.24 

1010.79 

1011.32 

1011.84 

3.90% 

1006.82 

1007.18 

1007.53 

1007.88 

3.95% 

1003.40 

1003. 5S 

1003.76 

■ 1003.93 

4.00% 

1000.00 

1000,00 

1000.00 

1000.00 


bond problems are solvable by the use of bond tables, and consequently 
a thorough knowledge of the methods outlined in the earlier part of this 
chapter is highly desirable. 

*60. Other types of bonds. When money is borrowed by means of an 
issue of bonds, there is no theoretical reason why the bonds should be 
redeemed in a single installment. Consequently, companies occasionally 
issue bonds specifying that they null be redeemed in installments. For 
example, a §10,000 bond paying bond interest at j 2 = 6 per cent might 
state that it will be redeemed as follows: §2000 at the end of 10 shears, 
§3000 at the end of 15 years, and $5000 at the end of 20 years. Naturally 
bond interest is paid only on the outstanding face value. Thus the bond 
just mentioned would pay $300 bond interest at the end of each 6 months 
for the first 10 years, $240 for the next 5 years, and $150 for the last 
5 years. Such bonds are called serial bonds. 

A moment s reflection makes it clear that the purchase of a serial 
bond is equivalent to buying several separate bonds simultaneously, 
and therefore the methods developed in the preceding sections are 
adequate for treating the various problems concerning serial bonds. 

Example 1. Find the purchase price of the serial bond in the illustra- 
tion above to yield 4%, m = 2. 


Solution. 
6 %, m = 2 , 


The given serial bond is equivalent tb the following three 
par bonds: S2000 redeemable in 10 years, $3000 redeemable 
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in 15 years, and $5000 redeemable in 20 years. The corresponding 
purchase prices are 

P 1 = 2000 -f- (60 - 40)055],,; = $2327.029 
P. = 3000 + (90 - 60)055]..., = $3671.894 
P 3 = 5000 + (150 - 100)055127. = $6367.774 

The purchase price for the serial bond is therefore 

P = Pi +P 2 + P 2 = $12,366.70 

All bonds considered so far have been redeemed in one or more install- 
ments with each installment being an integral multiple of $100. There 
is, however, no reason why the face of a bond should not be redeemed 
in such a manner that redemptions plus bond interest payments form an 
annuity. Thus, contracts that call for the extinction of a debt, principal 
and interest, by equal periodic payments are frequently called annuity 
bonds. Stated differently, an annuity bond is a contract embodying an 
annuity written up in the form of a bond. 

Example 2. A $10,000 annuity bond will be redeemed, principal and 
interest, at ji — 5%, in 10 equal annual installments. What will a 
prospective buyer offer for this bond if he noshes to realize an effective 
investment rate of (a) 4%, (6) 5%, (c) 6%? 

Soltition. We first determine what the installment payments will be. 
Since these noil form an ordinary annuity, we have 

10,000 = Ra ms% or R = = $1295.05 

a iols^ 

The benefits that this bond will furnish are shown on the time diagram 
below. 

1295.05 1295.05 1295 05 1295 05 1295.05 

J I I I __J i 

0 1 2 3 ' ' ‘ 9 10 

The price that will be bid for the bond is the present value of these pay- 
ments computed at the desired investment rate. Consequently, 

0. P = 129o.05aj5] <rc = $10,504.02 

b. P = 1295.050^ = $10,000.00 

c. P- 1295.0501515^ = $9,531.68 

It should be fairly obvious that all problems concerning annuity bonds 
are merely annuity' problems stated in bond phraseology', and conse- 
quently the methods developed in the annuity chapters are adequate for 
solving them. 
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♦EXERCISE 34 

1. A $15,000 serial bond, paying bond interest semiannually at 5%, 
m = 2, will be redeemed in three installments of $5000 each, due at the 
ends of 5, 10, and 15 years. Find the purchase price to yield 3 %, m = 2. 

2. Find the purchase price for the bond in Prob. 1 to yield the pur- 
chaser 7 %, m = 2. 

3. A $10,000 serial bond, paying bond interest semiannually at 6%, 
m = 2, will be redeemed in two installments of $5000 each, due at the 
ends of 5 and 10 years. Find the yield rate by the method of averages 
if it is quoted on the market at 110. (Hint: Treat this bond as a single 
bond redeemable at $10,000 at the end of 7 }4 years.) 

4. Solve Prob. 3 by the method of interpolation. 

5. An annuity bond promises to repay $10,000, principal and interest 
at 5% effective, by equal payments at the end of each year for 15 years. 
What will an investor offer for this bond if he wishes to realize 4% effec- 
tive on his investment? 

6. WTiat will an investor offer for the annuity bond in Prob. 5 if he 
wishes to realize 6% effective on his investment? 



CHAPTER IX 
DEPRECIATION 

61. Definitions. When a company is formed, a group of 
people, called stockholders, furnish capital for the purchase of 
property, machines, equipment, and other assets necessary for 
the operation of the company. Periodically thereafter the 
profits of the company are distributed to the stockholders. It is, 
of course, necessary to pay all operational costs, interest on loans, 
and other expenses before deciding what net profits have been 
earned. 

One of the expenses of operating a business enterprise is the 
loss in value of physical property" due to various causes not covered 
by current repairs. Such a loss in value is called depreciation. 
In fact, the United States Supreme Court in 1934 stated, “Broadly 
speaking, depreciation is the loss, not restored by current main- 
tenance, which is due to all the factors causing the ultimate retire- 
ment of the property". These factors embrace wear and tear, 
decay", inadequacy" and obsolescence. Annual depreciation is the 
loss which takes place in a y"ear.” 

Since it is a fundamental principle of economics that the capital 
invested in a business enterprise should be kept intact, some sys- 
tematic plan to provide for depreciation should be an integral part 
of any good accounting system. 

Depreciation is usually" handled by" setting up a special fund, 
called a depreciation fund, for each physical asset owned by" the 
company". Yearly" payunents, equal to the depreciation, are then 
placed in this fund until the asset is eventually" sold, replaced, or 
retired. The sum put into the depreciation fund is not neces- 
sarily' a cash deposit placed in a savings account but may' be 
invested in the company itself by" being used to pay off debts or 
to purchase other assets. The important thing is that a charge 
equal to the depreciation be taken out of the gross income and 
invested in some manner so that the original capital remains intact. 

13S 
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Thus at all times, the books of the company must show assets 
equal in value to the original capital invested. 

Usually when a company purchases a new machine or similar 
asset, it decides immediately, according to the best available 
information, what the useful life of the machine will be and its 
probable scrap value at the end of this life. From this informa- 
tion and the cost of the machine, the company then sets up a 
depreciation schedule shoving the depreciation for each year, the 
book value (or estimated value) at the end of each year, and the 
total amount in the depreciation fund. Although many methods 
are in use for deciding how much the depreciation for each year 
should be, for all methods the total amount in the depreciation 
fund plus the book value of the asset must always equal the 
original cost of the asset. 

There are many methods of determining the depreciation of 
various assets. Some of these will be discussed in the following 
sections. 

62. The straight-line method, or the method of averages. One 
of the simplest and most popular methods of fixing the amount of 
depreciation is the method of averages, usually called the straight- 
line method. Under this method, it is assumed that the amount 
of depreciation for each year is the same, or constant. Thus, if 
C is the initial cost and S is the scrap value, or trade-in value, at the 
end of a useful life of n years, then the yearly depreciation is 
taken as 

C - S 

n 

The following example will illustrate the method. 

Example. A machine costs a company S3300. It is estimated that 
the useful life of the machine will be 5 years and that the scrap value at 
that time will be 8300. Find the annual depreciation by the straight- 
line method, and make out a schedule that shows, for each year, the 
yearly depreciation, the book value of the machine, and the total amount 
in the depreciation fund. 

Solution. Since the machine depreciates §3300 — $300 = $3000 
over a 5-year period, the average depreciation for each year is 
$3000/5 = S600. A depreciation schedule is now made out by decreasing 
the book value of the machine $600 each year and increasing the deprecia- 
tion fund by the same amount. 
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End of 
year 

Yearly depreciation 
or increase in the 
depreciation fund 

: . 5 

Total depreciation 1 
or total amount in j 
depreciation fund j 

1 ! 

Book value 

0 

t 

0 

0 

3300 

1 

600 

600 ! 

2700 

0 

600 

i 1200 

2100 

3 

600 

IS00 ' 

1500 

4 

600 | 

2400 j 

000 

5 

600 

3000 ! 

300 


It should be observed that the book value plus the amount in the 
depreciation fund at the end of any year is equal to the original cost of 
, the machine. Thus, on the books, the original investment has been 
preserved. 

There are two main objections to the method of averages. 
(a) It ignores interest on the depreciation fund, (b) Most equip- 
ment depreciates rapidly during the early years, so that the book 
values during these years are much higher than the actual market 
values. Consequently, the original investment only appears to 
remain intact. In spite of these objections, however, the method 
is widely used because of its simplicity. 

63 . The sinking-fund method. This method is a modification 
of the straight-line method to permit the depreciation fund to 
accumulate interest. Thus, a sinking fund is set up to accumulate 
a sum of money equal to the total depreciation C — S. If the 
sinking-fund rate is i per 3-ear and R is the annual payment into 
the fund, then 

Rs 7 h = C - S and R = (C — S) — 

Under this plan, the annual depreciation charge varies from 
3-ear to 3’ear, since it equals the pa3ment made at the end of the 
3*ear plus the interest earned on the fund during the 3-ear. 
The book value of the asset is defined as the difference between the 
original cost and the total amount in the depreciation fund. 
The depreciation schedule contains two more columns than for the 
straight-line method; one, the annual pa3-ment into the fund, and 
the other, the interest earned on the fund during the 3-ear. These 
two items are added to get the 3'earh' depreciation. 
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Example, Find the annual payment into the depreciation fund, and 
make out a depreciation schedule for the machine in the example in the 
preceding section if the sinking-fund method is used and the fund accumu- 
lates at 4%, m — 1. 

Solution. Since the total depreciation is S3000, the sinking fund 
must accumulate this amount in 5 jmars, so that 

= 3000 and R = — = $553,881 

S 5i4SS 


A schedule is now set up as below. 


1 

Year 

Payment 

Interest 
on fund 

Yearly depreciation 
or increase in fund 

Total 

depreciation 

Book 

value 

0 

0 

0 

0 

0 

3300.000 

1 

553. SSI 

0 

553. SSI 

553. SSI 

2746.119 

2 

553. SSI 

22.155 

576.036. 

1129.917 

2170.083 

3 

553. SSI 

45.197 

599.078 

1728.995 

1571.005 

4 

553. SSI 

69.160 

623.041 

2352.036 

947.964 

5 

553. SSI 

94.081 

647.962 

2999.998 

300.002 


It should be observed that if the final column is omitted, the 
above is essentially a sinking-fund schedule. The final column of 
book values is obtained by subtracting the yearly depreciation 
from the book value at the end of the preceding year. Thus, at 
any time, the book value plus the amount in the depreciation fund 
adds up to the original investment. In consequence, the original 
investment remains intact according to the books. 

64. The sum-of-the-integers method. Although both the 
straight-line and sinking-fund methods are widely used by 
accountants, these methods are considered unrealistic by a great 
many people. They reason that for many types of physical 
property, the depreciation is rapid during the early years and 
slow during the later years. Therefore, it is reasoned, the book 
value is a fictitious figure which most likely exceeds the market 
value of the asset, especially in the early years of its life. Con- 
sequently, the original investment remains intact only on the 
books and not in the sense that the market value of the asset 
plus the amount in the depreciation fund is equal to the original 
investment. If the foregoing reasoning is accepted as valid, then 
it follows that a more realistic method of depreciation must depre- 
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ciate tlie asset rapidly at first and more slowly later on. An 
argument in favor of this reasoning is the fact that most states 
use such a schedule in assigning a value to automobiles for tax- 
ation purposes. One method of obtaining this result is the sum- 
of-the-integers method. An example will illustrate how the 
method is used. 

Example. Make out a depreciation schedule for the machine in the 
example in Sec. G2, using the sum-of-the-integers method. 

Solution. Let s be the sum of the integers from 1 to n, n being the 
life of the machine. In this case, n = 5, and 

s = l + 2 + 3 + 4-bo = 15 

Next form the fractions Mo, Ms, Ms, Ms, and Ms- Notice that the 
numerators are the integers 1, 2, 3, 4, and 5 in reverse order. The total 
depreciation S3000 is now multiplied by these fractions to get the yearly 
depreciation charges. Thus, Ms X 3000 = S1000 is the depreciation 
for the first year; Ms X 3000 = §800 is the depreciation for the second 
year; etc. A depreciation schedule is now made out as shown below. 


Year 1 

Yearly depreciation 
or increase in fund 

Total depreciation 
or amount m fund 

Book value 

0 

0 

0 

3300 

1 

1000 

1000 

2300 

2 

SOO 

1800 

1500 

3 

600 

2400 

900 

4 

400 

2 SOO 

500 

5 

200 

3000 i 

300 


It is easy to show that the fractions formed in the manner 
illustrated in the example will always total 1, regardless of the 
value of n; consequently, the sum of the yearly depreciation charges 
will always be the total depreciation. 

EXERCISE 35 

1. A machine costs $7000 and will have a scrap value of §1000 at the 
end of 3 years. Make out depreciation schedules for the machine (a) by 
the straight-line method, (6) by the sinking-fund method if money is 
worth 4% effective, (c) by the sum-of-the-integers method. 

2. A machine costs §10,000 and null depreciate to zero in 4 years. 
Make out depreciation schedules for the machine using (a) the straight- 
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line method, (6) the sinking-fund method with money worth 5% effective, 
(c) the sum-of-the-integers method. 

3. A machine costing §15,000 has a useful life of 10 years and will 
have no scrap value at that time. Find the amount in the depreciation 
fund at the end of 8 years if (a) the straight-line method is used, ( b ) the 
sinking-fund method with money worth 4W% is used. Find the book 
value of the machine at this time by each method. 

4. A mac hin e costing S375 will have a scrap value of 825 after a 
useful life of 7 years. Find the amount in the depreciation fund at the 
end of 5 years using (a) the straight-line method, (6) the sinking-fund 
method with money worth 3 %. 

6. A machine is to be depreciated from its original cost of 812,000 to 
83000 at the end of 20 years. The sinking-fund method will be used with 
5% effective interest. Find the book value at the end of 15 years. Also 
find the depreciation charge for the sixteenth year. 

6. Using the sinking-fund method with interest at 6% effective, a 
machine costing 825,000 is depreciated to 85000 in 30 years. Find the 
total depreciation for 20 years, the book value at the end of 20 years, and 
the depreciation charge for the twenty-first year. 

*7. If R is the annual pajunent into the sinking fund, show that the 
book value at the end of lc years is Bj. — C — Rs j].. 

66. The constant-percentage method. Another method of 
determining the yearly depreciation charges so that they are 
largest during the early years is the constant-percentage method. 
Under this plan, each year's depreciation is a fixed percentage of 
the preceding book value. When this method is used, it is custom- 
ary to assign a value to the rate of depreciation rather than to 
estimate the fife and scrap value. The rate is usually determined 
after a careful analysis of the equipment under consideration. 

Example 1. A certain type of machine loses 10% of its value each 
year. The machine costs $2000 originally. Make out a schedule show- 
ing the yearly depreciation, the total depreciation, and the book value at 
the end of each year for 5 years. 

Solution. The depreciation charge for the first year is 

10% of $2000 = $200 

The book value at the end of the first year will be 82000 — $200 = S1800. 
For the second year, the depreciation charge null be 10 % of S1800 = 8180, 
and the book value wifi be 81800 - S180 = S1620. Continuing in this 
mannei, ve find the depreciation charge and book value for each year. 
The total depreciation at any time is the sum of the depreciation charges 
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made so far, or it is the difference between the original cost and the book 
value. The completed schedule appears below. 


Year 

Yearly depreciation 
or increase in fund 

Total depreciation 
or amount in fund 

Book value 

0 

0 

0 

2000.00 

1 

200.00 

200.00 

1800.00 

2 

180.00 

380.00 

1620.00 

3 

162.00 

542.00 

1458.00 

4 

145.80 

6S7.80 

1312.20 

5 

131 .22 

819.02 

11S0.98 


It should be noted that since the machine loses 10% of its value each 
year, 90% of the value remains. Consequently each book value is 90% 
of the preceding one. This fact makes it possible to set up the schedule 
by finding the column of book values first. 

The procedure followed in the example will now be translated 
into formulas. Let d be the constant rate of depreciation and 
Bit the book value at the end of Jc years. The depreciation for 
the next year is then dBj . . If this depreciation is subtracted from 
the book value B> : , the new book value is obtained. Therefore 

Bk+i = B/ : — dBi — Bf : {l — d) 

This formula states, in effect, that if an article loses a fractional 
part d of its value, then the fractional part of the value that 
remains is 1 — d. Therefore, since each new book value is 1 — cf 
times the preceding one, the book value at the end of n years can 
be found by multipfying the original cost C by 1 — d and multi- 
plying each successive result by 1 — d until n multiplications have 
been made. Therefore 

(1) B n = C( 1 - dr 

The formula can be used to find the book value at the end of 
any number of years without first finding the preceding ones. 

Example 2. Find the book value, at the end of 20 years, of the 
machine in Example 1. 

Solution. We have C = $2000, d = . 1 , and n = 20. Substituting 
these values in the formula gives 

B-o = 2000(1 - .I) :o = 2000(.9) :o 
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This computation is readily carried out with the aid of logarithms. 

log .Bio = log 2000 + 20 log .9 

= 3.301030 + 20(9.954243 - 10) = 2.385S90 


Hence, B 2 a = §243.16. 

It was stated earlier that when the constant-percentage method 
is used, it is customary to estimate the rate of depreciation and 
then compute the successive book values and depreciation charges. 
This procedure is not necessary, however, as the method works 
equally well if we prefer to estimate the useful life and scrap value 
of the asset. In this case, it is necessary first to compute the rate 
of depreciation, using Eq. (1), after which the procedure is the 
same as before. Logarithms are usually needed to determine the 
rate. 

Example 3. Equipment costing §15,000 is assumed to have a useful 
fife of 6 years and will have a scrap value of $2000 at that time. If the 
constant-percentage method of depreciation is to be used, find the rate. 

Solution. We have C = §15,000, He ~ §2000, and n — 6. Sub- 
stituting these values in Eq. (1) gives 

2000 = 15,000(1 - d) 6 and (1 - d) 6 = = ~ 

lOjUUU Id 


Applying logarithms to the last equation gives 


6 log (1 — d) = log 2 — log 15 
log 2 = 10.301030 - 10 

log 15 - 1.176091 (subtract) 

6 log (1 - d) = 9.124939 - 10 = 59.124939 - 60 
log (1 — d) = 9.S54156 — 10 (dividing by 6) 


1 - d = .71475 

d = 1 — .71475 = .28525 = 28.525% 


The schedule can now be set up in the same manner as was used in 
Example 1. Some labor can be saved if the successive book values are 
computed by logarithms. When logarithms are used, the logarithm of 
C is added to the logarithm of 1 - d to get the logarithm of Hi; adding the 
logarithm of 1 - d to the logarithm of Hx gives the logarithm of B 2 , etc. 
The book values are then obtained and the schedule completed. 
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EXERCISE 36 

1. A car depreciates 12% of its value each year. If the car costs 
§2500, make out a depreciation schedule for 4 years. Find the book 
value of the car at the end of 10 years. 

2. Certain equipment, costing §5000, is to be depreciated 30% of its 
value each year. Make out a depreciation schedule for 5 years. Find 
the book value at the end of 10 years. 

3. A certain machine under hard usage depreciates 60% of its value 
each year. Make out a depreciation schedule for 3 years for a §5000 
machine of this type. 

4. A §50,000 building depreciates to S15,000 in 50 3-ears. Find the 
rate of depreciation, and make out a schedule for the first 3 3’ears. 

5. A $3000 taxicab will depreciate to §500 in 3 3-ears. Find the rate 
of depreciation, and make out the schedule. 

6. A machine costing §12,000 depreciates to §2000 in 25 3-ears. Find 
the rate of depreciation and the book value at the end of 15 3-ears. 

7. An $S000 machine depreciates to §200 in 20 3-ears. Find the rate 
of depreciation and the book value at the end of 14 3-ears. 

*8. A race-track crowd has §1,000,000 to start with and bets all of its 
wealth on each race. Since, under the parimutuel S3'stem, the track 
takes 10% of all mone3’ bet before pa3 r ing off the winners, the wealth of 
the crowd is decreased 10% after each race. Find the wealth of the 
crowd after the seventh race. 

*9. Solve Prob. 8 if the crowd bets half of its wealth each time. 

*66. The annual charge for depreciation and interest. A charge 
frequently encountered in accounting is one that, in order to avoid 
ambiguit3', we shall call the annual charge for depreciation and interest. 
This charge, as its name implies, is comprised of a charge for depreciation 
plus an interest charge on the hook value. The 3'early interest charge is 
computed on the book value during that 3-ear, that is, on the book value 
at the end of the preceding year. 

Although an3 r method of depreciation could be used, in actual practice 
the sinking-fund method is almost in van abb" emplo3'ed. However, the 
rate of interest that the sinking fund earns is not necessarily the same as 
the rate used for computing interest on the book value of the asset. 

Example. A Compaq- pa3 - s §3300 for a new machine. It is esti- 
mated that the useful life of the machine will be 5 years and that the 
scrap value at that time will be §300. Find the annual charges for 
depreciation and interest if a 4% sinking fund is used for depreciating 
the machine and interest on the book values is computed at 6% effective. 

Solution. The annual depreciation charges for this machine were 
computed in the example in Sec. 63. The annual interest charges are 
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found by multipljdng the successive book values by 6%. Thus, the 
interest charge at the end of the first year is 6% of $3300 = SI 98; the 
interest charge at the end of the second year is 6% of $2746.119 = 
$164,767; etc. The total annual charges are now found by combining 
the interest and depreciation charges. The schedule appears below. 


Year 

Annual deprecia- 
tion charge 

Book value 

Interest on book 
value at 6 % 

Total annual 
charge 

0 

0 

3300.000 

0 

0 

1 

553. SSI 

2746.119 

19S.000 

751 .SSI 

2 

576.036 

2170. 0S3 

164.767 

740.803 

3 

599. 07S 

1571 .005 

130.205 

729. 2S3 

4 

623.041 

947.964 

94.260 

717.301 

5 

647.962 

300.002 

56.878 

704. S40 


The method used in the example for computing the annual charge for 
depreciation and interest is frequently called the compound-interest method 
of depreciation, although only part of the annual charge is depreciation. 

A formula for the annual charge for depreciation and interest can 
easily be developed when the sinking-fund method of depreciation is 
used. To this end we recall (see Prob. 9, Exercise 28) that the increase 
in the sinking fund at the end of the A'th year is R( 1 + f)* -1 . Also 
(see Prob. 7, Exercise 35) the book value of the asset at the end of the 
(k — l)st year is C — Rs^f. Therefore if i' is the yearly rate used for 
computing interest on the book value, then the total annual charge at 
the end of the A'th year is 

m + O*- 1 + (C - BSE*,)? 

It is left as an exercise for the student to show that when i' = i, the 
above expression can be simplified to R + Ci. 

Mien the annual charge for depreciation and interest is computed 
with i' = i, the total yearly charge is frequently called the depreciation 
charge by the annuity method, although only part of this charge is assigned 
to depreciation. In fact this precise charge, R + Ci, was discussed in 
Sec. 40, where it was interpreted as an investment charge. 

*67. Depletion. A coal mine in operation suffers a gradual loss in 
value due to the fact that the coal is being used up. A similar loss in 
value applies to oil wells, timber tracts, and various other types of 
income-producing assets. The Joss in value due to using up the' asset is 
called depletion. 

Just as in the case of depreciation, some systematic plan should be 
used to restore the loss of capital due to depletion. This is usually done 
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by making annual payments into a sinking fund, called the depletion 
reserve. Thus if P is the purchase price of a depletable asset that will 
have a scrap value of S at the end of n years, then the depletion reserve 
must amount to P — S at that time. If R is the annual payment into 
the sinking fund, then 

Rsj, = P -S or R = 

When a sinking fund is used to care for depletion, the yearly depletion 
is defined as the increase in the sinking fund for the year, and the amount 
of depletion at any time is the amount in the depletion reserve. The 
book value of the asset is the difference between the original investment 
and the amount in the depletion reserve. 

If the annual income from a depletable asset is I, then I — R repre- 
sents the profit for the year and may be considered as interest on the 
investment. This fact may be stated as follows: 

Income = ( interest on investment ) -p ( depletion payment) 

One of the main problems regarding depletable assets concerns their 
evaluation. Let r be the 3 'early rate that a prospective buyer wishes to 
realize on his investment, I the yearly income that the asset will produce. 
S the scrap value after n years, and P the purchase price that can be 
paid. If depletion is to be cared for by a sinking fund accumulating at 
rate i. then P should be determined so that 

I = Pr + R where R = ^ 

Eliminating R between these two equations gives 

(2) / = Ft -f 

S3, 

If the above equation is solved for P, the result is 

CON d _ + S _ I + S/s~ H 

(3) p - r+75=: - 7TW ; 

These formulas can be simplified somewhat when the two rates 
r and i are the same. The rate r, however, is usually higher than i 
owing to the risk element in this kind of business venture. 

Example. It is estimated that a mine will furnish an income of 
$50,000 a year for 25 years, at which time the property will be worth 
$10,000. Find the purchase price to yield 8% on the investment if the 
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depletion fund accumulates at 3}£%. Also find the yearly depletion for 
the fifth year. 

Solution . . The purchase price may be obtained by direct substitu- 
tion into Eq. (3). However, it will be more instructive to solve the 
problem using fundamental principles. Let P be the purchase price. 
Then the pajunents into the depletion fund will be R = 50,000 — .08P, 
and these payments must accumulate P — §10,000 by the end of the 
twenty-fifth year. Therefore 

P - 10,000 = (50,000 - .08P)s55j 3>6% 

P( 1 + . 08 * 5 ^*) = 10,000 + 50 , 000 ^% 


Solving for P gives 

P = §475,582.67 

The yearly payment into the depletion reserve is given by 

R = I - p r = 50,000 - .08 X 475,582.67 = §11,953.39 

To find the yearly depletion for the fifth year, we first find the amount 
in the depletion reserve at the end of the fourth year. This amount 
will be 

11,953.39«4| SM% = §50,382.86 

The increase in the fund 1 year later will be interest, at 3^2 per cent, 
on the amount just found plus a regular depletion payment of §11,953.39. 
Depletion for the fifth year is therefore 

50,3S2.86 X .035 + 11,953.39 = §13,716.79 

*EXERCISE 37 

1. A certain machine costs S1200, will have a scrap value of S200 
and a probable life of 5 years. Find the annual charge for depreciation 
and interest if 4% effective is used as the sinking-fund rate as w r ell as 
the investment rate. 

2. A certain type of taxicab costs §2000 and will have a trade-in 
value of §500 at the end of 3 years. Find the annual charges for depreci- 
ation and interest if 5% effective is used as both the sinking-fund rate 
and the investment rate. Make out the complete schedule. 

3. Make out the first three lines of the schedule for Prob. 1 if the 
sinking-fund rate is 3% and the investment rate is 6%. 

4. Solve Prob. 2 if the sinking-fund rate is 4% and the investment 
rate is 7 %. 

6. A certain mine, according to mining experts, will produce an 
income of §100,000 annually and wall be worthless at the end of 20 years. 
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Find the purchase price to yield an investor 10% if 4% can be earned on 
payments placed in a depletion reserve. 

6. It is estimated that the annual income from an oil veil will be 
S60,000 and that the well will be worthless at the end of 10 years. Find 
the purchase price to yield 9% on the investment if 3% interest is avail- 
able for a sinking fund. Find the depletion for the eighth year. 

7. Mr. Jones owns a 10-acre tract of land that contains a vein of coal. 
It is estimated that S3000 be required to start operating, after which coal 
worth S1500 over expenses can be sold each month for 5 years. At the 
end of this time, the land will be worth $10 per acre. Because of the 
risks involved, a prospective buyer offers to buy at a price that, if these 
estimates are correct, will yield 18%, m = 12. What price does he offer 
if depletion is to be cared for by a 4%, m = 12, sinking fund? 

8. Show that Eq. (2) can be changed into the purchase-price formula 
for a bond by taking r — i and interpreting I as the bond interest pay- 
ment and S as the redemption price. [Hint: Make use of Eq. (12), 
Sec 26.] 



♦CHAPTER X 

GENERAL ANNUITIES— ADVANCED. TOPICS 


68. The general annuity due. An annuity is called a general annuity 
due if the 'payment period is different from the interest period and payments 
are made at the beginnings of the payment periods. The treatment of 
general annuities due is analogous to that of ordinary general annuities 
in that the general annuity due is converted into an ordinary simple 
annuity, then treated as in Chap. V. 

Let TF be the general annuity payment, i the interest rate per interest 
period, m the number of interest conversions per year, p the number of 
annuity payments per year, and R the equivalent simple annuity pay- 
ment. The time diagram below shows the two equivalent annuities for 
a 1-year period. 



The relationship between the payments of the two annuities can be 
established by the following simple reasoning. If the first TF on the 
diagram above were transferred to the end of the year, the general 
annuity would be an ordinary one and the relationship would be Eq. (6) 
of Chap. V. Hence the amount at the end of the year of the annuity 
above exceeds the 1-year amount of an ordinary general annuity by the 
compound interest that accrues when one TF payment is accumulated 
for 1 year. The compound interest would be TF(1 + i) m — TF, which 
can be written in the form Wis^ u . But this is the amount of an ordinary 
annuity of Wi per interest period for 1 year. Therefore the R payments 
corresponding to the annuity due are each Wi more than they would be 
if the general annuity were an ordinary one. Hence we conclude 


R = TF- 


~~ + Wi = tf(--1- + A = w-±- 

"w* \ s m/p\i / a^TPi 


or the equivalent form 


( 2 ) 
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This formula was developed in a somewhat different manner in Sec. 39, 
Chap. VI. It is left as an exercise for the student to prove Eqs. (1) 
and (2) by the technique used in Sec. 32 of Chap. V, using either the 
present or the end of the year as a comparison date. 

When m/p is fractional, Table VII gives the values of a^ f , whereas 
no new table is needed for the values of l/a^ ; , since these can be 
readily obtained by adding i to the values of given in Table V. 

Example 1. If the interest rate is = 5%, what annuity payable 
at the end of each half year is equivalent to §50 payable at the beginning 
of each month? 

Solution. The given payments form a general annuity due with 
Tl 7 = 50 and p = 12. The desired payments will form an ordinary 
simple annuity. Since m = 2 and i = .025, we have 

R = IF — — = 50 — - — 

Qn/p',i 


Now 

1 


— — + .025 = 6.06219991 + .025 = 6.08719991 
s i<l2»r e 


and consequently R = 50 X 6.08719991 = §301.36 is the desired semi- 
annual payment. 

Example 2. If the interest rate is j t = 4%, find the annuity payable 
at the beginning of each month equivalent to S1000 payments at the 
beginning of each 5-year period. 


Solution. Here, a general annuity 7 due is to be replaced by a second 
general annuity due. This is done by' first replacing the given annuity 
by an ordinary simple annuity, payable quarterly, then converting the 
simple annuity 7 into a general annuity' due payable monthly'. For the 
first part of the solution, we take 5 y'ears as the basic unit of time instead 
of 1 year. Then p = 1 and m = 20. The time diagrams are shoivn 
below. 

1000 

_l ! 

0 1 

It R R R n 

! i L J L 

0 I 2 3 ' ‘ ‘ 19 20 

Since IF = 1000, i — 1%, and m/p = 20, we have 


R = IF— L- = 1000 -J— 

a rts'pi G 20il % 


= 1000 X .05541531 = §55.41531 
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as the equivalent simple annuity payable quarterly. We next replace 
this simple annuity by a general annuity due payable at the beginning 
of each month. For this conversion a 1-year time diagram is shown 
below. 


R 


R 


R 


R 


0 1 2 3 4 
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01 23 456 78 9 10 11 12 


We have p = 12, m = 4, i = 1%, R — 55.41531, and 

W = Ra- 5 ji { = 55.41531a^ 1% = 55.41531 X .33112825 = $18.35 


Other problems concerning the general annuity due, such as finding 
an interest rate or the term, are treated in the same manner as in Chap. V. 
The only essential difference is the use of Eqs. (1) and (2) for converting 
the given annuity into an equivalent one instead of Eq. (6) or (7) of 
Chap. V. 

EXERCISE 38 

1. Replace a set of $200 payments made at the beginning of each 
quarter by an equivalent set made at the end of each month if money is 
worth 6%, m — 12. 

2. Replace a set of $500 payments made at the beginning of each 
month by an equivalent set made at the end of each half year if money is 
worth 4%, m = 2. 

3. Find the present value of a set of $25 payments made at the 
beginning of each month for 6 years if interest is at j 2 = 5%. 

4. Find the amount of an annuity of $1000 payable at the begi nnin g 
of each year for 10 years if money is worth j 4 = 3 %. 

5. A man owes $2800 and agrees to pay off the debt in 30 monthly 
installments starting now. If he pays interest at the rate j 4 = 4%, how 
large null these payments be? 

6. A man will need $2000 at the end of 6 years. To this end, he will 
make 12 semiannual deposits starting now. How large should these 
deposits be if the fund accumulates at y 12 = 3^ % ? 

7 . Merchandise worth $500 is sold on a payment plan that calls for 
monthly payments of $25 for as long as is necessary, the first payment 
due on the date of sale. If the interest rate is j\ = 7%, how many pay- 
ments will be necessary? 

8. A debt of $1000 is to be paid off by quarterly payments of $120 
for 3 years, the first one due immediately. What effective interest rate 
is being paid on the debt? 
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69. The most general case. It has been seen that the formulas 
S = Rs^ { and A = Ra~ i{ 

can be used for the evaluation of general annuities after R has been 
determined by 

R = TF — or R = TF — 

according as the general annuity is an ordinary one or an annuity due. 
However, it has been tacitly assumed so far that n, the number of interest 
periods involved, is a whole number. For example, if interest is con- 
verted yearly and payments are made monthly, the formulas would be 
used only if the number of payments were a multiple of 12. Thus they 
would be used for 24 or 36 payments but not for 37. It will now be 
shown that these formulas are valid whether n is an integer or not. For 
example, if the interest rate is yearly and there are 37 monthly payments, 
the above formulas apply with n = 33^2- 

Let TF be the payment of an ordinary general annuity, q the total 
number of payments, and i the interest rate per interest period. Let p 
be the number of payments and m the number of interest periods for 
any convenient time interval. Finally, let i' be the interest rate per 
payment interval that is equivalent to i per interest period. Since il is 
the rate per payment period and there are q payments, clearly the amount 
of the annuity is 


S = TF**, = TF 


(1 + i'Y - 1 
i' 


Since i and i' are equivalent rates, we have 

(1 + i'Y = (1 + i) m or 1 + i' = (1 + i) m/p 

If we now eliminate i' in terms of the given rate t, we get 

e _ m (1 + I tt7" * w (1 + t) nv,p - 1 

(1 + i) n,p - 1 (1 + t)"* - 1 * i 


Therefore 


S = TF- 




Now if n is the number of interest periods corresponding to q payment 
periods, then n/q = m/p or n = mq/p. Hence the last equation maybe 
written S = Rs^ ; , where R = TF(l/s^ t ), and n = mq/p is the number 
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of interest periods in the term of the annuity, and this formula is valid 
whether n is an integer or not. 

The proof for the present value formula is similar in nature and will 
not be given. Likewise, similar proofs may be given for the general 
annuity due. 

The only diffi culty in using these formulas for all cases lies in the fact 
that tables do not exist for all possible choices of n. However, most of 
the cases that arise in practice can be evaluated by means of Tables 
III to XI and the following identities, which were given as Probs. 16 to 
19 in the summarizing exercises at the end of Chap. IT. • 


(3) 

stint = (i -f lysg* + sj,; 

(4) 

aj^Tli = (1 + + FTl i 

(6) 

Sk=7} { = (1 + 0 - (tj\i 

(6) 

= (1 + iyai if - sjli 


Example 1. A contract calls for the payment of S100 at the end of 
each month for 29 months. Find the present value if interest is at 6 % 
effective. 

Solution. Method 1. B} r use of identities. The pa 3 r ments form an 
ordinary general annuity with IF = 100, p = 12, i = 6%, and m — 1. 
Exactly as in Chap. Y we find that the equivalent yearly payment is 

R = W— = 100— = 1232.652834 

S m/pU S mlsv 

Since the term of the annuity is 29 months, n = 2; J f 2 years, or interest 
periods, and 

A = Ra^ = 1232.652S34a^ 6ro 
We now evaluate the symbol ar^| 5rc by means of Eq. (4). 

= (l- 06 )-' 5 L "a^ B% + a^ % 

All the symbols occurring in the right-hand member of the above equation 
are tabulated, and we have 


= 0-97601365 X 1.S3339267 + .39977258 = 2.1891888 


Therefore A = 1232.652S34 X 2.1S91SSS = S269S.51. 

Method 2. This method consists of writing an equation of equiva- 
lence using as a comparison date the end of the interest period nearest, 
the end of the term of the annuity. Since the term is 29 months, the end 
of 2 years will be used as a comparison date. 


o 

A 


100 

1 


100 

I 


100 

I 


100 

I 

23 


100 _ 100 


100 


100 


100 

1 

2 S 


100 

I 

20 


1 


3 


24 


25 


26 
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We first find R, the equivalent j-earlj- payment, exactly as in the first 
solution. Then our equivalence equation becomes 

* 

A (1.0G) 2 = i?sj, Grc + 

since all times are expressed in terms of the yearly interest period. 
Evaluating the above equation gives 

A(1.06) 2 = 1232.G52S34(2.06 + .39977258) = 3032.0457 

Therefore A = 3032.0457(1.06)- 2 = S269S.51. 

Example 2. If a man deposits $100 at the end of each 4 months for 

3 j-ears 8 months in a savings fund that earns interest at 4% effective, 
how much will he have to his credit at that time? 

Solution. Method 1. We desire the amount of an ordinary general 
annuity for which IF = $100, p = 3, m = 1, i = 4%, and n, the number 
of interest periods, is Exactly as in Chap. V, we first find the 

equivalent simple annuity payable yearly. Thus, 

R = IF — = 100 — = 100 X 3.03965138 = 303.965138 

S m/p\i 

The amount of the annuity’ is then 

S = = 303.96513855^4^ 

To evaluate the symbol 55^4^ we use Eq. (5). Thus, 

= (1.04) _H s<) <re - a&.tx 

All symbols on the right are tabulated, and we have 

S7T}i] ir , = 0.98701152 X 4.24646400 - 0.32471208 = 3.866596S1 

Hence, S = 303.965138 X 3.86659681 = $1175.31. 

Method 2. We write an equation of equivalence using the end of 

4 years as a comparison date, since this is the end of the interest period 
nearest the end of the term of the annuity-. 

100 100 100 100 100 (100) 

J ! 1 L _! I I 

0 1 2 3 • • • 10 11 12 

S (100) 

We add an additional $100 to both the annuity and the equivalent value 

5 at the end of 4 years (12 interest periods). The equivalence equation 
for this date is 

5(1. 04)' 4 + 100 = Rs? irc 

where R has the same value as in the preceding solution. Hence 
<S(1.04) H = 303.965138 X 4.246464 - 100 = 1190.777024 
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and S = 1190.777024(1.04)“* = 1190.777024 X .98701152 = $1175.31. 

When the payment of a general annuity is to be found, essentially 
the same procedure is used as in Chap. Y. However, for simplest com- 
putation the comparison date should be chosen as the end of the interest 
period nearest the date on which the equivalent value of the annuity is 
known. 

Example 3. The cash value of a car is S1G00. It is purchased for 
$400 cash and the balance in equal payments at the end of each month 
for 20 months. What should these payments be if the interest rate is 
7^2% effective. 

Solution. The payments will form an ordinary general annuity with 
present value A = $600, p = 12, m — 1, and i = 7 }4%- Since the 
term of the annuity is 20 months, or 1% years, the end of the interest 
period nearest the equivalent value A — 600 is 4 months in the past. 
We next draw a time diagram including this date. 

(m OP) (TP) (IP) TP TP TP TP 

1 I I I I I 1 I L 

-4 - 3 - 2-10 1 2 19 20 

(TP) (TP) (TP) .4 + (IP) 


We add four payments (IF) to both the annuity and the equivalent 
value *4 as shown. Let R be the equivalent jrnarly payment, and write 
an equation of equivalence using 4 months ago as the comparison date. 
Since all times must be expressed in years, we get 


# a 5l7}5ro = + A (1.075) * 

or 

= 600(1.075)-* 


Hence, £(1.4779833) = 5S5.70SS16, and R = 396.28920. 

We now convert these yearly payments of R into monthly payments. 
Thus, IF = = 396.28920 X 0.08059892 = $31.94. 

Example 4. A man borrows $800 on June 1 which he will repay in 
10 equal monthly installments, the first one due Sept. 1. If money is 
worthy = S%, what should these payments be? 

Sohition. The time diagram is shown below. 


(TP) (TP) TP TP 
J ! ! ! l 

0 12 3 4 

800 (TP) (TP) 


TP TP 

. J L 

11 12 


Two additional payments of (TF) are added to both the annuity and the 
equiv alent value 800 as shown. W e write an equation of value with 
the present as the comparison date, getting 


Ra 2\i% = 800 + £aj5| 4K 
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where R is the equivalent semiannual payment and the times are 
expressed in terms of half years. Evaluating the symbols and solving 
for R, 

R( a 2 \i% - ojihO = 12(1.56138259) = 800 and R = 512.36641 

Then W = tfsrij 4r „ ='512.36641 X 0.16395492 = 8S4.00. 

The methods illustrated in the examples can be used even when 
tables are not available. In this case, logarithms may be used to evalu- 
ate the annuity symbols. 

Example 6. A contract calls for the payment of S2 at the end of 
each 2 weeks for 100 weeks. Find the equivalent cash value of this 
contract if money is worth = 7.2%. 

Solution. Here W — 2.00, q = 50, p = 26_, i = .006, m = 12, and 


» = = 23Ha. 


The present value of this ordinary general annuity will be 
A = Ra^ where R ~ IF — ~ 


The tables do not contain the necessary entries, so the evaluation of the 
annuity symbols will be done by logarithms. To this end, we combine 
the last two equations and replace the annuity symbols by the expressions 
for which they stand. Thus, 


A = W 


~ ««1. = TF \ 

m/p\t L 


r •* 1 

'1 - (1 +t)-" 1 

L(1 + i) m,p - 1. 

L i J 


Therefore 

A = » 1 ~ (1.006)-”H» 
(1.006)«’ - 1 


We use logarithms to evaluate the interest factors and get 

(1.006) 5 ” = 1.002765 and (1.006)-= 3M3 = 0.871056 


Therefore 


, _ a 1 - -871056 
1.002765 - 1 


S93.27 


EXERCISE 39 

1. Find the amount and present value of an annuity of 13 quarterly 
payments of 8500 each if money is worth 4%, m = 2. 

2. A radio can be purchased for 820 down and 10 monthly payments 
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of $5 each. Find the equivalent cash price if money is worth j 4 = %. 

3. A sells B a lot worth S1000 cash. B will pay for the lot by making 
10 equal monthly payments. What should these payments be if money 
is worth j\ = 5 and (a) the first payment is due on the day of sale, 
(b) the first payment is due 1 month after the day of sale? 

4. What regular quarterly deposits would be necessary to accumulate 
$1000 at the end of 5 years 9 months if the deposits earn interest at 5% 
effective? 

6. A man places $10 a month into a savings bank, making the first 
deposit on Jan. 1, 1940. What additional deposit on Dec. 1, 1950, 
would be necessary to increase his account to $2000 if the savings bank 
pays interest at the rate = 2%? 

6. A car worth $900 is purchased by paying $300 down and monthly 
payments for IS months. An additional $100 is added to the present 
value of the debt to pay for insurance. What will the monthly payments 
be if the finance companj r makes S% effective on the loan? 

70. Finding the number of payments and the final payment. If q is 
the number of general annuity payment periods, n is the number of 
interest periods in the term of an annuity, and p and m. are the number 
of payment periods and interest periods, respectively, per year, then 
clearly q/n — p/m. In all general annuity problems, p and m are given 
so that if q is known, n is easily determined and conversely. We now 
consider the problem of finding q when sufficient data are known. As 
in the case of simple annuities, if A or S, i, and IF are given, assuming, 
of course, that m and p are known, usually no proper annuity exists noth 
these given quantities and it is necessary to include one payment different 
from TF in order to satisfy the equivalence relation. It is customary, 
as in the case of simple annuities, to have this odd payment be the final 
payment and fall due one payment period after the last regular pay- 
ment of TF. Henceforth it is understood that all improper annuities include 
a final payment F, which is less than TF and is dated one payment period 
after the last regular payment of TF. 

When sufficient data are given, the number of payments and the final 
payment are found by solving suitable equations of equivalence. The 
methods are best illustrated by means of examples. 

Example 1. Find the number of full payments and the final payment 
necessary to cancel a debt of S1000 if $100 is to be paid at the end of 
each year and the interest rate is 6%, m = 4. 

Solution^ Since m = 4, p = 1, and TF = 100, we have for the 
equivalent simple annuity 

R =TF-J— = 100 

5? — n* 


SjllMVo 
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Since the debt is $1000, A = 1000 and 

1000 : 

Solving for a~ n u rc , we get 

osujji = = lOsa,}*^ = 40.9090B3S 


Referring to the tables, we find that this value lies between those tabu- 
lated for n = 63 and n — 64. Since there are four interest periods for 
each payment period, we conclude that 16 full payments of $100 would 
be more than enough to discharge the debt and consequently the annuity 
consists of 15 full payments of $100 and a final payment F, less that $100, 
due at the end of the sixteenth year. 

To find F, we next draw time diagrams showing the known data. 


J 

o 

1000 

j L 

0 1 


Payment period diagram 
100 100 

) L_ 

1 2 

Interest period diagram 

j i L J L 

2 3 4 60 61 


100 F 

J 1 

15 16 

l j L 

62 63 64 


The quantity- F can now be found by the methods used in Sec. 2S, 
Chap. IV. If we add 100 to both the general annuity and its equivalent 
value at the end of the sixteenth year (sixty-fourth interest period) and 
write an equation of equivalence with this as a comparison date, we get 


F + Rs^ liiri = 100 -f 1000(1. 015)« 

where R = 100 = 24.444479. 

Solving for F we get 

F = 100 -f 1000 X 2.59314442 - 24.444479 X 106.20962774 = $96.91 


The quantity F can also be found by interpolation in a manner similar 
to that described in Sec. 29, Chap. IV. This method consists of deter- 
mining the number of general annuity payments q (not the number of 
interest periods n ) by interpolation between consecutive integral values 
of q, then multiplying the fractional part of the solution thus obtained 
by- IT to get F. A general proof of the validity of this method will he 
given in the next section. 

Example 2. Find F in the preceding example by- interpolation. 

Solution. As in the preceding solution, we find that 

a^ llin = 40.9090338 
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and that this value lies between those tabulated for n = 63 and n = 64. 
However, since the interpolation must be between consecutive integral 
values of q, we use n = 60 and n = 64 for the interpolation table as 
shown below. 


V 

n 


16 

64 

40.957853 

15 +/ 


40.909034 

15 

60 

39.380269 


Interpolating, we get / = .15287 65/. 1577584 = .969055 and 

F = fW = 896.91. 

Example 3. A man purchases a car worth §1500 by means of a 
$500 down payment and §50 at the end of each month for as long as 
necessary. Find the number of payments and the final payment if 
money is worth 6%, m = 2. 

Soluiion. Method 1. The monthly payments will form an annuity 
for which the present value A ~ 1000, TP = 50 , p - 12, m = 2, and 
1 = 3 per cent. Therefore 


1000 = Ra^j 3% where R = 50 


^3 5 


= 303.728447 


Solving for we get 


(a) 


1000 


asisr. = — g- = 20sji| 3% = 3.2924146 


If we wished to do so, we could now find the term and hence the number 
of payments by the method used in the example in Sec. 70. However, 
less computation is necessary if the following procedure is used. Deter- 
mine by inspection which tabulated entry is nearest to the value of a - >. 
obtained at the last step, then use one of the following identities: 


( 6 ) 

(c) 


a ^m> = + (1 + i)~ n a ni 

a n = Hi = a^lt - (1 + f)“ n Sj If 


[Prob. 17, page 70] 
fProb. 19, page 70] 


Choose n as the integer nearest the end of the term of the annuity so 
that k will not exceed V 2 , In our case, a-, ( = 3.2924146 is closer to the 
va ue given for n - 4 than for n - 3, so we choose Eq. (c). Thus 


a Sl3Vo a 4ls% (1.03) 4 Sj[ 3 „ 
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where we are writing n in place of n — k for the nonintegral solution of 
Eq. (a) and k is the fractional part remaining in the fourth interest 
period. Solving for sx] 37e , we get 

W sites; = (° 4 l 3 % a nto 5»)(^*®^) 4 = 7985 

We now refer to Table VI and find that k lies between % and Thus 
n lies between 4 — 1-3 = 3% and 4 — = 3J4- Since there are 6 pay- 

ments per interest period there will be 6 X 3 Yi = 21 full payments and 
a twenty-second partial payment. Had we used the wrong identity in 
this last step, the value of spj { (or a^ { ) obtained would not be found in 
Table VI or VII, thereby indicating that the value of k exceeds 34- To 
determine F we next draw the following time diagrams. 


Payment periods 
Interest periods 


IF IF IF IF IF TP 
I I I I 1 1 I 

0 1 2 3 4 5 B' 

1000 

J L 

0 1 


F 

IF (IF) (IF) (IF) 
. 1111 
21 22 23 24 

( (IF) (IF) op 

' Vh 4 


Adding three payments of (IT) to both the annuity and its equivalent 
value and writing an equation of equivalence with the end of the fourth 
interest period as a comparison date give 

F(1.03) h + Rs^ i% = 1000(1.03) 4 + Rs^ i% 

Now since 1000 = Ra^ 3 r- C and = (1.03) 4 ajj 3n , this last equation may 
be written 

E(1.03) w = Asjitec-, - R(a v 3% - a^ 3 ,-)(1.03) 4 

In view of Eq. ( d ), the second term in the right-hand member is Rs^,c t , 
so that 

F = s lter;)(b 03 ) ^ = S 5.51 

Method 2. Interpolation. As in the preceding solution we first deter- 
mine how many payments are necessary. Since there will be 21 full 
payments and a twenty-second partial payment, the interpolation is 
between values corresponding to q = 21 and q = 22. Therefore we shall 
determine n, hence q, by interpolating between the values and 

n 3tel3*v However, it is not necessary to compute these symbols, since it 
is apparent from the identities 


= ai I*r. - (1-03 )-%i 3% 

«i5i!3-„ = a lj3r» (1.03) - 4 sj^] 3 rj 

that interpolating between the left-hand members for n is equivalent to 
interpolating for k between the values and Using the value 
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sj| 3s; = .477985 as found in the previous solution, we form the following 
interpolation table. 

<t | & [ silsr; 

.018320 ) 

> .166251 

\ 22 | X | .330054 ' 

Interpolating, we get / = .018320/.166251 = .11019 and 

F = /TF — $5.51 

While it appears that either solution of the last example seems long, 
it will be observed that most of the solution is descriptive and only a 
few computations are necessary. Moreover, all symbols occurring in the 
computations are tabulated to eight-decimal-place accuracy, thereby 
ensuring accuracy in the final result of at least seven significant digits. 

71. Proof of the general interpolation theorem. Let A be the present 
value of an annuity, IF the periodic payment, p the number of payments 
per year, i the interest rate per conversion period, and m the number of 
conversion periods per year. When the above data are given, the 
annuity is usually an improper one, so that a final payment F, dated 
one payment period after the last TF payment, is necessary for equiva- 
lence. If q, the number of payments, is determined by interpolating betiveen 
values corresponding to consecutive integral values of q, .then the fractional 
part f of this solution multiplied by TF gives the final payment F. 

Proof. Suppose first that the annuity is an ordinary annuity so that 
the time diagrams appear as below. 

Payment periods ~ 

A 

Interest periods 

where n' = q(m/p) and n" - (q + l)m/p. An equation of equivalence 
with the present as comparison date gives 

A = Ra « | { + F(l + i)-»" where R = TF — 

F = (A - Ra-^ { )(1 + t)»" 



21 | M i .496305 


Ml 21 +/ 


.4779S5 


Therefore 

(a) 
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If we set aj), = A/R, then n = (q + f)m/p, where/ lies between 0 and]. 
Interpolating for n between n' and n" is equivalent to interpolating for/, 
and we get 

, = A/R - o^ii 

a iH.- — 

Hence 

( b ) A — Ra^ ; = fR(a^]i — a^ { ) 

Combining Eqs. (a) and (6) gives 

F = fR(a^ { - a^.)(l + i)»" 

Now in view of Eq. (10), Sec. 25, 

~ + i)~ n ' 


and consequently 

(c) F = fRavzski 1 + = /Esct,- 

But n" — n' — m/p and Rs^\ ( = TF; therefore F — fW. 

If the annuity is an annuity due, each payment, including F, falls due 
one period earlier and Eq. (a) becomes 

F = (A — Ra^j,)( 1 + i) n ‘ where R ~ IF — * - 

a m/p. 

Equation (c) then becomes 

F = fRa = /Ea^, = fW 

EXERCISE 40 

1. A debt of S1000 will be repaid by semiannual payments of $100 
for as long as necessary. If the interest rate is 6%, m = 12, find the 
number of payments and the final payment. 

2. A man borrows $3000 with interest at 5% effective. He will 
repay the loan by payments of $50 at the end of each month for as long 
as necessary. Find the number of payments and the final payment. 

3. A company owes a debt of $100,000 on which interest accumulates 
at 4%, m = 4. They plan to pay $20,000 at the end of each year. How 
many payments will be required, and what will the final payment be? 

4. How manj' monthly deposits of $25 will be necessary to accumulate 
$1000 if interest at 2%, m = 4, is paid on the deposits? What final 
deposit will be required to bring the account to exactly $1000? 

6. A divorce decree awards a woman $40,000 cash or an annuity 
that is equivalent to this sum at 4J-£%, m = 2, and pays $500 at the 
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end of each month. How many payments will she receive, and what 
will the final payment be? 

6. How many quarterly payments of $1000 will be necessary to pay 
off a debt of $10,000 if money is worth Q4,% effective and the first 
payment is made 1 year after the debt was incurred? What will the 
final payment be? 

7. A finance company makes loans at the rate of 8% effective and 
requires that the debt be retired by payments at the end of each month 
equal to 15% of the borrowed principal. How many full payments 
are necessary, and what per cent of a full payment is the final partial 
payment? 

8. Merchandise worth $100 may be purchased by monthly payments 
of $10, the first one due on the date of sale. If the payment plan includes 
interest at j s = 9%, how many payments null be required and what will 
the final partial payment be? 

72. Other types of annuities. There are several other types of 
annuities that are occasionally encountered. Some of these will be 
discussed briefly. 

Increasing annuities. This term is applied to a sequence of periodic 
payments of TF, 2TF, 3TF, . . . , tfTF, each payment being TF more than 
the preceding one until q payments have been made. As usual, let i 
be the interest rate per conversion period, m the number of conversion 
periods per year, p the number of payments per year, and n = qm/p the 
number of interest periods in the term of the annuity. To find the 
amount of such an annuity, we consider it as consisting of q separate 
annuities as follows, one annuity with q payments of Iff, a second annuity 
with q — 1 payments of IF, a third annuity noth q —2 payments of IF, etc., 
all of them terminating at the same time as shown on the time diagram 
below. 
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payment diagram 


Each of the annuities above will be equivalent to a simple annuity with 
payments of R = TF/s^,- and with terms of qm/p (= n), (q — l)m/p, 
(q — 2 )m/p, . . . , 2 m/p and finally, m/p. Consequently, the amount 
of the increasing annuity is 


& + Es (9 _ 1)m/J ,K + fis (5 _ 2)m/p | ( + • • • + 
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If the annuity symbols are replaced by their algebraic equivalents and 
obvious simplifications made, there results 


.S' = 5 {(1 + i)» + (1 + i + (1 + + • - - 

i 

+ a + fr 7 -- - ?]. 


The expression above contains a geometric progression of g terms with 
first term (1 + i)“ and ratio = (1 -f- j Using the formula for the 
sum of a geometric progression, me get 


f a + iff - i 


1 — (1 + i)~^p H 

= - a 


the last simplification being possible after dividing the numerator and 
denominator of the preceding fraction by i. 

If the present or some other equivalent value of an increasing annuity 
is wanted, it is best to first determine its amount by Eq. (7) and then 
transfer this value to the desired date. 

Decreasing annuities. A decreasing annuity differs from the increasing 
annuity only in that the first payment is qW and each succeeding payment is 
W less than the preceding one until a final payment of W is reached. Since 
this annuity" may be considered as the sum of q distinct annuities all 
starting at the present, it is simpler to determine a formula for its present- 
value than for its amount. The formula is 

(8) A = * \q - where R = -51 

^ L J ^rt/p i 

The proof is similar to that for increasing annuities and is left as an 
exercise for the student. If a decreasing annuity is to be evaluated at 
some other date than the present, it is simplest to compute its present 
value first, then transfer this value to the required date. 

Finally, it should be observed that if the annuity is either an increas- 
ing or decreasing annuity due. The R occuring in Eq. (7) or (8) should 
be computed by Eq. (1) of Chap. X, R = TF/a^ ; . 

Annuities payable continuously. This type of annuity refers to the 
collection of a finite sum of money, T, each interest period, where the money 
is collected in a continuous flow during the period. Although continuous 
annuities do not actually occur in business, they are closely approxi- 
mated in certain practical cases such as the flow of coins in a city subway 
system. 
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To derive formulas for the present value and amount of such an 
annuity, two results from the calculus are needed. 

(9) lim p{( 1 -f- i) n/ * - 1] = m log „ (1 -f i) where e = 2.71828 • • • 


( 10 ) 


lim (l + -Y = e = 2.71828 

x= a \ V 


The present value of an ordinary general annuity can be written in 
the form 


(ID 


A = W ajii 

"m/pli 


Let T = pW be the total annuity payments per year. Then 
A = T p[{ 1 + i)” /p - 1] a " ]i 

If we let p become infinite and use the limit from Eq. (9), we get 

i 


( 12 ) 

Similarly, 

(13) 


lim A 


m log, (1 + i) ** 


lim S = T — r— 7 i — r - v 

m log, (1 + i) n >' 


Annuities with interest converted continuously. Returning to Eq. (11), 
let p be constant, i = j/m, n = tm where f is the total time in years. 
Then 


A = IF 


j/m 

1 — (1 +j/m)-‘ m 

.(1 + j/m) rn/p — 1_ 

j/m 


This last relation may be written in the form 

A = W - — K1 + 3/m) m,p r l 
. ' [(1 f- j/m) m/i ] i/p — 1 

If we now let in become infinite, Eq. (10) with x replaced by m/j gives us 


(14) lim A ~ W 


e -* 1 


e i/p - l 


similarly 


lim S = W. 




e i/p i 


The above Jornudas apply to annuities for which payments are made a 
finite number of tunes per year but interest is converted continuously. 

Annuities payable continuously and interest converted continuously. As 
a final type, let us consider an annuity for which both payments and 
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interest are continuous. Let T = pTF be the total yearly payment, 
and let n = tm -where t is the total time in years. If m and p are both 
allowed to become infinite, the use of Eqs. (9) and (10) gives 

(16) lim A = T 1 and lim S = T ~ ~ 1 

n.p *= « J n.p= J 

If we do not insist that the payments of an annuity all be equal, 
clearly the number of different types theoretically possible is almost 
unlimited. While it would be possible to develop formulas for almost 
any type of situation that may arise, we feel that a clear understanding 
of the underlying principles is of far more importance. 

EXERCISE 41 

1. A man borrows §10,000 and signs a contract promising to pay 
8200 on the principal at the end of each year for 50 years and interest 
at 5% at the end of each year on the amount owed during the year. 
After 10 years, the contract is sold to an investor who wishes to make 
6% effective on his investment. Find the selling price. ( Hint : The 
payments of principal form an ordinary’ annuity, and the interest pay- 
ments form a decreasing annuity.) 

2. A man deposits S1000 at the beginning of each year in a fund 
paying interest at 5% effective. The principal will be divided among 
his three daughters at the end of 10 years. His son receives all the 
interest from the fund at the end of each year. If the son invests his 
interest payments in a savings fund that accumulates at 3%, in = 4, 
how much will he have at the end of 10 years? 

3. A city subway system collects 100,000 nickels during each day 
in a practically continuous flow. Find the present value of this income 
for the next 365 days if money is worth (a) 4% effective, (6) 3% con- 
verted continuously. {Hint: log, (1 -f t) = logic (1 -f f)/log 10 e.) 

4. Find the amount and present value of an annuity’ of S1000 at the 
end of each y r ear for 20 years if interest is converted continuously at 3 %. 

6. A contract calls for the payment of 850 at the end of each month 
for a year, 845 at the end of each month during the second year, etc., the 
monthly payments being 85 less each year than the preceding year for 
a total of 10 years. Find the present value of this contract if money is 
worth 6%, m = 12. {Hint: The amounts of each of these 10 ordinary' 
annuities form a decreasing annuity.) 

MISCELLANEOUS EXERCISES ON GENERAL ANNUITIES 

1. A mail-order house sells goods on the following plan: 10 % of the 
cash price down and 10% of the cash price per month for 10 month'. 
What effective rate of interest does the company receive? 
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2. A contract calls for the payment of $50 at the end of each half 
year for 734 years and an additional $1000 at that time. What is the 
present value of the contract if money is -worth ji = 5 %? 

3. An insurance policy requires the pajrment of $7 at the beginning 
of each quarter for 25 years and will pay $1000 at the death of the 
insured. How long must the insured live for the eompan y to break even 
if money is worth 4% effective? 

4. A high-school teacher borrows $100 on July 1 and a like amount 
on Aug. 15. He agrees to pay off these loans in eight equal monthly 
installments beginning on Nov. 1. If interest at 8%, m = 2, is included, 
what should the payments be? 

6. How many quarterly payments of $150 will it take to complete 
the purchase of a car worth $1050 if $500 cash is paid and interest is 
computed at j\« = 5%? What null the final payment be? 

6. A furniture company sells goods by either of the following plans: 
a 25% discount on the list price for cash or 25% down and the rest in 
12 equal monthly installments with no interest added. What effective 
rate makes the two plans equivalent? 

7. A teacher receives a salary of $300 per month for 9 months. If 
money is worth 5% effective, what monthly payments should he receive 
if the payments are continued the year round? 

8. A fraternity house is worth $50,000. The chapter pays $5000 
down and will pay off the balance of the debt during the next 50 years 
by equal payments on Dec. 1, Mar. 1, and June 1 of each year. What 
will these payments be if the house is purchased on Sept. 1 and the 
interest rate is 6% effective? 

9. A fraternity house worth $40,000 is purchased on Sept. 1 by 
paying $10,000, the balance to be paid by installments of $1000 on 
Dec. 1, Mar. 1, and June 1 of each year for as long as is necessary. 
If the interest rate is 5% effective, find the date of the final payment 
and how large it should be. 



*CHAPTER XI 

APPROXIMATING METHODS 


73. Introduction. In the mathematics of finance, as elsewhere, 
approximating methods are desirable and important. This is true 
because the computation of the various interest functions often requires 
much tedious arithmetic. Moreover, the inverse problem of finding the 
interest rate seldom admits of a direct solution, and approximating 
methods are the only devices available. 

Whenever approximating methods are used, some knowledge of the 
accuracy is desirable. Consequently, a good approximating method 
should be accompanied by an adequate check for accuracy. In this 
chapter, we shall discuss various methods of computing the different 
interest functions and shall give limits of error for several of the methods. 

74. The binomial expansion. From the point of mew of adequacy, 
the binomial expansion is invaluable. By its use, any of the interest 
functions can be computed as accurately as desired. The expansion 
may be written 

(1) (a + b)» = a" + iw-*b + i gT* 

n(n — 1 )(n — 2 )a n ~ 3 b 3 , 

+ 1X2X3. ‘ 

Even if n is not a positive integer, the expansion is still valid pro- 
vided the numerical value of a exceeds that of b. Thus it is possible to 
compute any of the interest functions as accurately as desired b 3 ' first 
evaluating the appropriate (1 -f x) n . It is left as an exercise for the 
student to verifj r the following formulas. 


(2) 


_ n(n - l)z 

^ 1X2 ^ 

, n(n - l)(n - 2)f> 
1X2X3 

(3) 

C^ x 

n(n -f l)i , n(n + 1 )(n + 2 )P 


1X2 

1X2X3 


(signs alternating) 

It can be shown that once the terms of the expansion start decreasing 
in numerical value, they continue to decrease so that it is not difficult to 
determine how many terms are necessary for accuracy to the desired 
number of decimal places. 
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Example 1. Compute the value of to six-decimal-place 

accuracy. 

/Solution. Using Eq. (2) with n — 12 and i = .01, we have 

in , 12 X ll(.Ol) , 12 X 11 X 10(.01) 2 
fiislm ~ 1 * t 1x2 ' 1X2X3 

, 12 X 11 X 10 X 9 (.01) 3 , 12 X 11 X 10 X 9 X S(.01) 4 
+ 1X2X3X4 ‘ + ‘ 1X2X3X4X5 

= 12 + .06 + .022 + .000495 + .00000792 + smaller terms 
= 12.6S2503 accurate to six decimal places 

Example 2. Compute the value of (1.031) 50 accurate to seven 
decimal places. 

Solution. We could take o = 1 and b = .031 and use Eq. (1). 
However, since n is fairly large the terms would diminish slowly and 
quite a few terms would be necessary to give the desired accuracy. A 
much quicker method is possible if tables are available for the powers 
of 1.03. In this case, we take a = 1.03 and b = .001 and get the 
expansion 

(1.031) 50 = (1.03) 50 + 50(1.03) 49 (.001) + 5 0 * 49(1 ^^(.OOl ) 2 

1 X ^ 

50 X 49 X 48(1.03) 47 (.001) 3 50 X 49 X 48 X 47(1.03)«(.001) 4 

+ 1X2X3 + 1 X 2 X 3 X 4 

+ • • • 

Using tables for the powers of 1.03, we obtain the successive ter ms as 
4.3S390G02, .21281097, .00506201, .00007SG3, and .00000090. Although 
these five terms appear to be sufficient for seven-decimal-place accuracy, 
for safety we compute the next term and get .00000001. Adding these 
values, we get (1.031) 50 = 4.601S5S54 or 4.6018585. 

EXERCISE 42 

1. Evaluate Sjol 3ro by using the first six terms of the binomial expan- 
sion, and check the accuracy by the tables. 

2. Compute the value of a^ 4% by using the first six terms of the 
binomial expansion, and check the accuracy by the tables. 

3. Evaluate (1.042) S0 by the binomial expansion, using sufficient 
terms to ensure five-decimal-place accuracy. 

4. Compute the value of (1.053)- 20 by the binomial expansion, using 
enough terms to guarantee five-decimal-place accuracy. 

5. Compute the value of (1.05) } - by using four terms of the binomial 
expansion, and check the accuracy by the tables. 
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6. Evaluate (1.06)* 4 by tbe binomial expansion, accurate to five 
decimal places. 

75. A recursion formula for powers and roots. Frequently it is 
necessary to evaluate the accumulation (or discount) factor for an 
interest rate not tabulated. Or the value of the factor is known and 
the interest rate is to be found. In this section, we shall give recursion 
formulas that are simple to use and usually give excellent results. 
Formulas for determining the accuracy are included. 

For simplicity of expression, throughout the section the following 
notation will be used: i represents a rate not tabulated, i 0 is the nearest 
tabulated rate to i, x stands for 1 + i, a represents 1 + i 0 , and n can be 
positive or negative, integral or fractional. 

Suppose that n, x, a , and a n are given and we wish to determine the 
approximate value of x n . In the next section, we shall prove that 


( 4 ) 


_ 2a + (n + l)(x - a ) 
2x-(n + l)(x - a) 


E 


where 

( 6 ) 


E = 


n(n- — l)(x — a)H n ~- 


6[2x - (n + l)(x - a)] 
and t lies between a and x. By ignoring E in Eq. (4), an approximate 
value for x" is obtained, and Eq. (5) may be used to determine the 
accuracy of this approximation. An example will illustrate the use of 
these formulas. 

Example 1. Compute the approximate value of (1.031) 50 by Eq. (4), 
and determine the accuracy. 

Solution. Here we have x = 1.031, n = 50, and we take a = 1.03, 
since this is the nearest tabulated value. Equation (4) then gives 

(1 O31) S0 = — ^ d QO\50 _ v 

2 X 1.031 - 51 (.001) X (1 - 03) h 
= X 4.3S390602 - E 
= 4.60190234 - E 


Thus (1.031) 50 = 4.60190234 approximately, with the degree of accuracy 
unknown. To determine the accuracy, we evaluate the error function, 
Eq. (5). This gives 

„ _ 50 X 2499(.001) S / 4S 
6 X 2.011 

where t lies between 1.03 and 1.031. 

To obtain limits for E, we evaluate the above expression for t = 1.03 
and also for l = 1.035. Making the necessary computations, we find 
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that E lies between .00004279 a'nd .00005399. Thus our approximate 
value is too large by about .00005; in fact it lies between the values 
4.6018483 and 4.6018596. It is possible to get sharper limits by using a 
better upper limit for t than 1.035. If we evaluate (1.031) 48 by inter- 
polation, the value obtained will be too large (Sec. 11) and may be used 
as an upper limit for t 48 in the error function. If this is done, we find 
that t iS < 4.35, and the corresponding improved limits for (1.031) 60 are 
4.6018573 and 4.6018596. Actually, the correct value lies about half- 
way between these last two values as may be seen by referring to Example 
2, Sec. 74. When (1.031) 50 is evaluated by interpolation, the error 
exceeds .02225. 

When the accumulation (or discount) factor is given and we wish to 
find the interest rate, Eq. (4) can be put into a somewhat more con- 
venient form. Using the same notation, suppose n, a, a n , and x n are 
known and we wish to find i (or x). In the next section, we shall prove 
that 


( 6 ) 


i — Jo + 


2 a(x n — a") 


(n + l)(x» + a n ) — 2x n 


+ E 


where 

( 7 ) 


n(n» - l)(x - 
6[(n + l)(x» + a n ) — 2x n ] 


and t lies between a and x. 

These formulas are used in a manner similar to Eqs. (4) and (5). Equa- 
tion (6), by ignoring E, gives an approximate value of i, and Eq. (7) 
furnishes a check on the accuracy. 

Example 2. Find the approximate value of i if (1 + 7) 51 = 13.50, 
and discuss the accuracy. 

Solution . From Table VIII we find that (1.05) 51 = 12.04076978 is 
the nearest tabulated value and is taken as o n . Thus we take a — 1 .05, 
i‘o = .05, x n = 13.50, and n = 51 and substitute these in Eq. (6). This 
gives 


i = .05 + 


2 X 1.05(13.50 - 12.04076978) 


52(13.50 + 12.04076978) - 2 X 13.50 
3.06438346 


+ E 


— nr; j 

T 1301.12002856 
= .05235519 + E 


+ E 


Thus, .05235519 is an approximate value of i, the accuracy being 
unknown. To determine how accurate this result is, we evaluate 
Eq. (7). This gives 


51 X 2600 (x - a)H * 9 
6 X 1301.12002856 


where t lies between a and x. 
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After the above preliminaries, we now proceed to the proof of the 
formulas in the preceding section. We start noth the expression 

(8) ( n + l)(x - a)(x” -f a“) — 2(x' J ' 1 — a’" 1 ) 


where x and a have the same meaning attached to them there, 
since 


3 -n+i _ q t>+i = (x — a)(x n -f- x n_1 a -r • • 
the preceding expression may be written 
(x — a) [(« -r 1) (m” -f a") 


-r a”) = (x — a) ^ x 


1=0 


- 2 2 * n ~ lal ] 
i = 0 


Kow 


-i n i 


The summation above contains n *{- 1 terms, so that by regrouping the 
terms we can write 


n 

(* ~ °) [ X 


L*= 0 


x n ~ l a l ) — £ (x n ~ t a t — a") J 


The terms obtained when h — 0 and k — n cancel out, so the summations 
need run onlj' from 7: = 1 to k = n — 1. Thus the preceding expression 
may be written 

n — 1 n — 1 

(x — a) £ Y x n ~ i {x t — a*) — ^ a’ (x n ~ t — a'* -1 )! 

k -: i 


By reversing the order of the second summation, the expression can be 
factored as follows 


n — 1 


(x ~ a) ^ (x T — 1 — a” _ *)(x i — a 1 ) 




Since even. - expression of the type x n — a” is divisible by x — a, the 
preceding expression may be factored and written as follows: 


n — 1 r.—h fc 

(x — a) ^ £(x — a) ^ x n— car - 1 (x — a) ^ x*-«a«~ij 

p = l 7=1 


where 

To 


ranging terms, the above expression may be written 

n — 1 -n — k k 

(x — a) ! ^ ^ y 

l p = l <7 « 1 


ar 
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Each term in the summation above is of the form x n ~ m a m ~~ and con- 
sequently may be written as C' 2 , where tm lies between a and x. We 
next determine how many terms of this type there are. Now q can 
have any value from 1 to k. With each of these values, p can have 
any value from 1 to n — k. Therefore for a given value of k, there are 
k(n — k) terms. Consequently, the total number of terms is 


n — 1 


n— 1 


71 — 1 


^ k(n — k) = n ^ k — ^ k 2 




Jt*» i 




These last two summations are evaluated in the mathematical induction 
section of any textbook on college algebra. Consequently it can be 
shown that the number of terms is n(n~ — l)/ 6 . We may therefore write 

N 

the preceding triple summation in the form ^ £” _2 > where 

171 = 1 

N = 7 n(n 2 — 1) 

6 


and each t m lies between a and x. It follows from the remarks preceding 
this proof that 

C“ 2 = l<n 2 - 1 )t"~ 2 

m = 1 

where l lies between a and x. Consequently expression (8) can be put 
in the form of an equation as follows: 

(9) (n + l)(x — a) (x n + a") — 2(x n+1 — c n+1 ) 

= | n(n- — l)(x — a)H n ~‘ 

where i lies between a and x. Equation (9) may be rewritten in the 
following manner 

x n [2x - (n + l)(m - a)] = a n [2a + (n + l)(x - a)] 

- ~n(n 2 - l)(x - a)H n ~ 2 

If both members of this last equation are divided by 2x — (n -\- 1) (x — a) 
the result is Eq. (4) of the preceding section. 

If 1 is added to both members of Eq. (6), 1 + i replaced by x, 1 + i Q 
replaced by a, E replaced by the right-hand member of Eq. (7) ; then 
both members of this equation multiplied by 

(n + l)(z n -f a n ) — 2x n 
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the result is Eq. (9), thereby establishing Eq. (6). 

77. Other methods of determining bond yield. In Sec. 5S, two 
methods of determining the yield rate of a bond were given. There 
are numerous other methods of approximating bond jneld, several of 
which we shall now discuss. It will be recalled that “the method of 
averages” was introduced in Sec. 58. This method is one of several 
that make use of the relationship 


where I is the average income and B is the average book value of the 
bond. It will be proved in the next section that the average income is 
given by 


(ID 


I — R — 


whereas the average book value B cannot be exactly determined without 
knowing the investment rate. Consequently, the various methods of 
approximating the yield rate based on Eq. (10) are, in reality, methods 
of approximating B. The simplest of these approximates the average 
book value by 

(12) B 1 = \ (P + O 


When By is substituted in Eq. (10) for B, the value obtained for i is 
fairly accurate unless the excess (or deficiencj') is moderately large. 
Also, as 7i increases, the accuracy gets worse. It is easilj" verified that 
the approximate yield rate given by I/By is exactly the same as that 
obtained by the method of averages discussed in Sec. 58. 

A more accurate value of B than that given by Eq. (12) can be 
obtained by averaging the value of the bond during the first interest 
period (that is, the purchase price) with the value of the bond during 
the last interest period before redemption. Now the value of a bond 
decreases each period approximately (P — C)/n if it is purchased at an 
excess and increases each period approximately ( C — P)/n if it is pur- 
chased at a deficiency. In either case, the value of the bond at the 
beginning of the final interest period before redemption is approximately 
C + (P — C)/n. Thus a more accurate value for B is given by 


B. 


i( 


P + C 


P - c\ 


(13) 


71 
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When Bi is substituted in Eq. (10) for B, the value of i obtained is 
almost always correct to the nearest tenth per cent and is usually better 
than this. 

Still more accurate results may be had as follows: Let % be an approxi- 
mation to the yield rate; ia can be found by Eq. (10) with either B\ or B 2 
used for the average book value. Now compute 

(14) B 3 = B 2 + (P-C)^^i o 


If B s is used in Eq. (10), the value obtained for i is nearly always 
accurate to the nearest hundredth per cent and is usually better than this. 

Example 1. A S1000 bond, redeemable at 110 on Jan. 15, 1960, pays, 
bond interest semiannually at 6 %,m = 2. The market quotation is 120 
on Jan. 15, 1950. Find the approximate yield rate by Eq. (10), using 
B i, B 2 , and B s as the average book value. 

Solution. Here we have P = 1200, C = 1100, R = 30, and n = 20. 
The average income from the bond as given by Eq. (11) is 


I = 



= 30 - 


100 

20 


= 25 


The approximate book value as given by Eq. (12) is 

B x = | (P + C) = 1150 

These values are now substituted in Eq. (10) to obtain an approximate 
value for i. Thus 



25 

1150 


= .02174 


is a rough approximation of the yield rate. The accuracy is probably 
to the nearest tenth per cent, so that the true value of i is probably 
between .021 and .022. To get a more accurate result, we compute B 2 . 
Using Eq. (13), we get 

£2 = \ (p + C + = 1152.50 

Equation (10) now gives 


i = 


I_ 

Bo 


25 

1152.50 


= .02169 
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as a better approximation than the preceding one. This value indicates 
that the true value of i is probably between .0216 and .0217. To get 
still a better value, we take to = .0217 and compute B 3 . Equation (14) 
gives 

B z = B 2 + (F - O — to = 1152.50 + 3.61 = 1156.11 


Substituting B 3 in Eq. (10), we get 


t = 


I_ 

B 3 


25 

1156.11 


= .021624 


as an approximate value for t. By more advanced methods, it is found 
that the true value of t, correct to six decimal places, is .021625. Thus 
our third approximation is in error only 1 in the sixth decimal place and 
is therefore more accurate than the result obtained when this example 
was solved by interpolation in Sec. 58 (Example 2). 

The main objection to the formulas just discussed is that an adequate 
check for accuracy is difficult. However, since they are easy to use. 
require no tables, and prove reasonably accurate in practice, the objection 
just mentioned is relatively unimportant. 

Another excellent method of approximating bond yield consists of 
repeated use of the recursion formula 


(15) 


._ R-(P- C)/S a, 
p 


This formula is used by estimating the bond yield, then using the esti- 
mated value to evaluate the right-hand member of Eq. (15). The result 
is an approximation of i. In fact, it can be shown that Eq. (15) has the 
following properties: (a) For a bond purchased at an excess, the value 
of i obtained from Eq. (15) always lies between the true value of i and 
the estimated value used to evaluate the right member. (i> ) For a bond 
purchased at a deficiency, the value of i obtained from Eq. (15) and the 
estimated value lie on opposite sides of the true i. (c) In either case, 
unless the deficiency exceeds J^C, the value obtained by Eq. (15) is 
closer to the true i than the estimated value. If the deficiency exceeds 
3 ^C, the value given by Eq. (15) may be further from the true value 
than the estimated value. However, a bond purchased at so great a 
deficiency is purely a speculative bond, and the yield rate is not nearly 
so important as whether or not it will pay off at all. We shall illustrate 
the use of the formula. 

Example 2. Solve Example 1 by the use of Eq. (15). 

Solution. We have P = 1200, C = 1100, R = 30, n = 20, and the 
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bond rate is 3%. Since the bond is purchased at an excess, we shall 
take 2} 4% as our first estimate. Evaluating Eq. (15) gives 

. 30 - lOO/ssn^ _ 26.085287 _ ft01fM 

* 1200 1200 '° 317 


Since the use of Eq. (15) gives, for a bond purchased at an excess, a value 
that lies between the true value and the estimated value, it follows that 
.02174 is too large. We therefore repeat the procedure, using 2% as our 
estimated value. This gives 

. 30 - lOO/s^ _ 25.8S432S _ noiR? 

1 ~ 1200 1200 *° 215 


We are now certain that the true rate lies between .02157 and .02174. 
In order to narrow this interval, we compute the value of l/s^oU for 
7 = .0216 and for i — .0217. These sjunbols are found to have the 
values l/sool 0 ;i 6 = .04050507 and l/s»oI.o 2 i 7 = .04046451. When these 
values are substituted for l/s^ ; in Eq. (15), we find that the true value 
of i must lie between .02162+ and .02163“. Actually the time value is 
about halfway between these limits. 

The main objection to the use of Eq. (15) is the fact that in order to 
attain a high degree of accuracy, estimated rates must be used for which 
1/s^,- is not tabulated and must be computed. The main advantage of 
using Eq. (15) is that results can be made as accurate as the computer 
pleases by repeated application of the formula, using a better estimate 
each time. 

78. Proof of the bond yield formulas. Equation (11), for the average 
income from a bond, can be proved intuitively as follows: The bond costs 
8 P, will make n bond interest payments of $R, and then will be redeemed 
for SC. Thus the total profit is nR + C — P. Dividing the total profit 
by n to get the average per period gives Eq. (11). 

A rigorous proof of Eq. (11) follows. The book value of the bond 
A- periods before redemption bj' the fundamental purchase-price formula is 

Bk ~ C(1 + i)~ h + Ra%{ 

The investor’s interest due at the end of the period is 
h — iB>. — Ci(l + i)~ h -f- Riaft { 

If eq,- is replaced by the algebraic expression for which it stands, the 
preceding equation reduces to 


h = R - {R - Ci)( 1 + ?)~ fc 
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We now let k have the values 1, 2, 3 , ,n and add these equations. 
The result is 

Ji + h + • • * + In = nR - (R - Ct)[(l + f)~> 

+ (1 + i)~- + - • • + (1 + r)-] 


We divide both sides of the above equation by n to get the average 
income, recalling that the extreme right-hand factor is equal to o?,. 
Thus we get 

/ = R ~ ~(R ~ Ct)a^ { 

Now from the second purchase-price formula for bonds, it readily follows 
that (R — Ci)a^\ { = P — C, which substituted in the preceding equation 
gives Eq. (11). 

In order to determine the average book value of a bond, we start 
with the fact that the book value k periods before redemption can he 
written [see Eq. (2), Sec. 53] 

Bk — C + (22 — 

If k is given the values 1, 2, 3, . . . , n and the resulting equations 
added, we get 

Bi 4- B : + • • • + B r . — nC -f- (R — Ch‘)(ap,- + Osf< + • • • + o?v) 
It is not difficult to verify that 

a If{ + a iT« + ’ ' ‘ + ask = j ( n — <*%i) 

Moreover, from Eq. (2), Sec. 53, we readily see that 


R - Ci 


P -C 


Therefore the sum of the book values may be written 


Bi -f- B* + •**-}- B n — nC -f- 


> - C \ ( n - aj 


Dividing both sides by n to get the average book value gives 


B = C -f (P - C) 


n - cat 


( 16 ) 
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Equation (16) is of little practical value but is useful as a starting point 
to approximate B. By using the relation l/a^ { = i + h is easily 

shown that 

n - a^j = 1 _ s^\ { - n 
nia^c nis^u 

Consequently Eq. (16) may be replaced by 


B = P - (P - O 


ggi ~ n 
nis^\ { 


Using the binomial expansion of s^ ; , Eq. (2), Sec. 74, it can be shown 
that the fraction 


gnj{ — n 

is greater than ( n — l)/2 n — (n- — l)i/12» but is less than (•« — l)/2 n. 
Therefore B lies between 


B, = P-(P-0^ 


and 

The expression for B? above is equivalent to Eq. (13) of the preceding 
section, and the expression above for B 3 differs from Eq. (14) only in 
that an approximation to is used for t. While the use of B» and B z 
in the denominator of Eq. (10) usually gives excellent results, in most 
cases correct to five decimal places, a sharp limit function is elusive; 
and if results must be guaranteed, the interpolation method is perhaps 
the best. 

In order to establish Eq. (15), we start with the bond formula 
P = C + (R - Ci)a^ 

By division, it readily follows that 


P - C 

asif 


r - a 


By making use of the relation l/a^ { = i + l/s^ ; , the preceding equation 
can be changed into 


Pi + 


P -C 
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whence 

( 16 ) 


R- (P- Q/sa 
1 ~ P 


Let r be an approximation to i, and let us call ij the value obtained 
when r is used to evaluate the right-hand member of Eq. (15). Thus 


( 17 ) 


R-(P- C)/s^ r 
P 


By subtracting Eq. (17) from Eq. (15), we get 


i — z‘i = 


(P - o 




Now suppose r < i. Then l/^ r > l/s^ ; and i is greater than it if 
P > C, whereas i is less than i\ if P < C. If r > i, all inequality signs 
are reversed. This proves statements (a) and (6) made in the preceding 
section concerning Eq. (15). To prove Eq. (c), we rewrite the preceding 
equation in the form 


I i ~ = 


IP -Cl 

_1_ 

_ J_ 

p 

»Slr 



where the notation jar] means the numerical value of x, disregarding sign. 
Now it is easily shown that jP — Cj/P is less than 1 unless P g }4C. 
Thus unless P 


|i “ i'll 



_ 1 _ 

Sii!, 


Now if t > i, 1/s^i > l/sj) r but 1/aji,- < l/a^ r . Therefore, using the 
identity l/a^ ( = i + l/s^ ; , we have 



The reasoning is similar if r < i. Therefore in either case, 

\i - f,j < \r - ij 

Thus ii as given by Eq. (17) is closer to i than r is unless the bond L 
purchased at a price L£C. In fact the preceding statement is true 
unless P is well below }^C. 
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EXERCISE 44 

In Probs. 1 to 4, find the yield rate by using Eq. (10) with B replaced 
by Bn as given by Eq. (13). The face of each bond is §1000. 


Problem , 

1 

Redemption 

price 

Bond 

interest j 

Time until 
redemption, years 

Purchase 

price 

1 

Par 

■mm 

. 10 

SllOO 

2 

Par 


20 

S 900 

s 

S1100 


25 

S 950 

4 

SllOO 

MmmSmm. 

15 



S1300 


6. Find the yield rate for Prob. 1 by using Eq. (10) with B replaced 
by B s as given by Eq. (14), using the result of Prob. 1 as i 0 . 

6. Find the yield rate for Prob. 3 by using Eq. (10) noth B replaced 
by B s as given by Eq. (14), using the result of Prob. 3 as i 0 . 

7. Find the approximate yield rate for Prob. 1 by using Eq. (15) with 
2J4% as the estimated rate. 

8. Find the approximate yield rate for Prob. 3 by using Eq. (15) with 
43 4 % as the estimated rate. 

79. The accuracy of interpolation. Whenever interpolation is used, 
the accuracy of the result is in question. Sometimes a fairly accurate 
knowledge of the error involved for a given type of problem can be 
obtained by trial-and-error methods, that is, by solving several similar 
problems with known answers by the interpolation technique and noting 
the size of the errors. Furthermore, a high degree of accuracy is seldom 
a matter of life and death, so that it has become common practice to use 
interpolation to add an extra digit or two and to leave the question of 
accuracy unanswered. There are times, however, when it is highly 
desirable to know how accurate a result is. If the problem has been 
solved by interpolation, this means that some sort of error function is 
necessary. In Chap. II, four such error functions were given. We 
shall now list several other such functions for types of problems that are 
normally solved by interpolation. 

In all these functions, n represents the smaller of the two rates used. 

Let s^ f be given, and let i be determined by interpolating between 
the values of and s^_, which for brevity we shall abbreviate by Sl 
and $ 2 , respectively. The value of i obtained by interpolation is too 
small, but the error is less than 


(s 2 


1 

4 Ln(l + fi) n_1 — Si 


— in -f- ii 
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If a^ { is given and i is determined by interpolating between c ?1] = a. 
and ag„ = ai, tbe value of i obtained is too large but the error is less thaD 


1 (Oi — g 2 )f 2 

4 a 2 — n (1 + 


i 2 + i\ 




Let Pi, P, and P 2 be the purchase prices of a bond to yield i h i, and f., 
respectively. If P lies between Pi and P 2 and i is determined by inter- 
polation, the value obtained is too large but the error is less than 

If (Pi ~ P*)fe 

4 LPa: ~ (P - C: 2 )(l + f 2 )- T ‘~ 1 


— + T*l 




where a 2 stands for a^„ and R, C, and n have their usual meaning. 

All the error functions listed here and in Chap. II are special cases of 
the following rather general theorem : 

Theorem. Let f{x) he a function that together with its first three deriva- 
tives is continuous throughout the interval a :S x :g 6. Moreover, let f"(x) 
and f'"(x) be of constant sign throughout the interval. If a, b, f(a), f(b), 
and x are given andf(x) is determined by interpolation, the difference between 
the value obtained by interpolation and the true valve 


E = interpolated value — true value 


satisfies the inequalities 

{b ~(b X - X ar- a) m “ fia) - (6 - = E 

—~ ( ^ x a y: a) [(& - *)m -m +m 

or these inequalities reversed according as f"{x) is positive or negative. 

The proof of this theorem is beyond the scope of this book and will 
not be given here. 1 Its use allows the computer to determine both an 
upper and a lower limit for the error. Here we have given only an upper 
limit for the numerical value of the error and have stated whether the 
interpolated value is too large or too small. We have also weakened 
these results slightly by replacing the factor (b — x)(x — a)/(b — a)- 
by Vi, which is its maximum value. 

For the student with a knowledge of the calculus, the following 
theorem is frequently simpler to use: 

1 The proof will be found in the American Mathematical Monthly, Vol. 53, No. 7, 
p. 364, August-Septembcr, 1946. 
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Theorem. With the same conditions holding as for the -preceding 
theorem, 

E = 1 (b - x)(x - a)f"(t) 

where t is some vahie between a and b. 1 

By giving i values for which /"(f) assumes its maximum and minimum 
values in the interval (a,b), both an upper and a lower limit is obtained 
for the error. 

EXERCISE 45 

1. Find an upper limit for the error for Prob. 1, Exercise 17. 

2. Find an upper limit for the error for Prob. 3, Exercise 17. 

3. Find an upper limit for the error for Prob. 7, Exercise 33. 

1 For a proof see the American Mathematical Monthly, Vol. 54, No. 4, p. 218, April, 
1947. 



♦CHAPTER XH 

LIFE ANNUITIES AND LIFE INSURANCE 

80. Mortality tables. A mortality tabic is essentially a record, based on 
past experience, that shows the number of persons living at successive ages 
out of an original group of a given size. For convenience, the original 
group is usually taken as 1000, 10,000, or 100,000 at a fairly early age, 
usually ten. The table also includes information other than the number 
of persons living at successive ages. The value of this additional infor- 
mation we shall see as we progress. 

One of the most widely used mortality tables is the American Experi- 
ence Table of Mortality, which was first published in 1868. This table 
is based on 100,000 persons alive at age ten and gives the number alive 
for each year thereafter up to ninety-six, when all are recorded as dead. 
A brief excerpt of this table is given below, the complete table being given 
as Table XIII in the tables. 


Age 

X 




Yearly rate of 
survival 

10 

100,000 

749 

0.007490 

0.992510 

u 

99 ,251 

746 

0.007516 

0.992484 

12 

98 , 505 

743 

0.007543 

0.992457 

13 

97,762 

740 

0.007509 

0.992431 

20 

92.C37 

723 

0.007S05 

0.992195 

21 

91,914 

722 

0.007S55 

0.992145 

50 | 

69,S04 

902 

0.023781 

0.9S0219 

71 

30,178 

2448 

0.007065 

0.932335 


79 

5S 

0.734177 

0 .205823 


21 

18 

0.857143 

0.142857 


3 

3 

1.000000 

0.000000 


If we denote by l. the number of persons from the original group who 
live to attain the age x, then the table above shows that ha — 100,000, 

1SS 
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l n = 99,251, ho = 69,804, etc. It is, of course, clear that by successive 
subtractions, the number of persons that die' each year is readily obtained. 
Thus 

ho - hi = 100,000 - 99,251 = 749 

persons died between the ages of ten and eleven. 

If we denote by d x the number of persons in the original group that 
attain age .t but die before reaching age x + 1, then clearly 

( 1 ) d - — lx h+1 

Thus, ds o = 962 means that 962 persons out of the original 100,000 died 
during their fifty years of life. 

Since l x persons attain age x and l x+ 1 of these also reach age x + 1, 
the ratio 

( 2 '' p x = 

is called the rate of survival for persons of age x. Likewise, since d x 
persons die between the ages x and x + 1, the ratio 



is called the rate of mortality, or death rate, for persons of age x. 

The mortality table is the foundation of life insurance and life annui- 
ties and is therefore of fundamental importance. It should be clear that 
a mortality table based on a given group will not agree exactly with 
another table based on a different group. For example, wide differences 
are found in the rate of mortality according to race, sex, occupation, 
standard of living, and various other factors. Consequently, there are 
numerous mortality tables in actual use, and many of these are revised 
from time to time as medical science progresses and general health con- 
ditions improve, thus increasing the span of life. Most life insurance 
companies use at least two mortality tables: one for life insurance and a 
different one for life annuities. For if people die more rapidly than pre- 
dicted by the mortality table, the company pays out faster on insurance 
policies than it has provided for but pays out less on life annuities than 
it has provided for. If people die less rapidly than predicted by the 
mortality table, the situation is reversed. Thus to be safe, a company 
should use different mortality tables for life-insurance policies and life 
annuities. Since the choice of mortality table does not affect the theory, 
in this text all computations will be based on the American Experience 
Table. 
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Tfie fundamental principle that mates iife insurance and life annui- 
ties sound is that persons of a given class do tend to die with approxi- 
mately the same regularity as indicated by a mortality table made up of 
such a group. 

Example. The graduating class of a certain university contained 
500 students aged twenty-one. According to the American Experience 
Table, how many of these will be available to celebrate the fiftieth 
reunion of their class? 

Solution. The question is, essentially, how many of these 500 stu- 
dents will live to attain the age of seventy-one. The American Experi- 
ence Table gives hi = 91,914 and hi = 36,178. Hence the expected 
number is 

500 = 500 — 197 approx. 

Z;i yj.,yi*± 

EXERCISE 45 

1. A certain county has 10,000 fifth-grade pupils all aged ten. How 
manj' of these nail live to enroll in high school (ninth grade), assuming 
that all pass each year? 

2. How many of the students in Prob. 1 will die during their twentieth 
year of life? 

3. Out of 1000 persons aged twenty-one, how many are expected to 
reach age fifty? 

4. Show that /- — — d- - f- dz^-i ~r~ dr—; -f- • ■ • d z j- r .—i. 

81. Pure endowments. .4 contract that promises a person at age x to 
pay S dollars if and when he reaches age x -f- n is called a pure endowment. 
We shall denote by „Z?- the net charge, to be made at age x, for a pure 
endowment of ?1 to be paid at age x -f- n. The value of this symbol is 
easily found as follows: Assume that l z persons of age x each purchase 
such a ?1 pure endowment. The issuing company will collect the amount 
l z X r.E-. If the company invests this amount at the effective rate i, then 
in n years the accumulated amount will be h X r .E~(l -f i)’’. Since there 
will be persons alive at that time to collect $1 each, we get the 
equation 

= L X r.E z (l + ry- 

Solving for r ,E- gives 

F — _ f--r.(l ~r f)~ n 

“ Zr(l + *)** lz 

Since a life insurance company usually evaluates all contracts at the 
same interest rate, and since the discount factor is used more frequently 
than the accumulation factor, it is customary to designate (1 -f- i)~ l by 
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the letter v. Then (1 + i)~ n = v", and the preceding formula can be 
■written as 

a n ?x-fn 


n E x — 


u 


Clearly the value of n E x is readily computed as soon as the interest 
rate is given and the mortality table chosen. However, since the con- 
cept of a pure endowment is so important, it is desirable to express 
„E X in a more convenient form. This can be done bj r multiplying both 
numerator and denominator of the right-hand member above by v x . 
This gives the more symmetric form 


nE x — 


V^l. 


't-f-n 


v% 


We now introduce one of the numerous so-called “commutation symbols.” 
Let us denote the product v k h by Z)*. Then the preceding formula can 
be written as 


( 4 ) 


nEx 


■Dx+n 

D x 


If the endowment is for S dollars, then the present value, or net single 

premium, is given by 

(6) A = S( n E x ) 

The values of the commutation symbols are given in Table XIV. 
These values were computed on the basis of the American Experience 
Table with an effective rate of 3% per cent. 

Example. A young man at age twenty wishes to buy a pure endow- 
ment that ■wall pay him S1000 if he lives to attain the age of fifty. How 
much should he pay for this contract? 

Solution. This is a 30-year pure endowment, and the net single 
premium should be 

A = S{„E X ) = 1000( 3O 5 2o ) = 1000 ^ 

-^20 

From Table XIV we find that D 60 = 12,498.6 and Z> 20 = 46,556.2. 
Consequently, 

a = iooo 3II“ s268 - 46 

82. Life annuities. A life anmdty consists of a set of periodic pay- 
ments , usually equal in size, made over a period of years with each payment 
hang contingent upon the survival of a designated life. The person whose 
life the payments are contingent upon is called the annuitant. All the 
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qualifying adjectives used relative to annuities in earlier chapters of this 
text retain their same meaning when applied to life annuities. We shall 
limit our discussion, however, to life annuities with equal annual pay- 
ments with an annual interest rate of 3%%- Moreover, since in life- 
insurance work the annuity due occurs more frequently than the ordinary 
annuity, the theory will be developed in terms of annuities due, that is, 
annuities for which the payments are considered as due at the beginnings 
of the years. 

83. Whole life annuities. A whole life annuity (due) is a set of yearly 
-payments of R dollars each, to continue as long as the annuitant lives with 
the first one due immediately. 

We will denote by a* (note that the roman a rather than the italic a 
is used here) the present value, or the net single premium, of a SI whole- 
life annuity contingent on the life of ( x ).* It should be immediately 
clear that a whole-life annuity can be thought of as a set of pure endow- 
ments. Thus we have 

a* = o E z + \E Z + iE z + • • ■ to the end of the table 

If the endowment symbols are replaced by the commutation symbols 
[Eq. (4)], we obtain 

D x + D z+ 1 + D z +« 4- • • • to the end of the table 
a * Dl 

We now introduce a second commutation symbol defined by r the 
relation 


Nk — Di. + D ;. + 1 + D) :+ z + • • • to the end of the table 

This symbol is called the “open bar” if and is widely used in America. 
It should not be confused with the single bar N, which is defined as 
A h = Di+i + Di. + 2 + • • • . The single bar N is mainly used by 
European writers. 

In terms of commutation symbols, the annuity symbol can be WTitten 


If the annuity is to pay R dollars instead of SI, then the present value, 
or the net single premium, is given by 

(7) A — Ra z = Rj~ 

1 It is customary to refer to a person aged x as merely (x). 
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Example. A 30-vear-old person wishes to buy a whole-life annuity 
that will pay $100 yearly. What should the net single premium be? 
Solution, Using Eq. (7), we have 

A = i?a~ = lOOaso = 100 


From Table XIY we find that if 3 o = 596,S03.6 and Z> 3 o = 30,440.8. 
Consequently, 

596S03.6 


A = 100 


30440. S 
EXERCISE 47 


= $1960.54 


1. Find the net single premium of a pure endowment of $5000 due 
at the end of 20 years and purchased at age twenty, at age fifty. - 

2. Find the present value of $1000 due at the end of 15 years (a) if the 
payment is certain to be made, (b) if the payment is contingent on the life 
of a person now aged twenty-five. 

3. How large a pure endowment, payable at age sixty, can a man 
aged thirty buy with $1000 cash? 

4. Compute the net single premium for a whole-life annuity of $1000 
per year, purchased at age twenty-five, at age sixty. 

5. A schoolteacher receives $5000 from his retirement fund at age 
sixty. If he uses this to buy a whole-life annuity, what annual payments 
will he receive? 

6. By how much would the answers in Prob. 4 be changed if the first 
annuity payment is not due until 1 year after the date of purchase? 

84. Deferred annuities. A life annuity {due), deferred n years, is a 
contract ■ contingent on the life of the annuitant that will pay R dollars 
annually, with the first payment coming at the end of the nth year. Here 
as with annuities, it is the term of the annuity that is deferred. Thus 
if (x) buys such a contract, he will receive the first payment at the end 
of the year that he attains the age x + n. Just as in the preceding 
section, an annuity of this type may be thought of as a set of pure 
endowments for the purpose of evaluation. If we use the symbol „ j a = to 
represent the present value, or the net single premium, of a $1 annuity', 
deferred n years and contingent upon the life of (x), then 


n a = — -j- r .^E- -f- - - ■ to the end of the table 


This equation can be put into commutation symbols as in the preceding- 
section, and we obtain 


( 8 ) 


a- = 


Xr +n 

D = 
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If the annuity is to pay- R dollars instead of $1, then the present 
value, or the net single premium, is 

(9) A =J?(„!a x ) = 


Example. A thirty-five-year-old person wishes to buy an annuity 
that will pay §500 annually, the first payment to be deferred 25 years. 
What is the net single premium? 

Solution. Using Eq. (9), we have 

A = A(„| a r ) = 500(2 5 1 a 35 ) = 500 ^2 

From Table XIY, we find that 7f 60 = 81,106.38 and P35 = 24,544.7. 
Therefore 


A = 500 


81106.38 

24544.7 


$1652.22 


85. Temporary annuities. A temporary life annuity differs from a 
whole-life annuity in that it terminates after a certain number of pay- 
ments even though the annuitant is still alive. Thus a temporary 
annuity' of 10 payments contingent upon the life of (x) would consist of 
annual payments until either a total of 10 payments have been made or 
(x) dies. The present value, or the net single premium, of a temporary- 
annuity is found as in the preceding sections by considering the annuity 
as consisting of a set of pure endowments. Thus if we denote by 
the present value of a $1 temporary annuity' of n payments contingent 
upon the life of (x), then 


— (>E- + 1 Ex + + • • • + n-iEz 

This equation may be expressed in commutation symbols, the result 
being 


( 10 ) 


= 


N* ~ jjWn 

D x 


If the payments are R dollars instead of $1, then the present value, or 
the net single premium, is 

( 11 ) A = = R 

Example. Find the net single premium of a temporary- annuity’ of 
20 payments of $500 each, contingent upom a life of 30 y-ears. 
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Solution. Using Eq. (11), we have 

A = Ra~^\ = 500a 30 :2E = 500 ~ 

From Table XIY, we find that Nm = 596,803.6, Wso = 181,663.4, and 
Ds o = 30,440.8. Consequently, 


A = 500 


596803.6 - 1S1663.4 
30440.8 


§6818.81 


In connection with the example just solved, it is interesting to note 
that the present value of an annuity due certain of 20 payments of $500 
each at 3)4% effective is S7354.92. Thus it appears that a temporary 
ann uity is not a very attractive contract to an investor. This type of 
contract, however, is widely used for the purpose of buying insurance as 
will be discussed later. 

EXERCISE 48 

1. A person aged forty pays $5000 for a deferred annuity, the first 
payment to be received on his sixtieth birthday. Find how large the 
payments will be. 

2. Mr. Smith, aged forty-five, wishes to retire at age sixty with an 
annual income of $2000. How much should he pay for a deferred annuity 
that will furnish this income? 

3. In his will, Mr. Jones specifies that his son, aged fifteen, is to 
receive a temporary annuity of $1000 per year with the last pajunent 
to be made when he reaches twenty-five. What is the cash value of 
this bequest? 

4. A certain insurance policy for a person aged thirty requires 20 
premiums of $100 each. What net single premium would buy the 
policy? 

6. Show algebraically that a- = + n j a.. 

6. Prove algebraically that a- = a^ + r .E~ ■ a I+n . 

86. Equivalent annuities. It frequently is desirable to replace one 
type of annuity by another type or to use one type to buy a different 
type. For this purpose, tivo annuities are considered equivalent if their 
present values, or their net single premiums, are the same. For example, 
a temporary annuity of n payments of R' would be equivalent to an 
annuity with payments of R", deferred m years, if R ’ = R/'( m | a = ). 

Example. A person aged twenty wishes to retire when he is sixty 
years old. He wishes to buy an annuity that will pay him $1000 on his 
sixtieth birthday and the same amount annually thereafter. He wishes 
to buy this annuity by making annual payments starting now and ending 
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on his fifty-ninth birthday. What annual payments will be required? 

Solution. The annuity consisting of his payments is a temporary 
annuity of 40 payments. The annuity that he will receive is a deferred 
annuity, deferred 40 years. Let R be the required annual payment of 
the temporary' annuity. We now equate the present values of the tv.o 
annuities and get 

^ a :o:<ol = 1000(4. | a :o ) 

Replacing the annuity symbols by commutation symbols and solving 
for R give 


R = 1000 


Nt o 


Ni o - 2h 


= 1000 


81106.3S 


984399.6 - 81106.38 


= $89.79 


87. Other types of annuities. One of the assumptions underlying 
the development of pure life annuities is that the payments are contin- 
gent upon the life of the annuitant. Thus if a person purchased a 
deferred annuity and died before the period of deferrment had elapsed, 
his beneficiaries would receive nothing. This is not an unjust contract 
as it may appear at first sight, since it is based precisely on the assumption 
that payments are dependent on survival. It is possible, however, by 
slightly increasing the cost of the annuity to guarantee certain benefits. 
Thus there are annuity contracts that guarantee to pay' back at least as 
much as they' cost, others that guarantee a certain minimum number of 
payments, and still others that provide for various types of death benefits. 
Most persons when buying annuities prefer one with some such guarantee 
even though the payments that they' will receive are smaller, relative to 
the cost, than for a similar tyqje pure annuity'. 

Although it is possible to develop the theory' of life annuities with a 
wide variety' of guaranteed benefits along lines similar to that used in the 
preceding sections, we shall illustrate only' one ty'pe, namely', a whole-life 
annuity with a guaranteed number of payments. 

Example. Solve the example in Sec. 83 if the first 20 payments are 
guaranteed. 

Solution. Since the first 20 payments are guaranteed, they may' be 
considered as an annuity due certain of 20 payments, and the present 
value of this part of the contract is found by the technique developed in 
Sec. 24. The remaining payments, those which are dependent upon the 
survival of the annuitant, form a deferred life annuity, deferred 20 years. 
The present value of these payments is found as in Sec. 84. Hence the 
present value of the first 20 payments is 

A = R(1 + a^ { ) = 100(1 + = $1470.9S4 
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Using Eq. (9) for the present value of the remaining payments, we have 

A = R( n j a = ) = 100( 2 ola 3 o) = 100^ = $596,776 

The total value of the contract is therefore 

S1470.9S4 -f $596,776 = $2067.76 

This result is $107.22 more than the answer to the example in Sec. 83. 
Thus for a person aged thirty, a $ 100-payment whole-life annuity with 
the first 20 payments guaranteed costs $107.22 more than a pure whole-life 
ann uity of $100 payments. Obviously, most people would be willing to 
pay the small extra amount for the guaranteed payments. 

EXERCISE 49 

1. A person aged twenty-five wishes to receive S2000 annually, the 
first payment to be made on his sixty-fifth birthday. In order to buy 
such an annuity, what yearly payments should he make if the first one is 
made immediately and the last one on his sixty-fourth birthday? 

2. A person aged thirty pays $100 each year into a retirement fund. 
These payments will continue until he reaches sixty. Starting on his 
sixty-fifth birthday, he will receive an annual pension for life. What 
payments will he receive? 

3. Find the difference in the present values of a pure whole-life 
annuity of $500 payments for a person aged thirty and a similar contract 
with the first 25 payments guaranteed. 

4. Solve Prob. 1 if the first 10 payments of $2000 are guaranteed. 

88. Life insurance. The main purpose of life insurance is the pro- 
tection of the dependents of the insured person. Thus a man with a 
wife and children should carry sufficient insurance so that if he were to 
die, his family would not suffer financial hardship. The person to whom 
the pajment is made upon the death of the insured is called the beneficiary. 

There are many different types of insurance policies differing accord- 
ing to the kind of protection that is desired and also according to the 
manner in which the insurance is to be paid for: For example, a policy 
that will pay $1000 upon the death of the insured may be purchased by 
making a single payment, by making annual payments for 20 years, or 
by making annual payments for the rest of the insured’s life. Again, 
a policy may pay S10,000 if the insured dies within 10 years but only 
$5,000 if death occurs at a later date. Actually the number of different 
types of policies is practically unlimited. We shall restrict our dis- 
cussion, however, to only a few of the commonest types of policies. 

For simplicity, we shall assume that death claims are paid at the end 
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of the year in which death occurs instead of immediately afterward as is 
actually the case. Also, we shall consider only the net premiums. The 
gross premiums, or actual premiums, for which companies sell policies 
are slightly higher than the net premiums and are obtained by a process 
called loading. A discussion of loading and gross premiums will not be 
given here. 

89. Whole-life insurance. A whole-life insurance -policy on the life of 
(, x ) is a contract that promises to pay a specified amount to the beneficiary 
of (x) at the end of the year in which ( x ) dies, prodded, of course, that (r) 
pays the premiums as called for in (he contract. 

We shall denote by A- the net single premium that such a SI policy 
should cost. Thus A - is the cost, at age x, of a policy that will pay SI 
at the end of the year in which (x) dies. To evaluate this symbol assume 
that l- persons, all aged x, buy such a SI policy. The issuing company 
will receive l -A- dollars. The number of death claims that must be paid 
at the ends of successive years will be 

d-. d~-i, d x a . «, d-j. 3 , . . . 

The present value of all these claims must equal the amount collected by 
the company. Hence 

l -A - = vd- -f rV.j .1 -f i’ 3 d rJ . : + • • • to the end of the table 

This equation may be solved for A -. However, to obtain a more con- 
venient expression for A., we multiply both sides of the above equation 
by and introduce another commutation symbol defined by the relation 
Ch = d~ l dk- Solving for A - now gives 

, _ C. -f- C.j-i 4- Cb_» 4- • • • to the end of the table 

We define still another commutation symbol by the relation 

If* = (7*4- (?*_! 4- CiJ-i 4- * • • to the end of the table 
We can now write 

( 12 ) A._ = ^ 

If the policy is for S dollars, then clearly' the net single premium will be 
S times the value given by Eq. (12). 

Example. Find the net single premium for a S 1000 policy' for a 
person aged twenty-five. 
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Solution. The net single premium Avill be 

lOOOAas - 1000 & - 1000 - S308.73 

Actually not much insurance is purchased by a single premium. 
Most policies are paid for by either a temporary or a whole-life annuity. 
To compute the annual payments when an annuity is used to purchase 
the insurance, it is necessary only to equate the net single premium for the 
insurance to the present value of the annuity to be used, then solve for 
the annuity payment. 

Let P x be the net annual premium for a SI whole-life policy issued at 
age x, these premiums to be paid as long as (x) lives. These annual 
premiums Anil form a whole-life annuity AA-hose present A-alue must equal 
the net single premium of the policy. Hence 


P x a x = A z 


so that 


If the right-hand side of Eq. (13) is expressed in terms of commuta- 
tion symbols, Ave easily obtain 

(14) P. - * 

Similarly, let n P x denote the net annual premium for a $1 whole-life 
policy, these premiums to be paid for only n years. A policy of this type 
is usually referred to as an n-payment life policy. In this case, the pay- 
ments form a temporary annuity whose present Amlue must equal the 
net single premium of the policA'-. Therefore 


and consequently 




p — 

n* x 


or in terms of commutation symbols, 


nPt = 
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Example. Find the net annual premium for the policy in the pro 
ceding example if the payments are to continue (a) for life, (b) for 20 years. 
Solution, a. Using Eq. (14), we have 


P z = 


M z 
II z 


Af 25 

17 25 


11631.14 

770113.6 


= .015103 


as the net annual premium for a SI policy. For a S1000 policy the 
annual premium would therefore be S15.10. 

b. In this case, the net annual premium is given by Eq. (16). 
Hence 


nP: 


. 1/25 

25 — 45 


11631.14 

770113.6 - 253745.5 


= .0225249 


as the net annual premium for a SI policy. For a $1000 policy the net 
annual premium would therefore be S22.52. 

90. Term insurance. Frequently it is desirable to take out insurance 
for a limited time rather than for a person’s whole life. For example, 
a man buying a new house that he is financing on a 20-j'ear loan could 
carry a term policy on his life so that in the case of his death, the money 
would be available to pay off the loan. Insurance that pays a benefit only 
if the insured dies unthin a specified time is called term insurance. The 
net single premium for term insurance of SI for n years on the life of 
(x) is denoted by the symbol .4L^. The small “ 1 ” placed above the 
letter x means that (x) must die before n years has elapsed in order that 
the benefits be paid. 1 

In exactly' the same manner as in the preceding section, it is easily 
shown that 

, 1r7 , t \ C z + C x _ i + • • • + C Mr ,.i M. — M z u.„ 

(17) A.. :S = ^ ^ 


When the term is 1 year, the above formula reduces to Ahy = C z /D r . 
called the natural premium and usually' denoted by the simpler symbol c ; . 

Example, (a) Find the net single premium for a S1000 policy' issued 
at age thirty' for a term of 20 years, (h) What would the net annual 
premium, payable for 15 y'ears, be for this policy'? 

Solution, a. From Eq. (17), the net single premium for a SI policy 
of this ty^re is 

,41 _ _ il/ao — jl/50 10259.02 — 6355.436 , 

‘ ~ D 3 d ~ 30440. S ~ A2824 

1 The symbol for term insurance should not be confused ■noth A x .~- or A z -r, both 
of which are u=ed in life insurance to represent the present value of certain type- of 
bencfit=. 
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Hence for a $1000 policy the net single premium is $128.24. 

b. Let P be the net annual premium payable for 15 years. The 
premiums will form a temporary annuity whose present value must 
equal the present value of the policy being purchased. Hence 

-^ 30 : 15 ] = moA\ 0 . M 


Substituting commutation symbols and solving for P give 


P = 


1000 


M 30 — All 0 
1^30 — IV 45 


10259.02 - 6355.436 
596S03.6 - 253745.5 


$11.38 


In a more extensive treatment of life insurance, the natural premium 
c- as well as the commutation symbol C. occur sufficiently often that 
their values have been computed and tabulated. For a brief discussion 
such as this is, we have omitted tables for these symbols. The com- 
mutation symbol C- can be obtained from Table XIV and the relation 

C x = M s - M x+ 1 


and the natural premium is then easily obtained from the relation 

c* = C x /D x . 

91. Endowment insurance. A rather popular type of insurance policy 
consists of a term insurance policy and a pure endowment payable to the 
insured, if he is still alive, at the end of the insurance term. When these 
two contracts are combined in this manner, the result is called endowment 
insurance. Thus a 20-year endowment insurance policy for $5000 would 
pay $5000 to the insured's beneficiary if the insured died before the 20 
years had elapsed and would pay $5000 to the insured if he survived the 
20-year term. 

The symbol is used to denote the net single premium for an 
a -year endowment insurance policy of $1 for a person aged x. This 
symbol differs from the one for term insurance in that the “1 ” is omitted 
above the x. 

Since endowment insurance is a combination of term insurance and 
a pure endowment, it follows readily that 

( 18 ) + n E x 

For symmetry, the present value of a pure endowment is sometimes 
written as A^ instead of n E x . The preceding equation is then written 
in the form 
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If the right-hand member of Eq. (18) is expressed in commutation 
symbols, me easily obtain 


(19) 


M- - -f D^n 

= q: 


Example, (a) Find the net single premium for a 20-vear endowment 
insurance policy of 81000 issued at age twenty-five. ( 6 ) Find the net 
annual premium, payable for 15 years, for this policy. 

Solution, a. Using Eq. (19), we have 

, Mi i - M , 5 -f Z ) 4 5 _ 11631.14 - 7192.809 4- 15773.6 

- 5:50 ' Dz, 37673. G 

= .53650 


for a $1 policy, and hence the net single premium for a $1000 policy 
would be 8536.50. 

b. Let P be the net annual premium, payable for 15 years, for this 
policy. These premiums will form a temporary annuity whose present 
value is 8536.50. We 'therefore have 


Pa. S :isi = 8536.50 


Robing for P gives 


P = 


536.50 

*bs:TT, 


= 536.50 -r^r 


-D; 5 


lizi — iV<0 


847.45 


EXERCISE 60 

1. Find the net single premium for a whole-life insurance of 85000 
for a person (a) aged twenty-five, ( 6 ) aged seventy-five. 

2. Find the net single premium for a whole-life insurance of 83000 
for a person (a) aged fifteen, ( 6 ) aged fifty, (c) aged ninety. 

3. How much whole-life insurance can a person aged thirty-five buy 
with 83000 cash? 

4. Find the net single premium for a 5-year term insurance of 
810,000 issued to a person aged forty-. 

5. Compute the net single premium at age twenty for a 25-year 
endowment insurance policy of 85000. 

6 . Compute the net annual premium for the policy in (a), Prob. 1. 

7. Find the net annual premium for the policy- in ( 6 ), Prob. 2. 

8 . Compute the net annual premium, payable for 20 years, for the 
policy- in (c), Prob. 2 . 

9. Find the net annual premium, payable for 20 years, for the policy- 
in Prob. 5. 
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10 . An insurance policy requires annual premiums of $100 payable 
for 20 years. What is the amount of insurance if the insured is thirty 
years old and (a) it is a whole-life policy, (6) it is a 20-year endowment 
insurance policy, (c) it is a 20-year term insurance policy? 

92. Reserves. In Sec. 90 brief mention was made of the natural 
■premium of insurance, that is, the cost of insuring a life for 1 year. This 
natural premium c* = C x /D = increases with the age of the insured. 
However, insurance is usually purchased by equal annual payments. A 
comparison of the natural premium and the net level premium for a 
whole-life policy of $1000 issued at age twenty is given in the accom- 
panying table. 


Age 

Net level 
premium 

Natural 
premium 
at age 20 

20 

7.54 

13.48 

21 

7.59 

13.48 

22 

l 7.64 

13.48 

23 

7.69 

13.48 

50 

13.32 

13.48 

51 

14.05 

13.48 

60 

25.79 

13.48 

70 

59.90 

13.48 

SO 

139. 5S 

13.48 

90 

439.17 

13.48 


This table shows that a person aged twenty who agrees to pay S13.48 
every year for a whole-life policy actually pays more than year-by-year 
term insurance would cost until he reaches age fifty-one, after which 
year-by-year term insurance becomes more expensive. The excess of 
the level premium over the actual cost of, insurance, accumulated with 
interest, builds up a reserve on the policy. Contrary to widespread 
belief, the reserve does not accumulate in early years to be depleted in 
later years but constantly grows regardless of how long the insured lives. 
The reason for this will now be explained. First, it must be clearly 
understood that a policy, say a whole-life policy for $1000, promises a 
total- death benefit of S1000 and does not promise to insure the individual 
each year for $1000. If this latter were the case, the total death benefit 
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should be $1000 plus the reserve. Consequently, when the reserve on a 
polic}' reaches, say, $200, the companj’’ only carries $S00 insurance on 
the life involved, and in case of death pays $S00 insurance and tic 
$200-reserve making a total of $1000 as promised. In order to illustrate 
how reserves accumulate, suppose ho persons aged twenty buy a u hole- 
life policy for $1000 bj- making annual payments. The annual net level 
premium for this policy is $13.48. On the date of issue, the company 
would collect 

f. 0 (1000P 20 ) = 92,637 X 13.48 = $1,248,746.76 

At the end of the first year, this sum would amount to 

$1,248,746.76 X 1.035 = $1,292,452.90 

At this time, the company would pay d» o = 723 death claims of $1000 
each, which would reduce the preceding amount to 

$1,292,452.90 - $723,000 = $569,452.90 

This sum of money, $569,452.90, actually belongs to the remaining 
hi = 91,914 survivors. Thus, at the end of the first year each of the 
hi survivors would have a reserve to his credit of 

$5G9, 452.90/91, 914 = $6.20. 

At the beginning of the second year, each of these hi persons would 
paj' another premium of $13.48, or a total of 

91,914 X 13.48 = $1,239,000.72 

which would increase the fund to 

$5G9, 452.90 -f $1,239,000.72 = $1, SOS, 453.62 

By the end of the second year, this would have accumulated to 

$1,808,453.62 X 1.035 = $1,871,749.50 

Since the company would have to paj- dn — 722 death claims at the end 
of the second 3 'ear, there would remain 

$1,871,749.50 - $722,000 = $1,149,749.50 

as the total reserve for the ho = 91,192 survivors. Thus each survivor 
would now have a reserve of $1,149,749.50/91,192 = $12.61. This 
method ma 3 * be continued until we reach the end of the mortal^ table. 
For the polic 3 * under consideration, the reserves at the ends of the third, 
fourth, fifth, twentieth, fortieth, and sixtieth %'ears are found to be $19.24, 
$26.11, $33.23, $174.90, $478.23, and $790.17, respectively'. 
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4. (a) Find the fifteenth terminal reserve for a 20-payment life policy 
for $1000 issued at age forty. ( b ) Find the twenty-fifth terminal reserve 
for this policy. [Hint: For part ( b ), use Eq. (20).] 

5. Express in commutation symbols the tenth terminal reserve for a 
15-payment 20-year endowment policy issued at age twentj^-five. 

6. Express in commutation symbols the fifteenth terminal reserve for a 
10-payment 20-year term insurance policy for a person aged twenty-eight. 

*7. Prove algebraically that t V x = (i^i — A x )/(1 — A x ). 

*8. Use the result of Prob. 7 to show that t +iV x > t V x . 

93. Concluding remarks. As we have seen in the preceding sections, 
when a policy is purchased by annual net level premiums, reserves are 
built up for the policy. Naturally the question arises as to how these 
reserves are disposed of in case the insurance is dropped before the 
pre mi u ms are all paid or before the insured dies. It has been pointed 
out that these reserves belong essentially to the policyholder. Con- 
sequently if a policyholder discontinues his insurance, he is entitled to 
recover practically all the reserve held on his policy. When a policy is 
discontinued, or sumndered , the policyholder usually has his choice of 
one of the following three options: 

A cash payment. Under this option, the insured receives a payment 
of cash, called the cash surrender value, which is somewhat less than the 
reserve at that time. In most states, the law allows the company to 
make a surrender charge not exceeding $25 per $1000 of insurance. The 
cash surrender value is also the amount of money that the company is 
vailing to loan on the policy. 

Paid-up insurance. Under this plan, the reserve, minus a surrender 
charge, is used to buy a fully paid-up policy of the same type for a 
reduced amount of insurance. 

Extended insurance. In this case, the reserve, minus a surrender 
charge, is used to buy the original amount of insurance for a temporary 
period. 

As an illustration, a whole-life policy for $1000 might offer if sur- 
rendered at the end of 12 years (o) $100 cash, (5) a fully paid-up life 
insurance of $250, or (c) a temporary life insurance of $1000 for 14 years. 
These three options are usually actuarial equivalents or nearly so. 

AH states have rigid regulations governing insurance companies to 
protect the policyholders. Thus there is very little doubt that benefits 
vail be paid. Consequently, premiums are always sufficiently high to 
ensure the safety or soundness of the policy. As a result, under normal 
conditions the company earns more on invested funds and receives more 
in premiums from policyholders than required to meet death benefits and 
build up the required reserves. If the company is a mutual company, 



206 


MATHEMATICS OF FINANCE 


When the commutation symbols are evaluated and the indicated compu- 
tations made, we get bFio = .03323, so that the reserve for a policy of 
S1000 would be S33.23. 

The computation of reserves is greatly facilitated by the use of more 
elaborate tables. For example, tables have been compiled for the 
symbols A z , P-, and a-. With such tables available, the reserves for a 
whole-life policy can be computed directly from Eq. (21) by making one 
multiplication and one subtraction. 

A second method of computing reserves, known as “Facklers accu- 
mulation formula,” can be derived as follows: Suppose that l. persons 
buy a given type of policy for SI at age z. t years later each of the 
survivors will have a reserve of t Y. At the beginning of the (t-fl)st 
year each will pay a premium of P. This total, (<F + P)l z +t, will accu- 
mulate until the end of the year at which time the company will pay 
death claims amounting to d z ±,. What remains constitutes the total 
reserve for the remaining l z +t~i persons. Translating these statements 
into equation form, we have 

(tV + P)(l + i) - d,+ t = 

If we divide through by' h+i+i, setting 

- } :z+t and l z+t = u z+t 

lx+l+l l:+t+l 

the preceding equation may be written 
(24) H1 V = (,F + P)u-^ - 

This final equation is usually referred to as Fackler’s accumulation 
formula. Since obviously 0 F = 0, the first terminal resen T e is given by 

• jF = Pu * - h z 

Equation (24) is then used to get the second reserve, then the third, then 
the fourth, etc. Tables have been compiled that give the values of a. 
and k z . Consequently, by means of Eq. (24), the reserves may be com- 
puted consecutively by performing an addition, followed by a multiplica- 
tion, followed by a subtraction. 

EXERCISE 61 

1. Find the tenth terminal reserve for a whole-life policy for $1000 
issued at age twenty-five. 

2. Find the sixtieth terminal reserve for a whole-life policy for $1000 
is-ued at age thirty. 

3. Compute the tenth terminal reserve for a 20-year term insurance 
policy for $1000 issued at age thirty-five. 
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BOBTAILED MULTIPLICATION 

Illustrative problem. Multiplj r 312.453627 by 2.47132195, 
accurate to the nearest two decimal places. 

Solution. Since there will be, by means of ordinary multipli- 
cation, 14 decimal places in the product, we should obtain the 
same result by multiptying .00000312453627 by 247132195. The 
example is set up as follows: Write the first of the two numbers 
with a vertical line at the decimal point. Since we desire accuracy 
to two decimal places, we shall carry two additional places for 
safety and draw a second vertical line after the fourth digit to cut 
off all multiplication beyond this place. The number in line 2 is 
the second number, but with the digits reversed. The first digit 
of the reversed number is always placed to the left of the cutoff 
line as shown below. 


1 . 

0000 

0312453627 

2. 

5 

91231742 

3. 624 

9072 


4. 124 

9S12 


5. 21 

S715 


6. 

3124 


7. 

936 


8. 

62 


9. 

3 


10. 772 

1724 

or 772.17 


The first number 

The second number, digits reversed 

3124536 X 2 

312-453 X 4 

31245 X 7 

3124 X 1 

312 X 3 

31 X 2 

3 X 1 

add 


The multiplication proceeds from right to left as in ordinary 
multiplication. However, the multiplication always starts with 
the digit directly above the line-2 digit being used in the multipli- 
cation. Line 3 is obtained by multiplying 2 by the line above, 
starting with the 6 directly above the 2. Line 4 is obtained by 
multiplying 4 by the line above, starting with the 3 directly above 
the 4. This procedure is continued until no significant digits 
remain. The results of each multiplication are placed to the left 
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this surplus belongs to the policyholders and is returned to ..hem in the 
form of dividends. A policy that is eligible to receive dividends is called 
a participating policv. There are also stock companies, m contrast to 
mutual companies, which issue nonparticipating policies. In order to 
compete with mutual companies, the gross premiums in a stock company 
are usually substantially lower than in a mutual company. Thus the 
stock company appears cheaper unless the mutual company pays sub- 
stantial dividends. 


APPENDIX H 
COMMON LOGARITHMS 

1. Definition. Let n be a positive number, and let b be 
positive and different from 1. Then the logarithm x of the num- 
ber n to the base b is defined as the exponent on b such that b~ — n. 

When logarithms are used for computation, the base 6 is taken 
to be 10 and the exponent x is called a common logarithm. In this 
appendix, we shall consider only common logarithms and shall use 
the word logarithm to mean the common logarithm. 

For common logarithms, x is the logarithm of n if 10 r = n. 
Thus, 2 is the logarithm of 100, since 10 2 = 100. The statement 
that x is the logarithm of n is written more briefly as x = log n. 
For example, since 10 3 * = 1000, we write log 1000 = 3. 

It should be clear that since logarithms are exponents, they 
are not new; only the notation is new. For a clear understanding 
of logarithms, it is essential that the student be familiar with both 
the exponential and the logarithmic notation and be able to write 
equations in either form. 

Example 1. Find log 1,000,000. 

Solution. Since 10 6 = 1,000,000, log 1,000,000 = 6. 

Example 2. If log n = .5, find n. 

Solution, log n — .5 means that 10- 5 = n. 

Hence 

n = 10« = VlO 
EXERCISE 1 

1. Find log 10,000. 2. Prove that log .01 = — 2. 

3. Find n if log n = - 1 . 4. Prove that log 1=0. 

5. If log 2 = .30103, find lO- 30103 . 6. If 10-«^ = 3, find log 3. 

7. If log 10 J - = x, find x. 8. If log 100= = 2, find x. 

9. Using the laws of exponents, prove that if log a = x and log h = ■?/ 
than ab = 10=+*. 

2. Rules for logarithms. If 10 s = n and HP = m, then by a. 

law of exponents, lO^* = mn. In terms of logarithmic notation, 
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of the cutoff line as in the illustration. The results are added on 
line 10, and the product rounded down to two decimal places. 

If more or fewer decimal places are desired in the final result, 
the cutoff line is changed accordingly. For example, had we 
wanted four-decimal-place accuracy, we would have kept six digits 
(two for safety) between the decimal line and the cutoff line. 
Everything else would remain the same. 
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Table XV contains all the numbers from 1.000 to 9.999 with 
their logarit hms . The decimal point has been omitted from behind 
the first digit of the number and also from in front of its logarithm. 
The sixth digit of the logarithm, in general, is not exact, since the 
logaritlim has been rounded off to six places. The first three digits 
of the number appear below n, and the last digit appears in the 
row at the top of the page. The logarithm of the number is given 
in the row and column determined by the four digits of the number. 

Example 1. Find log 3.245. 

Solution. For the moment, ignore the decimal point. Follow the 
row across from 324 until the column under 5 is reached. The digits 
1215 are found. For compactness, the first two digits of the logarithm 
are printed only in the first column under 0. Thus the digits 51 must be 
placed before the 1215, so that the complete logarithm consists of the 
digits 511215. A decimal point is understood to precede all six digits, 
so that the complete logarithm is .511215 and we write 

log 3.245 = .511215 

Example 2. Find log 2.345. 

i Solution. The row and column determined by 234 and 5 contain the 
entrjr *0143. The asterisk indicates that the first two digits are to be 
taken from the next line. Thus, 37 rather than 36 are the first two digits 
of the logarithm. Consequently, log 2.345 = .370143. 

When a number is given accurate to five digits, it lies between 
two entries in the table and interpolation can be used to find the 
logarithm. An example will illustrate the method. 

Example 3. Find log 3.5516. 

Solution. The number 3.5516 lies between 3.5510 and 3.5520, both 
of which are in the tables. The numbers and their logarithms are 
arranged in tabular form below. Decimal points have been omitted. 


10 


n 

log n 

35520 

550473 

( 35516 

? ) 

( 35510 

550351 j 


122 
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this statement would be written : If log n — x and log m — y, then 
log mn = x + y or 

(1) log mn = log m + log n 

Similarly, since n/m = 10 T ~ V , we write log (n/m) = x — y or 

(2) log ^ = log n - log m 


Moreover, since n p = (10 I ) P = 10 px , px = log n p , or 

(3) log n v = p log n 

Equations (1), (2), and (3) state symbolically the three funda- 
mental laws of logarithms. They are merely restatements of lavs 
of exponents. Thus, Eq. (1) states in effect that when the bases 
are alike, adding exponents (or logarithms) multiplies the numbers. 

Example. Given that log 2 = .30103, find log 5. 

Solution. Since 10 1 = 10, log 10 = 1. 

By rule 1, 

log ~ = log 10 - log 2 = 1.00000 - .30103 

Therefore 

log 5 = .69897 


Given, log 2 
1. log 6. 

4. log 9. 

7. log 810. 

10 . 10 '- 47713 . 


EXERCISE 2 

.30103 and log 3 = .47712, find 

2. log 1.5. 3. log 20. 

5. log 2 5 . 6. log 128. 

8. log 1200. 9. 10- 60306 . 

11. log lOn. 12. log 10 p ». 


3. Logarithms of the numbers from 1 to 10. .Since x = log n 
if 10 r = ?!, the logarithms of the integral powers of 10 are easily 
determined. However, the computation of the logarithms of 
other numbers is a more difficult task. It is beyond the scope of 
this book to discuss the computation of the logarithms of numbers 
in general. Suffice it to say that the equation 10 r = n has been 
solved for x for all values of n, including fractions to three decimal 
places, from 1 to 10. The results, accurate to six decimal places, 
are recorded in Table XV. When we have learned to read the 
logarithms of these numbers, we shall obtain from these, the 
logarithms of numbers above and below the range of the table. 
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Table XV contains all the numbers from 1.000 to 9.999 with 
their logarithms. The decimal point has been omitted from behind 
the first digit of the number and also from in front of its logarithm. 
The sixth digit of the logarithm, in general, is not exact, since the 
logarithm has been rounded off to six places. The first three digits 
of the number appear below n, and the last digit appears in the 
row at the top of the page. The logarithm of the number is given 
in the row and column determined by the four digits of the number. 

Example 1. Find log 3.245. 

Solution. For the moment, ignore the decimal point. Follow the 
row across from 324 until the column under 5 is reached. The digits 
1215 are found. For compactness, the first two digits of the logarithm 
are printed only in the first column under 0. Thus the digits 51 must be 
placed before the 1215, so that the complete logarithm consists of the 
digits 511215. A decimal point is understood to precede all six digits, 
so that the complete logarithm is .511215 and we write 

log 3.245 = .511215 

Example 2. Find log 2.345. 

Solution. The row and column determined by 234 and 5 contain the 
entry *0143. The asterisk indicates that the first two digits are to be 
taken from the next line. Thus, 37 rather than 36 are the first two digits 
of the logarithm. Consequently, log 2.345 = .370143. 

When a number is given accurate to five digits, it lies between 
two entries in the table and interpolation can be used to find the 
logarithm. An example will illustrate the method. 

Example 3. Find log 3.5516. 

Solution. The number 3.5516 lies between 3.5510 and 3.5520, both 
of which are in the tables. The numbers and their logarithms are 
arranged in tabular form below. Decimal points have been omitted. 


10 


n 

log n 

35520 

550473 

35516 

? 

35510 

550351 


122 
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Assuming that corresponding differences are proportions], we get 

c _ J3_ 

122 - 10 


Solving for c, we find that c — 73 when rounded off to the nearest whole 
number. Consequently we find that log 3.5516 = .550424. 


EXERCISE 3 


Find the logarithms of the following numbers, using interpolation 
when necessary. 


1. 1.244. 

4. 7. 

7. 0.4331. 

io. 2 y 2 . 

13. 9.3578. 


2. 3.75. 

5. 8.7765. 

8. 8.4444. 
11. 2.4536. 

14. 7.7004. 


3. 5.6. 

6. 3.091. 

9. 3.1416. 
12. 6.37. 

15. 5.0007. 


4. Logarithms of other numbers. The logarithms of the num- 
bers from 1 to 10 are readily found from the tables. The loga- 
rithms of other numbers can be found rather easily from these. 
For if n is any number, 

(4) log lOn == 1 -f log n 

(5) log^=logn-l 


Thus, multiplying a number by 10 adds 1 to its logarithm and 
dividing a number by 10 subtracts 1 from its logarithm. By 
repeated use of Eqs. (4) and (5) the logarithm of any number can 
be obtained from the logarithm of a basic number by the addition 
or subtraction of an integer. For example, 23.7 is obtained from 
2.37 by multiplying by 10 once. Hence log 23.7 = 1 + log 2.37. 
Similarly, 2370 = 2.37 X 1000. Therefore log 2370 = 3 -f- log 2.37. 

The logarithm of any number may be thought of as consisting 
of two parts: one the logarithm of the basic number and the other 
the integer added to or subtracted from this logarithm. The loga- 
rithm of the basic number is called the mantissa of the logarithm of 
the number. The integer added to or subtracted from the mantissa is 
called the characteristic of the logarithm of the number. If the decimal 
point lies between the first and second significant digits of a num- 
ber, the characteristic of the logarithm is 0. This position of the 
decimal point is called the standard position. Since multiplying or 
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dividing a number by 10 merely moves the decimal point, the 
following rule for the characteristic of its logarithm can be used. 

The characteristic of the logarithm of a number is equal to the 
member of moves necessary to change the decimal point from the 
standard position to its actual position. The characteristic is 
positive if the moves are to the right, negative if to the left. 

The logarithm of any number is obtained by combining its 
characteristic and its mantissa. Its characteristic is found by 
the rule above. Its mantissa is equal to the logarithm of the 
basic number, that is, the number with the decimal point in the 
standard position. 

Example 1. Find log 324.5. 

Solution. To find the mantissa, find the logarithm of the basic num- 
ber 3.245. Since log 3.245 = .511215, this is the desired mantissa. 
The number of moves necessary to change the decimal point from stand- 
ard position to its actual position is two to the right. Therefore the 
characteristic is +2 and log 324.5 = 2.511215. 

Example 2. Find log .02345. 

Solution. Since log 2.345 = .370143, the mantissa is .370143. The 
decimal point requires two moves to the left to change it from standard 
position to its actual position. Therefore the characteristic is —2, and 
log .02345 = .370143 - 2. 

When the logarithm of a number is negative, as in E xam ple 2, 
it is technically correct to combine the characteristic and mantissa 
so that we could write log .02345 = —1.629857. This form, 
however, is seldom used, since it contains a negative decimal, 
—.629857, which is not listed in the tables. It is a common 
practice, however, to write the characteristic —2 in the form 
8.000000 — 10. Thus we could unite log .02345 = 8.370143 — 10. 
It should be clear that all three of these forms are numerically 
equivalent. Thus 

log .02345 = .370143 — 2 = S.370143 - 10 = -1.629857 
are all correct, but the first two forms are preferred. 

EXERCISE 4, 

The first nine problems are to be done orally. 

Given log 3.5516 — .550424 and log 2 = .301030. Find 
1. log 35.516. 2. log 2000. 3. log .35516. 

4. log 355.16. 6. log .2. 6. log 20. 
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7. log 35516. 8. log .00002. 9. Jog 3551.6. 

Use the table for the remaining problems. In each ease, find the 
complete logarithm. Interpolate when necessary. 

10. log 45.45. 11. log 57. 12. log .789. 

13. log .0606. 14. log 3500. 15. log 10,000. 

16. log .005. 17. log .025. 18. log 500.25. 

19. log 32,642. 20. log .79S75. 21. log .301030. 

5. Antilogarithms. So far, me have concerned ourselves with 
the problem: given a number, t-o find its logarithm. We proceed 
now to the converse problem: given the logarithm of a number, 
to find the number. The number that corresponds to a given 
logarithm is called the aniilogariihm. 

The procedure to be follow ed is to search the body of Table XY 
in an attempt to find the mantissa listed there. If it is found 
there, the basic number corresponding to it is determined by the 
row and column in which the mantissa stands. When just the 
mantissa is considered, the decimal point is understood to be in 
standard position, that is, just after the first digit of the number. 
It is now necessary to move the decimal point to its actual position 
in accordance with the rule for characteristics as stated in the 
preceding section. 

If the given mantissa is not found in the table, it will lie 
between two mantissas that are in the table and the number can 
be found by interpolation. 

Example 1. If log n = 2.877544, find n. 

Solution. The mantissa .877544 is found in the body of the table 
in the row opposite the number 754 and in the column under 3. There- 
fore the number with the decimal point in the standard position is 7.543 
Since the characteristic is -f 2, the actual position of the decimal point h 
two places to the right of the standard position. Therefore n — 754 3. 

Example 2. If log n = 9.770360 — 10, find n. 

Solution. The mantissa .770360 lies between the mantissas .770410 
and .770336 Therefore interpolation is necessary. The matissas anti 
the corresponding numbers are arranged in the form of a table as shown 
on page 217. All decimal points are omitted. 

Assuming that corresponding differences are proportional, we have 

c _ 24 
100 74 
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74 


Mantissa 

Number 

770410 

5S9400 

f 770360 

? 

24| 


l 770336 

5S9300 


Therefore c = 32.4, or 32 to the nearest whole number. Adding this to 
589300, we get as the basic number with the decimal point in standard 
position, 5.S9332. The characteristic is 9 — 10 = —1. Therefore the 
actual position of the decimal point is one place to the left of the standard 
position. Therefore n = .59S332. 

It must be remembered that the last digits of the mantissas 
listed in the table are not exact. Moreover, the interpolation pro- 
cedure is based on the assumption that corresponding differences 
are proportional, which is only approximately true. Conse- 
quently, the last digit of the number found by interpolation may 
contain a small error. 


Example 3. If log n — — 1.3S3, find n. 

Solution. This logarithm is negative and not in the conventional 
characteristic-mantissa form. It must be changed to this form before the 
tables can be used. This is done by adding and subtracting 10 from the 
given logarithm. Thus 

-1.3S3 = (10 - 1.3S3) - 10 = 8.617000 - 10 

It is now possible to find the basic number 4.14 from the table. Since 
the characteristic is —2, the decimal point is moved two places to the 
left and n = .0414. 

EXERCISE 5 


Do the first nine problems orally. If log 3.122 = .494433, log 7 = 
.S4509S. and log 8.2 => .913814, find n when 


1. log n = 1.494433. 

3. log n = 2.913814. 

5. log n = -.505567. 

7. log n = 2.494433. 

9. log n = 8.845098 - 10. 


2. log n = 4.845098. 

4. log n = 3.913814. 

6. log n = — 1.0S6186. 

8. log n = 7.S45098 - 10. 


The remaining problems should be written out. Use interpolation 
when necessary. In each case, find n if log n equals 
10. .934751. 11. 1.883207. 12. .860428 

13. 3.936182. 14. 9.903090 - 10. 16. 7.707570 - 10. 
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16. S.C37750 - 10 17. 9.461398 - 10. 18. 4.210051. 

19. -1.749824. 20. -2.476675. 21. 3.141590. 

6. Multiplication and division. Logarithms may be used 
to simplify the arithmetic processes of multiplication and 
division. For suppose we wish to compute the value of 
(2.375 X S.24) -*■ 10.3. Using the table of logarithms, we find 
that log 2.375 = .375664. This means that 10 375664 = 2.375. 
Similarly we find that S.24 = 10 s15927 and 10.3 = 10 1 - 012537 . We 
now replace the numbers in the problem by their equals and obtain 

2.375 X S.24 10.3 = 10- 373 ' 54 X 10- 915927 -s- lO 1 - 012537 

_ 1Q.37SG64+.91S927— 1-012B37 
= 10 278754 

Since .278754 is an exponent of 10, it is the logarithm of the 
answer to our problem. Using the teelmique of the preceding 
section, we find that the number 1.9 corresponds to this loga- 
rithm. Thus, 2.375 X S.24 -f- 10.3 = 1.9. It should be observed 
that the problem was solved by using only tables and addition 
and subtraction. Actually the procedure may be further simpli- 
fied by using logarithmic notation throughout. Thus if we set- 
?! = 2.375 X 8.24 -r- 10.3 and take logarithms of this equation, 
we get, using Eqs. (1) and (2), 

log n = log 2.375 4- log S.24 — log 10.3 

Substituting the logarithms of the given numbers in the above 
equation, we get 

log n = .375664 + .915927 - 1.012837 = .27S754 

Now using the tables to find the number corresponding to the 
logarithm .27S754, we obtain n = 1.9. The only difference in 
the two solutions is the form of presentation. The logarithmic 
notation becomes more advantageous as the complexity of the 
problem increases. 

Example 1. Using logarithms, compute n = 43.73 X .01326. 

Solution. Taking logarithms of both sides of the given equality, 
we get 


log n = log 43.73 4 log .01326 
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Finding the logarithms of the given numbers and substituting them in the 
logarithmic equation give 

log n = 1.640779 + (8.122544 - 10) = 9.763323 - 10 

The characteristic of this logarithm is —1, and the mantissa is .763323. 
This mantissa lies between the two mantissas .763353 and .763278. By 
interpolation, we find that the number corresponding to the given 
mantissa is 5.79860. Since the characteristic is —1, the decimal point 
must be moved one place to the left, so that n = .579860. 

Example 2. Using logarithms, compute n = 3.914/16.48. 

Solution. Taking logarithms of both sides of the given equality gives 

log n = log 3.914 — log 16.48 

Substituting the logarithms of the given numbers gives 

log n = .592621 - 1.216957 

The logarithm is negative and equal to —.624336. We can change 
the form of this negative logarithm to 9.375664 — 10 by adding and 
subtracting 10 as was done in Example 3 of the preceding section. How- 
ever, the same result is obtained more quickly by adding and subtracting 
10 from the smaller of the two logarithms in the preceding logarithmic 
equation. Thus 

log n = 10.592621 - 10 - 1.216957 = 9.375664 - 10 


The number corresponding to the mantissa .375664 is 2.375. Since the 
characteristic is —1, the decimal point must be moved one place to the 
left, so that n = .2375. 


If n = 10*, it follows readily that n is positive regardless of 
whether x is positive or negative. Therefore logarithms for nega- 
tive values of n do not exist in the usual sense. However, com- 
putations involving negative factors can be performed by first 
determining the sign of the answer by inspection, then computing 
the numerical value of the answer by ignoring all negative signs. 

EXERCISE 6 


Use logarithms to perform the 
1. 1.275 X 5.24. 

3. .564 X .1725. 

.105 

' . 00112 ' 


following computations. 
2. .8625 X 46.4. 

. 19.57 

4 - W 

c 59.67 
6> 153“ 
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7. 

2.457 

182 

8. 

23.1 X .005668 
.7235 

9. 

4205 X 1-034 

10. 

35S.75 

78.42 X -672 

56 X 2.07 

11. 

512.42 X 5 Ks X -0355. 

12. 

15.86 X o 

172.66 

13. 

55.2 X 27.5 X 16.6 

14. 

.332 X -096 X 144 

1728 

563.29 

.23671 

15. 


72.G69 X 5280 '3600 




7. Exponents and radicals. In performing computation? 
involving powers and roots of numbers, we use the same pro- 
cedure as before. The logarithmic equation is first written, the 
logarithms are then substituted into this equation, and the indi- 
cated computations are made. In order to use Eq. (3), all roots 
are changed to exponential form. 

Example 1. Using logarithms, find n — \/40.5. 

Solution. We first write n = (40.5) Taking the logarithm o: both 
sides of this equation gives 

log n = y 2 log 40.5 

log n = tf (1.G07455) = .S0372S 

Using interpolation to find the antilogarithm gives n = 6.36397. 
Example 2. Using logarithms, find S = 1246(1.043) n . 

Solution. Taking the logarithm of both sides of the equation gives 

log S = log 1246 -f 25 log 1.043 

Looking up these logarithms, we get 

log S = 3.09551S -b 25(.01S2S4) = 3.552618 

Using the tables and interpolation to obtain the antilogarithm, tre find 
that S = 3569.59. 

Example 3. Compute by logarithms n = l/(7.92) ! . 

Solution. We rewrite the equation as n = (7.92) -1 . The correspond- 
ing logarithmic equation is 

log n = -Slog 7.92 = -S(.S9S725) = -7.1S9SOO 

It must be remembered that the mantissas in the logarithmic tables are all 
positive. Therefore it is necessary to change the form as was done in 
Example 3, Sec. 5. Thus 

log 71 = 10 - 7.189S00 - 10 = 2.810200 - 10 
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Finding the antilogarithm, we get n = .00000006 4595 1. 

Example 4. Compute by logarithms r = -v^.055. 

Solution. We first write r = (.055)^. Then 

log r = l log .055 = \ (8.740363 - 10) 

* o o 

If the indicated division is performed, we obtain 

log r = 2.913454 - 3.333333 = -.419879 

This result is now changed into the characteristic-mantissa form as in 
previous examples, and we get log r = 9.580121 — 10. The foregoing 
arithmetic can be materially simplified by changing the form of the 
characteristic before the division. Thus, the characteristic —2 may be 
written as 8 — 10, 1 — 3, 28 — 30, or innumerable other ways. Using 
the latter form, we have 

log r = l (28.740363 - 30) = 9.580121 - 10 

O 


In either case, the antilogarithm is r = .380296. 


EXERCISE 7 


Compute each of the following by logarithms. 
1. (1.026) 7 . 2. 

4. 25.76(1.032) 22 . 6. 15,000(.6316) 30 . 


3. a/O 2. 

6. 152.50(1.068) -8 . 


7. 3200(1.0025)- 20 . 

5 1 

10 . 


7 


135 


3113 


13. (.8663) -12 . 


8. v^2. 


11 . 


1 


24.60 
396 ' 


14. V-231 X 3.1416. 


9. -^.0468. 


12. (1.095) -10 . 


15. 


’VL6 

.77317' 


8. Exponential equations. Logarithms may be used to solve 
equations of the form a x = b, for the exponent x when a and b are 
known. No new technique is required. Equate the logarithms 
of each side, substitute the known logarithms in this equation, and 
solve the resulting equation for x by ordinary algebraic methods. 


Example 1. Solve the equation (LOSS)® = 2.5 for x. 

Solution. Taking logarithms of both sides of the given equation gives 


x log 1.033 = log 2.5 


Substituting the logarithms of the given numbers into this equation 
yields 


x(. 014100) = .397940 
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This is a simple algebraic equation and can be solved in the same manner 
as similar equations encountered by the student in previous work. If 
both sides of this equation are divided by .0141, we obtain 


.39794 

.0141 


28.223 


the final result being obtained by long division. In cases where this 
final long division becomes tedious, logarithms may be used to perform 
this division. Thus, if we take logarithms of the equation 


we get 


.39794 
* 7 .0141 

log x = log .39794 — log .0141 


Looking these logarithms up, we have 

log x = (9.599818 - 10) - (8.149219 - 10) = 1.450599 

The antilogarithm of this value is x = 2S.2227, or 28.223. 
Example 2. Solve the following equation for n. 


875(1.02)” = 1800 


Solution. Taking logarithms of both sides, we obtain 
log 875 + n log 1.02 = log 1800 
Substituting the logarithms of the given numbers gives 


2.94200S + n(.008G00) = 3.255273 


This equation is solved for n by ordinary algebraic methods. We sub- 
tract 2.942008 from both sides of the equation, then divide by .0086. 
The result is 


3.255273 - 2.942008 
.0086 


= 36.426 


Example 3. Solve the equation 2350 (.785) 1 = 365 for x. 

Solution. Taking logarithms of both sides, we get 

log 2350 + x log .785 = log 365 
Substituting the known logarithms gives 

3.371068 4- x(9.S94870 - 10) = 2.562293 

Since the unknown in this equation is x, and not log x, it is no longer 
necessary or desirable to write the logarithm of .785 in the customary 
characteristic-mantissa form. This form is necessary only when anti- 
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logarithms are to be found. If we change this logarithm to its negative 
equivalent, we get 

3.371068 - .105130a: = 2.562293 
Solving for x by ordinary methods gives 

2.562293 - 3.371067 _ -.808775 _ 9 

* -.105130 -.105130 


EXERCISE 8 


In each case, solve for x. 
1. (1.024)* = 2.256. 

3. 6950(1.073)* = 15480. 

6. (.8531)* = .05. 

7. 126(.75)» = 30. 

9. = 2048. 

11. 2 I_1 = 12 X 3"-*. 


2. 2* = 65536. 

4. 825.25(1.044)* = 1000. 
6. (.9)* = .09. 

8. 150(:626)* = 15. 

10. 3* = 5 X 2*. 

12. logs 10 = x. 


9. Equations involving addition and subtraction. It will be 
remembered that the three rules of logarithms provide a means 
for multiplying numbers, dividing numbers, and raising numbers 
to powers. Even the simplest addition or subtraction cannot be 
done by means of logarithms. However, logarithms can be used 
in solving many equations involving addition and subtraction 
provided either (a) the form of the equation can be changed to 
avoid the addition or subtraction or (6) a part of the problem 
does not involve addition or subtraction. Factoring can often be 
used to change the form of an equation. 

Example 1. Find n = V (2.75) 2 - (1.065)*. 

Solution. The form of the equation can be changed by factoring. 
Since a 2 — b- = (a + 5) (a — 6), 

(2.75 T- - (1.065) 2 = (2.75 + 1.065) (2.75 - 1.065) = 3.815 X 1.685 
Therefore n = (3.815 X 1.685)* 4 . We now take logarithms and get 
log a = ~ (log 3.815 + log 1.685) = | (.581495 + .226600) = .404048 

Finding the antilogarithm, we get n = 2.53541. 

Example 2. Solve for x. [(1.044)* — l]/.044 = 10.5. 

Solution. In this example, some preliminary arithmetic work is 
necessary to eliminate the subtraction in the numerator. We multiply 
both sides of the given equation by .044. This gives 

(1.044)* - 1 = 10.5 X .044 = .462 
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Adding 1 to both sides gives 

(1.044)* = 1.462 

This equation is now solved by logarithms in the same manner as Example 
1, Sec. 8. We have 


x log 1.044 = log 1.462 
x(.01870Q) = .164947 


_ .164947 
.0187 


8.821 


Example 3. Compute the value of a = [1 — (1.052)~ 2ff ]/.052. 
Solution. The subtraction in the numerator prevents the direct 
use of logarithms. However, the most difficult part of the computation, 
finding the value of (1.052) - - 0 , can be done with the aid of logarithms. 
To this end we set x = (1.052) -20 . 

Then log x = -20 log 1.052 = -20(.022016), and 

log x = -.440320 = (10 - .440320) - 10 = 9.559680 - 10 

Finding the antilogarithm, we get x = .362811. This value, .362811, is 
now substituted in the original equation for (1.052) -20 . Thus, 


_ 1 - .362811 
.052 


.637189 

.052 


= 12.254 


EXERCISE 9 

Find the unknown letter with the aid of logarithms. 
1. x= = (25.15) 2 - (17.65)=. 2. 

3. 1 - x = N/A025. 4. 

„ 2x s — 1 


7. a = 


= 13. 

i 

1 - (1.003)- 25 
.003 


9 - (‘ + A)” - (* + 1)” 


6. s = 


10 . 


x + 1 = v / L72. 

(x/4 + l)- 1 = 1.0648. 
(1.026) - 1. 
.026 

(l-09) n ~ 1 _ so 

.09 U ’ 

1 - (1.087)- _ 

• .0S7 4 ' & ’ 



APPENDIX EH 
PROGRESSIONS 


1. Arithmetic progressions. Suppose we start with the num- 
ber 7 and count by fives up to 32. The following sequence of 
numbers results: 7, 12, 17, 22, 27, 32. Each number of this 
sequence can be obtained from the preceding number by adding 
a constant number, in this case 5. This is an example of an 
arithmetic progression. Any sequence of numbers with the property 
that each number in the sequence, after the first, can be obtained from 
the preceding one by adding the same constant is called an arithmetic 
progression, or, more briefly, an A.P. The numbers of the sequence 
are called the terms of the progression, and the difference between 
each number and the preceding one is called the common difference. 
If the common difference is negative, the terms of the A.P. decrease 
as in the progression 21, 17, 13, 9, 5. In this case, the common 
difference is —4, and we can obtain any term, after the first, by 
adding —4 to the preceding one. 

Let us write eight terms of an A.P. whose first term is a and 
whose common difference is d. We obtain the sequence 

(1) (2) (3) (4) (5) (6) (7) (8) 

a, a d, a + 2d, a + 3d, a + 4d, a + 5 d, a + 6 d, a + 7d 

Above each term is written the number, or index, of the term. 
It should be noted that the coefficient of d in any term is always 
one less than the index, or the number of the term. Thus if the 
sequence were continued, the seventeenth term would be a + 16d 
and the sixtieth term would be a + 59 d. Hence by observing this 
rule, any term can be written without writing the intermediate 
ones. If there are n terms in the progression, the coefficient of d 
for the last term will be n — 1. If this last term is called l, then 

(1) l — a -f- (n — l)cf 

If we are given any three of the four letters l, a, n, and d, it is 
possible to solve this equation for the remaining one. 
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If an A.P. contains more than two terms, the terms between 
the first and last are called arithmetic means. If the first and last 
terms are given, it is possible to insert an}' number of arithmetic 
means between these two. For since a and l are given and n is 
two more than the number of means to be inserted, Eq. (1) can 
be solved for d. The progression can then be written by starting 
with a and adding d repeatedly. 

Example 1. A boy swims 100 yd. one daj r and increases the distance 
by 20 yd. each day. What distance does he swim on the fourteenth day? 

Solution. The problem is that of determining the fourteenth term 
of the A.P. 100, 120, 140, .... We have a = 100, d = 20, n = 14, 
and we are to find l. Substituting these values in Eq. (1) gives 

l = 100 + 13 X 20 = 360 yd. 

Example 2. Insert three arithmetic means between 17 and 33. 
Solution. We have a = 17, l = 33, and n = 5, since three means 
are to be inserted between a and 7. Substituting these values in Eq. 
(1) gives 

33 = 17 + 4 d and d = 4 

Now starting with 17 and repeatedly adding 4, we get the entire 
progression 

17, 21, 25, 29, 33 

The three means are 21, 25, and 29. 

Example 3. The third term of an A.P. is G, and the seventh term is 
— 14. Write the first three terms of the progression. 

Solution. Since the third term is 6, 

a + 2d = 6 

Similarly 

a + Gd = -14 

Thus we have two linear equations to be solved for the two unknowns 
a and d. Subtracting the second equation from the first gives 

—4 d = 20 and d = — 5 

Substituting this value for d in the first equation gives 

a + 2( — 5) = 6 and a = 16 

Since a and d are known, we can now write as many terms of the progres- 
sion and we please; in particular, the first three terms are 16, 11, and 0. 

2. Geometric Progressions. Let us consider the sequence of 
three numbers: 36, 4S, 64. Since the difference between the 
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second and the first is 12 and the difference between the third 
and the second is 16, there is no common difference and the num- 
bers do not form an A.P. However, the ratio of the second to the 
first is 48/36 = 4/3, and the ratio of the third to the second is 
64/4S = 4/3. Thus the ratio of each term to the preceding one 
is constant. A sequence of numbers with the property that the ratio 
of each term to the preceding one is constant is called a geometric 
progression, or a G.P. 

Multiplying any term of a G.P. by the common ratio gives the 
following term. Thus, in the example above, 36 X M = 48, 
and 48 X % = 64. The progression’s fourth term would be 
64 X = 85}{. If the common ratio is negative, the terms of the 
G.P. will alternate in sign as in the G.P. 3, —6, 12, —24, 48. Here 
the common ratio is —2. 

If we write eight terms of the G.P. whose first term is a and 
whose common ratio is r, we obtain the sequence 

(1) (2) (3) (4) (5) (6) (7) (8) 

a, ar, ar-, ar 3 , ar*, ar 6 , ar% ar 7 

Above each term is written the number, or index , of the term. 
It should be noted that the exponent of r is always one less than 
the index, or number of the term. Thus if the sequence were con- 
tinued, the seventeenth term would be ar 16 and the sixtieth term 
would be ar 59 . Hence by observing this rule, any term can be 
written without writing the intermediate ones. If there are n 
terms in the progression, the exponent of r for the last term will be 
n — 1. If this last term is called l, then 

(2) l = ar n_1 

If any three of the four letters l, a, r, and n are given, it is 
possible to solve Eq. (2) for the remaining one, although in certain 
cases the solution will be imaginary. Progressions with im aginary 
solutions will not be considered here. Since Eq. (2) involves an 
exponent, logarithms are frequently useful for solving Eq. (2). 

If the G.P. contains more than two terms, the terms between 
the first and the last are called geometric means. The problem of 
inserting a given number of geometric means between two num- 
bers is essentially that of solving Eq. (2) for r when a, l, and n 
are given. 



22S 


MATHEMATICS OF FINANCE 


Example 1. The value of a certain machine at the end of each year 
is one-half as much as its value at the beginning of the year. If the 
macliine originally costs S10,000, find its value at the end of 10 years. 

Solution. The value at the end of the first year is S5,000; at the end 
of the second year, $2,500; at the end of the third year, SI, 250; etc., each 
successive value being one-half of the preceding one. These numbers 
form a G.P. in which a = 5000, r = }$, and n = 10. The tenth term is 
therefore 


l 


= ar 9 = 5000 



5000 

512 


= S9.77 


Example 2. Insert three geometric means between 16 and 81. 
Solution. We have a = 16 and l = 81. Since three means are to 
placed between these numbers, n = 5. Substituting these values in 
Eq. (2), we get 

Q 1 

81 = 16r< or r 1 = — 


Taking the fourth root of both sides of this last equation gives r = 
The complete progression can now be written. It is 16, 24, 36, 54, 81. 
The three geometric means are 24, 36, and 54. Since r — — % is also a 
solution of the above equation, a second set of geometric means is —24, 
36, and —54. 

EXERCISE 1 

Determine which of the following progressions are arithmetic, which 
are geometric; write the fourth term of each; and find the term indicated. 

1. 1, —2, 4, . . . 8th term. 2. —2, 1, 4, . . . 20th term. 

3. 32, 48, 72, . . . 5th term. 4. 36, 4S, 60, . . . 9th term. 

6. —32, — 4S, —72, . . . nth term. 

6. —36, —48, —60, . . . 10th term. 

7- H, Hh ~H, ■ ■ ■ 12th term. 

8. %, Vi, H, ■ ■ ■ 7th term. 

9. 100, 101, 102.01, ... 6th term. 

10. 35.2, 34, 32.8, . . . 25th term. 

Insert the indicated number of arithmetic means between the given 
numbers. 

11. 6 and 9, six means. 12. 12 and 27, one mean. 

13. 27 and SI, two means. 14. 4S and —32, three means. 

16. —12 and 28, four means. 16. 56.6 and 11.6, nine means. 

Insert the indicated number of geometric means between the given 
numbers. 
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17 . 12 and 27, one mean. 18 . 24 and 81, two means. 

19 . 625 and 256, three means. 20. 16 and four means. 

21 . Prove that if one arithmetic mean is inserted between a and Z, 
it is the average of a and Z. 

22. How many odd integers are there from 87 to 143 inclusive? 

23. In a G.P., r = and the fifth term is Ks- Find the first term. 

24. The seventh term of an A.P. is 71, and the thirteenth term is 32. 
Find the first term. 

25. The first term of a G.P. is 125, and r = 1.025. Find the fifteenth 
term. 


3. The sum of the terms of an A.P. It is often necessary to 
fin d the sum of the terms of an A.P. To illustrate the method 
of deriving a formula for this sum, we shall find the sum of the 
integers from 1 to 100 inclusive. These integers form an A.P. for 
which a = 1, d = 1, n = 100, and l = 100. The sum of the first 
and last terms is 101. The sum of the second term, 2, and the 
second from the last, 99, is likewise 101. The sum of the third 
term and the third from the last is also 101. Proceeding in this 
manner, the sum of each A'th term and the ftth from the last is 
always 101. If these sums are formed for each of the 100 terms 
and all of these sums added, the result is 100 X 101 = 10,100. 
This sum, 10,100, contains each term of the progression twice. 
Therefore the sum of the terms of the progression is one-half of 
this, or V 2 X 10,100 = 5,050. 

Consider now the general A.P. with first term a, last term l, 
co mm on difference d, and number of terms n. The sum of the 
first and last terms is a + l. Since the second term is a + d and 
the second from the last is l — d, the sum of these two ter ms is 
also a + l. Since successive terms increase by d as we count from 
the first and decrease by d as we count from the last, the sum of 
any kb h term and the kth from the last will always be a -f- l. If 
these sums are made for each of the n terms of the progression 
and all of them added together, the result veil be n(a + Z). Each 
term, however, has been counted twice, so that the sum of the 
terms of the progression is one-half of this; or letting S represent 
this sum, we have 


S = ^ n(a + Z) 


( 3 ) 
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Ah alternate formula can be obtained by replacing / in Eq. (3) 
by its equal a -f (n — 1 )d, from Eq. (1). If this is done. Me easily 
obtain 

(4) S = \ n l 2a + & ~ ^ 

This second form is useful when l is not involved in the problem. 

Example 1. A certain pile of logs contains 20 in the top row, 21 in 
the next lower row, and one more log in each lower row until 50 logs are 
reached in the bottom row. Find the number of logs in the pile. 

Solution. The number of logs in each row, counting from the top. 
form an A.P. with a = 20, d — 1, and 1 = 50. We must first find the 
number of terms. Using Eq. (1), 

50 = 20 -f (n — 1)1 

Solving this equation for n, we obtain n = 31. Therefore 

S = i n{a -f- /) - ^ X 31(20 -f 50) = | X 31 X 70 = 10S5 logs 

Example 2. Prove that the sum of the first n odd integers is equal 
to n 5 . 1 

Solution. The odd integers form the A.P. 1, 3, 5, . . . , to n terms. 
Hence a = 1, d = 2. and n = n. Substituting these values in Eq. (4l 
gives 

S = \ n[2 4- (n - 1)2] = \ n(2 -r 2n - 2) = \ n(2n) - n* 

4. The sum of the terms of a G.P. Let S stand for the sum 
of the n terms of a G.P. whose first term is a and who =6 common 
ratio is r. Then 

*5 — a -f ar -f- or - -f- * * • -f- ar T ‘~ 1 

where the dots stand for the terms omitted, if any. If we multiply 
both sides of this equation by — r, we get 

—rS = —ar — ar- — - - • — ar -! — ar"' 

The first stun contains terms with even* power of r from 1 to 
n — 1, and the second sum contains terms with every power of 

* This property of the odd integers is used in the standard method of findinz it" 
square root of a number on 2 comiritirtr machine. 



PROGRESSIONS 


231 


r from 1 to n. Consequently, if the two sums are added, all terms 
containing powers of r from 1 to n — 1 will cancel out and the 
result will be 


S — rS — a — ar n or S(1 — r) = a — ar n 
Dividing both sides by 1 — r, we obtain the formula for the sum 


(5) 


S = 


a — ar 
1 - r 


or 


S = 


ar n — a 


An alternate formula for the sum can be obtained as follows: 
multiply both sides of the equation l = ar n_1 by r. This gives 

rl = ar n 

Substituting rl in Eq. (5) for ar n gives 



Example 1. If a person were offered a job paying 1 cent the first 
day, 2 cents the second day, 4 cents the third day, etc., each day’s salary 
being double that for the preceding day, how much would he receive for 
a 30-day month? 

Solution. The sequence of daily wages form the progression .01, 
.02, .04,. .08, . . . , to 30 terms. This is a G.P. with a = .01, r = 2, 
and n = 30. The total 30-day salary will be the sum of these terms. 
Substituting in Eq. (5) gives 

c _ .01 ( 2) 30 - .01 
^ r* 


To compute 2 30 , we note that 2 6 = 32. Then 

2 10 = 2 5 X 2 6 = 32 X 32 = 1024. 

Also 2 30 = 2 10 X 2 10 X 2 10 = 1024 X 1024 X 1024 = 1,073,741,824. 
Therefore 


S = 


10,737,418.24 - .01 
1 


810,737,418.23 


Example 2. Find the sum of the progression 240, 240(1 025) 
240 ( 1. 025) 2 , ..., 240 (1.025) 50 . 

Solution. This is a G.P. with a = 240, r = 1.025, and 

l = 240(1. 025) 60 . 
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Using Eq. (6) 

„ rl- a (1 .025)240 ( 1 .025) 50 - 240 _ 240Q.025) 51 - 240 

S ~ r - 1 1.025 - 1 .025 


A part of the computation can be done with the aid of logarithms. Let 
x = 240(1.025)*’. Then 


log x = log 240 + 51 log 1.025 

= 2.3S0211 + 51 X .010724 = 2.927135 


and x = 845.541. We now substitute 845.541 for 240(1.025)*’ in the 
formula for S and get 


S = 


845.541 - 240 
.025 


605.541 

.025 


24,221.6 


EXERCISE 2 

Find the sums of the following progressions. 

1. 100, 40, 16, . . . , to 10 terms. 

2. 1, 3, 9, . . . , to 7 terms. 

3. 20, 18^, 17, . . . , 2. 

4. 3, .9, .27, . . . , .0243. 

5. 1000, 1100, 1210, . . . , 1610.51. 

6. 55, 57, 59, ... , 173. 

7. 130, 160, 190, ... to 20 terms. 

8. 16.1, 48.3, 80.5, ... to 10 terms. 

9. A ball rolling down an inclined plane rolls 2 ft. the first second, 
6. ft. the second second, 10 ft. the third second, etc. Find the total 
distance it will roll in 15 sec. 

10. In a potato race, 10 potatoes and a basket are placed in a line. 
The potatoes are 15 ft. apart, and the basket is 25 ft. from the first potato. 
A runner starting at the basket must get each potato and return with it 
to the basket, making a complete round trip for each potato. Find the 
total distance traveled. 

11. Find the total number of ancestors a person has in the 10 genera- 
tions preceding him, assuming there are no duplicates. 

12. Find the sum of the progression 75, 75(1.02), 75(1.02) : , . . . , to 
60 terms. 

13. There are 50 members present at a fraternity convention. If 
each member shakes hands with each other member just once, how many 
handshakes are there in all? 

14. A rubber ball falls from 729 ft. above the ground. If it always 
bounces back two-thirds of the height from which it falls, find the total 
distance it has traveled when it hits the ground for the eighth time. 
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16. Seventj'-five tickets, numbered from 1 to 75, are sold for a turkey 
raffle. The tickets are sold by a punckboard method, the even tickets 
being free and the odd-numbered tickets costing the same number of 
cents as the number of the ticket. How much money is collected? 

16. A man donates a dime to a certain charity and writes five letters 
to friends asking each to donate a dime and to write five letter's to friends 
making the same request. Assuming that everyone cooperates and that 
there are no duplicates, how much money will be collected by 10 sets of 
letters? 

17. Each stroke of a vacuum pump extracts 4 per cent of the air in a 
.container. What (decimal) fraction of the original air remains after 
55 strokes? 

18. A man received S2000 the first year, an annual increase of S100, 
and S5000 for the last year. Find the total amount that he received. 

6. The sum of a G.P. to infinity. Consider the sum of the 
terms of the G.P. Y, Y, M, • • • > (Y) n - The sum of the 
first three terms is Y; the sum of the first four terms is 1 % 6 ; and 
the sum of the first five terms is 3 Mo- In each case, the result is 
a fraction with its numerator one less than its denominator The 
sum of the first n terms is, by Eq. (5) or (6), 

o _ V 2 ~ Yz(Vi) n _ . AY _ 2" - 1 

* ~ 1 - Yz \2J ~ 2" 

This shows that the sum is a fraction with its n um erator one less 
than its denominator for an} 1 - value of n. Now let us t hink of n 
as a large number and one that may be increased at wall. Clearly 
the larger n is the closer S is to 1; and by taking n larger and 
larger, we can make S lie as close to 1 as we please. An example 
will help clarify this last statement. 

Example 1. How large must n be so that the sum of the terms of the 
progression Y, Y, Y, Mg, ■ ■ ■ , (Y) n differ from 1 by less than .0001? 

Solution. The sum of the first n terms of this progression has just 
been written in several forms, one of which was 



Since this shows that S is always less than 1, our problem requires that 
1 — S < .0001. This condition requires that 



< .0001 
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Taking logarithms of both sides gives 

n (log 1 — log 2) < log .0001 
n (0 - .301030) < -4 


Consequently n > 4/.30103 = 14“. 

Thus, the sum of the progression K> K, ■ ■ • > (K) 14 differs from 
1 by less than .0001. 

Whenever it is possible by taking n sufficiently large to make 
the sum of a progression of n terms lie as near as we please to some 
fixed value, we say that the sum of the progression “to infinity” 
is the given fixed value. In the case just considered, we say that 
the sum of the progression K, H, Me, • • • > to infinity is 1. 

It should be clearly understood that all progressions cannot be 
summed to infinity. For example, the sum of the progression 
1, 2, 4, 8, 16, ... , does not approach a fixed value as the num- 
ber of terms increases. For this progression, the sum can be made 
as large as you please by taking sufficiently many terms. 

Theorem. Whenever the ratio of a geometric -progression , whether 
positive or negative, is numerically less than 1, the progression can he 
summed to infinity, arid the sum is 



An A.P. can never be summed to infinity unless a — 0 and d = 0. 

The proof follows from the fact that if r is numerically less 
than 1, then r 2 , r z , ... , r n , form a sequence of numbers that 
decrease in numerical value; and by taking n sufficiently large, 
r” can be made as small as we please. Consequently, the formula 
for £ 


S = 


a — ar n 
1 — r 



(1 - r”) 


can be made as close to a/(l — r) as we please by choosing n 
sufficiently large. 

Example 2. Find the sum to infinitj' of the G.P. 


Solution. 

have 


100, 40, 16, . . . 

For tliis G.P., a = 100 and r = Using Eq. (7), we 


S = 


100 100 
i -H H 
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Example 3. Change the following decimal fraction to a proper frac- 
tion, .1363636 . . . repeating to infinity. 

Solution. Any decimal fraction that repeats a set of numbers can be 
written as a sum that includes the terms of a G.P. Here we may write 

/ = .1363636 • • • = .1 + .036 + .00036 + .0000036 + • • • 

or / = Mo + S, where S = .036 + .036(.01) + .036(.01) 2 + • • • . 
S is the sum to infinitj r of a G.P. whose first term is .036 and whose com- 
mon ratio is .01. By Eq. (7) 

„ .036 .036 2 

6 ~ 1 - .01 .99 55 

Therefore 

1,2 11 + 4 _ 3 

J 10 + 55 110 22 

Check. By long division, % 2 = .1363636 • * • . 

EXERCISE 3 

Find the sum to infinity of the following G.P.’s 

I . 8 , 4 , 2 , 1 , 2 . y 2) y 3) %, y 27 , 

3. 7, .7, .07, .007, 4. 1, -y 2 , M, 

6. 8 y 3 , 5, 3, 1 ft, 6. 1, (1.01)-S (1.01)-*, 

Change to a proper fraction or mixed number 

7. .33333 .... 8. .066666 .... 

9. 1.133333 .... 10. .454545 .... 

II. 2.2272727 .... 12. .342342342 .... 

13. A rubber ball always rebounds one-third of the height from which 
it is dropped. If it is first dropped from a height of 30 ft., find the total 
distance it travels before coming to rest. 

14. A man can walk halfway home in 10 min., half of the remaining 
distance in 5 min., half of the remaining distance in 2 y min., etc. How 
long does it take him to walk the entire distance? 

15. Find the sum to infinity of 1, (1 + *) -1 , (1 + i)~-, . . . , where i 
is any positive number. 



REVIEW EXERCISES 


1. $2190 is loaned out on June 15 and is repaid on Aug. 27. How 
much interest is due if the rate is 5% and (a) exact interest for the exact 
time is charged, ( b ) the bankers’ rule is used? 

2. A debt of S5000 will be repaid, principal and interest at 8%, 
m = 4, by payments of $300 at the end of each quarter for as long as 
necessary. Find the number of payments and the final partial payment, 
and construct the first two lines of the appropriate schedule. 

3. A $1000 bond pays $30 bond interest on each Jan. 15 and July 15. 
It will be redeemed at 110% on Jan. 15, 1970. The market quotation on 
Jan. 15, 1950, is 120. Find the yield rate by interpolation if purchased 
on this date. 

4. In payment for a certain lot, Mr. Smith promises to make a series 
of quarterly payments of $100 each, the first one due at the end of 2 years 
and the last one due at the end of 5 years. If money is worth 6%, to = 4, 
what is the cash value of the lot? 

6. $1000 is due at the end of 5 years, and S2000 is due at the end of 
10 years. If money is worth 6 %, to = 2, (a) find the equivalent single 
payment due at the end of 7 years. (5) Write an equation of equiva- 
lence, but do not solve it, that null determine two equal payments due 
at the ends of 6 and 8 years. 

6. (a) What nominal rate, m = 2, is equivalent to 6%, to = 12? 
(6) What nominal rate, m = 4, is equivalent to 8 %, to = 2? 

7. Discount $2325 for 6 years 8 months at 2.4%, to = 12. 

8. A contract calls for payments of $500 at the end of each year for 
10 shears followed by yearly payments of $1000 for the next 5 years. 
What is the cash value of this contract if money is worth 4% effective? 

9. A machine worth $8000 will last 10 years and have a salvage 
value of $500. Find the first year’s depreciation charge by the constant- 
percentage method. 

10. A certain improvement vail cause the machine in Prob. 9 to last 
5 years longer, with a final salvage value of zero. If money is worth 
5% effective, how much is the improvement worth? 

11. A bill demands the payment of $500 in 90 days or 2% off for 
cash. If a man borrows the money to pay cash, (a) what is the highest 
simple-interest rate that he can afford to pay? ( b ) What is the highest 
“interest-in-advance” rate that he can afford to pay? 

237 
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23. A suite of furniture can be purchased for $270 cash or §60 down 
and $20 per month for a year. At what nominal rate, m = 12, are these 
two options equivalent? 

24. A machine worth $1200 depreciates 12)^ % of its value each year. 
Make out a schedule showing the depreciation for the first 2 years. What 
is the book value at the end of 20 years? 

25. On his son’s fifth birthday, a man -wishes to deposit with a trust 
company a sum sufficient to provide the boy with regular monthly pay- 
ments of $50 for 4 years, the first one coming 1 month after his sixteenth 
birthday. If money is worth 6%, m = 12, what should this sum be? 

26. $1500 is due at the end of 3 years, and $1000 with interest from 
today at 5%, m — 4, is due at the end of 6 years. If $500 is paid imme- 
diately and money is worth 4 %, m = 2, what additional payment at the 
end of 5 years will completely liquidate these obligations? 

27. A debt of X dollars is to be retired by monthly payments of $25, 
the first to be made at the end of 2 years and the last at the end of 
6 years. Find X if the interest rate is 5%, m = 12. 

28. 

December 5, 1945. 

One year after date I promise to pay to Mr. A. B. Jones or order 
the sum of $400 and simple interest at 5%. 

(Signed) Mr. C. D. Smith 

Mr. Jones sold this note on Feb. 8, 1946 to a bank that charged 

% bank discount, (a) Find the proceeds. ( b ) Find the interest rate 
realized by the bank on this investment. 

29. Mr. Smith desires $1500 as the proceeds of an 8-month loan. 
How much will he pay back if the bank uses a (a) 6% discount rate, 
(5) 6ty% simple interest rate? 

30. $1000 is borrowed at 6 %, m = 2. It will be amortized by semi- 
annual payments of $50 for as long as necessary, (a) How many full 
S50 payments will be required? (5) What is the outstanding principal 
just after the last full payment? (c) What final payment, made one 
period after the last full payment, -will be required? 

31. How long will it take $1250 to amount to $1750 if the interest 
rate is j» = 5 H%? Use logarithms. 

32. What nominal rate j\ will cause S1234.50 to amount to $5432.10 
in 25 years? Use logarithms. 

33. The amount of an ordinary annuity payable monthly for 10 years 
is $10,000. Find the present value if the interest rate is 5%, m = 12. 

34. A owes B S1000 due at the end of 5 years and $2000 due at the 
end of 10 years. What equal payments at the end of each year for 
S years would B be willing to accept if money is worth 4 *-£% effective? 
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35. A signal system for University Hall would cost $1000 now and 
require overhauling every 5 years at a cost of S200. In addition, $50 
would be needed at the end of each year for maintenance. What sum 
of money would be required to endow such a system if it can be invested 
at 4% effective? 

36. A sinking fund is being accumulated at 4J^%, m = 2, to pay of! 
a debt of $15,000 due in 12 years. How much is in the fund at the end 
of 7 years? 

37. A staunch Democrat wishes to contribute S1000 to the presidential 
campaign every 4 years perpetually. Money is worth 4 % effective 
How much is needed if the first contribution is needed (a) in 4 years 
(5) immediately, (c) in 2 years? 

38. A contract calls for payments of $1000 at the end of each quarter. 

(a) What yearly payments are equivalent at 8%, m = 1? (6) Wist 
semiannual payments are equivalent at 7 %, m = 4? 

39. Just before Christmas a finance company advertises, “Borrow 
$100 for a total cost of only S5. You repay the loan in seven easy 
monthly installments of $15 each, the first one due 1 month after the 
loan.” What interest rate, ji«, does this finance company' realize? 

40. A debt with interest at 6%, m = 4, is to be amortized by $1000 
payments at the beginning of each quarter for 5 years. What equal 
quarterly payments would liquidate this debt over an 8-year period if the 
payments are made at the ends of each quarter? 

41. $1460 is borrowed on Sept. 10 and repaid on Nov. 21. How 
much interest is due if the rate is 5% and (a) the bankers’ rule is used, 

( b ) exact interest for the exact time is used? 

42. A farm is worth $12,000 cash. It is purchased by paying $2000 
down and the balance in quarterly' installments for 15 years. What will 
these payments be (a) if the interest rate is 7%, m = 4, (6) if the interest 
rate is 7% effective? 

43. A stove can be purchased by making 10 monthly payments of 
S10 each, the first one due on the date of sale. What is the equivalent 
cash price if money' is worth 7%, m = 12? 

44. A $1000 bond, paying $25 bond interest every' Jan. 1 and July 1, 
will be redeemed at par on July' 1, 1965. On Aug. 16, 1948, the owner 
offers the bond for sale at a price that will yield the purchaser 3%, m = 2. 
Find the flat price and the market quotation. 

46. Jones has $1000 in a savings bank that credits interest at jt = 39c 
If he deposits $25 at the end of each quarter for the next 5 y'ears, how 
much will he have if no withdrawals are made? 

46. A contract calls for the payment of $100 at the end of each year 
for 10 y'ears and an additional payment of $1000 1 y T ear later. If money 
is worth 3J£% effective, what is the cash value of this contract? 
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47. For discounting notes the First National Bank uses an 8% bank 
discount rate while the Second National Bank uses an 8.1% simple- 
interest rate. On a note maturing for 81000 in 6 months, how much 
can the seller save by choosing the proper bank? 

48. A washing machine is priced as follows: $25 down, $50 in 6 
months, and 850 in 1 year. If money can be borrowed at 6% bank 
discount, what is the equivalent cash price? 

49. A man receives two offers for a certain piece of real estate: 
(a) $3000 cash and $1500 at the end of each year for 2 years and (b) 
83025 cash and $1000 at the end of each year for 3 years. Which offer 
is better if money is worth 5% effective? 

60. A $10,000 5% serial bond, with semiannual bond interest pay- 
ments, will be redeemed as follows: $2000 at the end of 5 years, $3000 at 
the end of 10 years, and S5000 at the end of 20 years. What is the 
purchase price to weld 4%, m =2? 

*61. A man desires to accumulate $5000 at the end of 8 years by 
making semiannual deposits in a bank that pays 4%, m = 2. (o) What 

deposits must he make? (b) If at the end of 3 years the bank changes 
its interest rate to 3%, m — 2, how much will he have to increase his 
deposits? 

62. Mr. and Mrs. Newlywed plan to take a trip around the world on 
their tenth anniversary. For this purpose, they will make equal deposits 
at the end of each month in a savings fund that earns 3 %, m = 1. How 
much should these monthly deposits be if the proposed trip will cost 
$5000? 

63. A debt of $1000 with interest at j» — 4% will be liquidated by 
semiannual payments of $50 for as long as necessary. Find the out- 
standing principal at the end of 10 years. Construct a schedule for the 
first year. 

64. If money is worth 4%, m = 1, what would it cost to endow a 
university to provide for a scholarship (a) of $500 per year, (b) of $100 
per quarter for four quarters per year, the payments in either case to 
start immediately? 

65. A house worth S7500 cash can be purchased b} r making an ade- 
quate down payment, followed by equal monthly payments for the next 
20 years. What down payment will be required if the interest rate is 
3 1 = 43d>% and the monthly payments are $40 each? 

66. A machine costs $10,000, will last 12 years, and will have a 

salvage value at that time of S2000. (a) Find the constant rate of 

depreciation, (b) Find the capitalized cost of the machine at j : = 3%. 

67. A $500 bond, redeemable at par, pays bond interest annually at 
6%. It is quoted at 116 on the market 33 years before maturity. Find 
the yield rate. 
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81. A contract requires payments of 51000 at the end of each rear 
for 12 years. If the interest rate is 5}4%, m = 2, (a) what equivalent 
payments could be made at the end of each 6 months? (b) 'What 
equivalent payments could be made at the beginning of each year? 

82. A piece of furniture is listed at $100. If cash is paid, a 15^ 
discount is allowed. If the furniture is purchased on the installment plan, 
a $20 down payment is required, followed by eight monthly payments 
of $10 each. What effective interest rate does the installment plan 
contain? 

83. A car worth $2000 will depreciate to $500 in 4 years, (a) Find 
the first year’s depreciation charge by the straight-line method, the 
sinking-fund method at 4%, the sum-of-the-integers method, (b) Con- 
struct the complete schedule for the straight-line method and the sum- 
of-the-integers method. 

84. A house worth $10,000 is purchased by paying $2000 down and 
agreeing to pay $60 at the end of each month for as long as necessary. 
If the interest rate is ji = 4J^%, find how many monthly payments 
will be required. 

85. The H-S Real Estate Co. sells lots on time using their own 
“5% plan,” which works as follows: On a $1000 lot, 5% is immediately 
added, giving $1050. A down payment of 20% of this, or $210, is 
required. The balance, $S40, is then divided into 12 easy monthly pay- 
ments of $70 each. What effective interest rate does the company 
realize on this plan? 

*86. A contract calls for the payment of $1000 at the end of each 
year for the next 3 years. If moneys is worth j\ = 6%, on what date 
would S3000 be equivalent 9 l>e logarithms to solve for the time. 

87. $10,000 is to be discounted for 5J4 years at ji = 8%. How 
much difference is there in the answers obtained by the exact method 
and the approximate method? 

*88. Mr. I. M. Wealthy wishes to will his favorite charity an annual 
income of $1000 perpetually. He realizes, however, that $1000 buys 
less year after year due to uncontrolable inflation. Hence he decides to 
endow this charity with a fund that will furnish it with $1000 at the end 
of the first year; $1 100 the second year; $1200 the third year; etc. — each 
year’s payment to be $100 more than the preceding year. How large 
an endowment fund is necessary if it can be invested at 4% effective? 

*89. At his son’s birth, Mr. Jones decides to guarantee that his son 
will have sufficient funds for a college education. He decides that his 
son will enroll in college on his eighteenth birthday and will need $200 on 
that date followed by 11 monthly" payments of $100. On his nineteenth 
birthday, he will require $250 followed by 11 monthly payments of $150. 
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On his twentieth birthday he will need S300 followed by 11 monthly 
payments of $200. And on his twenty-first birthday, he will need S3 50 
followed by 1 1 monthly payments of §250. If investments are available 
at ji = 5%, how much should Mr. Jones invest on the day of his son’s 
birth to provide for these payments? 

*90. What interest rate jn is equivalent to 6% converted continuously? 

91. Construct depreciation schedules that reduce the value of an 
asset from $1000 to $300 in 4 years by the straight-line method and the 
sum-of-the-integers method. 

*92. What interest rate ji is equivalent to j» — 4.3 %? Use logarithms 
for solving this problem. 

*93. What single payment, due at the end of the year, is equivalent to 
monthly payments of $100 each if 6% simple interest is used to establish 
the equivalence? 

*94. A bank makes loans on personal property up to $1000 on the 
following conditions: $6 payable in advance is charged for each $100 
loan, and the principal is repaid in 10 monthly payments of $10 each 
(for each $100 loan), the first payment due 1 month after the date of 
the loan, (a) What effective rate of interest does this bank realize on 
loans of this type? (5) If the payment in advance is eliminated, what 
should the monthly payments be in order to amortize the loan with the 
same profit to the bank? 

*95. Two $1000 bonds, redeemable at par on the same date, are pur- 
chased to yield 3%, m = 2. One of them pays bond interest at the rate 
ji = 4%, and the other pays bond interest at the rat e ji = 2%. One of 
the bonds cost $1126.34; what did the other one cost? 

*96. On June 1, 1940, Mr. Smith had $1000 in a bank that credits 
interest at 3 % effective. At the end of each year thereafter, he deposited 
$500 except on June 1, 1952, when he withdrew S1000 instead of making 
a deposit. Iiow much is in his fund on June 1, 1960, just after his 
regular deposit? 

*97. A man owes $2000, due in 2 years, upon which he has agreed to 
pay interest, when due, at jb = 6%. He has another debt of $1000, due 
at the end of 3 years, upon which he has agreed to pay interest, when due, 
at ji = 4%. What sum of money should he invest at j 12 = 3% to pro- 
vide for the liquidation of both these obligations? 

*98. $10,000 is borrowed at 5% effective. It is to be repaid by 15 
annual installments, the first one due at the end of 5 years. The first 
five payments are to be one-half as large as the remaining 10 payments. 
How large should these payments be? 

*99. (a) In order to accumulate $5000 at the end of 10 years, what 
annual deposits should be made into a fund that credits interest at 4% 
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effective? ( b ) If at the end of 4 years the interest rate Is changed to 
3% effective and the same sized deposits are continued, how much will 
be in the fund at the end of S years? 

*100. A man deposits §100 at the end of each quarter for 20 years in a 
savings fund that pays 4%, m — 4. He then starts withdrawing $509 
each quarter. How many withdrawals can he make and what will the 
final partial withdrawal be? 

For obvious reasons we feel that each instructor should make out his 
own tests and final examinations and should change these constantly. 
However, for the benefit of teachers who have had little experience in 
teaching this course, and for the benefit of students in reviewing the 
course, we list various combinations of problems taken from this list o? 
review problems that we consider as adequate tests for the different 
chapters and final examinations for the course. These are listed in tests 
of varying lengths to allow the individual instructor as much leeway as 
possible. We suggest that five 1-hr. tests, or their equivalent, be given 
during the term, followed by a 2- or 3-hr. final. 

Test 1. Simple interest. hr. — I, IS, 28. 

Test 2. Simple interest, 34 hr. — 11, IS, 29. 

Test 3. Simple interest. 1 hr. — 25, 41, 47, 48. 

T cst 4. Compound interest, 1 hr. — 6. 15, 20. 31, 32, work four. 

Test 5. Compound interest, 1 hr. — 7, 31. 61. Go. 

Test 6. Equations of equivalence, }4 hr. — 5. 6S. S6. 

*Test 7. Equations of equivalence. hr. — 26, 49. 59. 

Tat S. Equations of equivalence, 1 hr. — 5, 26, SO, S6. 

Test 9. Simple annuities, 1 hr. — 4. 16. 17, 23, 33. work four. 

Test 10. Simple annuities. 1 hr. — S. 25. 34, 39, 45. work four. 

Test 11. Simple annuities, 1 hr. — 27, 39. 43, 46, 67, work four. 

Test 12. General annuities, J4 hr. — 55. 5S. 

Test 13. General annuities, }4 hr. — 71. S2. 

Test 14. General annuities, 1 hr. — 3S, 52, 60, S4. 

Test 15. Perpetuities. 34 hr. — 22, 79. 

Test 16. Perpetuities, 1 hr. — 35, 37 (a) and (b), 54, 76. 

Test 17. Amortization ana sinking funds, }4 hr. — 30, 69. 

Test IS. Amortization and sinking funds, }4 hr. — 53. 70. 

* T cst 19. Amortization and sinking funds, 1 hr. — 2, 19. 36. 51. 

Test 20. Amortization and sinking funds, 1 hr. — 30, 53, 63, 66. 

Test 21. Bonds, 1 hr— 3, 21, 44, 50. 

Test 22. Bonds, 1 hr. — 57, 62, 72, 73. 

Test 23. Depreciation, 1 hr. — 9, 24, S3. 

Examination 1. Three hours, 7. S. 22. 23, 2S, 34, 52. 53, 62, 75. 76. 
work 10. 
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Examination 2. Three hours, 11, 12, 16, 24, 30, 39, 40, 54, 57, 77, 
78, work 10. 

Examination 3. Three hours, 8, 9, 10, 14, 19, 23, 35, 58, 61, 62, 70, 
work 10. 

Exammalion 4. Two hours. Omit Prob. 34 in Examination 1 and 
work S of the remaining 10. 

Examination 5. Two hours. Omit Prob. 12 in Examination 2 and 
work S of the remaining 10. 

Examination 6. Two hours. Omit Prob. 8 in Examination 3 and 
work 8 of the remaining 10. 



ANSWERS 


Odd-numbered Problems 
Exercise 1 
9913 

1. l Moo, .055. 3. ^oo, -0233. 5. ^ 55 ’ -0291. 7. 70%. 9. 6 %. 

11. 1-025. 13. 251 ?£ 50 o, 1-0052. 16. S9819.97. 17. S3.75, S303.75. 

19. 6 %. 21. 120 days. 23. S2000. 25. S963S.55. 

Exercise 2 

1 . $3. 3. $0.81, 6 . §4.81. 7. §0.25, §0.25. 9. §1.50, §1.52. 11. §5.98, S6.06. 

Exercise 3 

1. §13.50, S13.20. 3. S3G1.62. 5. June IS. 7. S1250. 9. S2750. 

Exercise 4 

1. §5.62, S444.3S. 3. §6.2S, S1256.2S. 5. 5%, 4.SS%. 7. §3217.50 
9. S723.75, S777.20. 11. 7M%, S%. 13. S122, Dee. 15, S121.39. 

16. §4.50, 12.24%. 17. $1013.51. 

Exercise 6 

1. §2969.01. 3. S741S.34. 5. §2068.49. 7. §13,623.72. 9. 2.712640. 

11. 6.69S99S. 13. 1.220794. 15. 1.4S5947. 17. 1.2611. 19. 1.2605. 

21. S393.82. 23. S102.14. 26. §27,137.65. 27. 86,1S0.47. 29. S132.19. 

Exercise 6 

1. S7S73.33. 3. S664.23. 5. S536.88. 7. $209.67. 9. §158.34. 11. §75.92. 

13. §102.01. 16. §747.51. 17. §259.94. 19. S1.00. 

Exercise 7 

1. 6.14%. 3. S.30%. 5. 5.5S%. 7. 4.5S%. 9. 4.07%. 11. 5.S7%. 

13. 4.41 %. 16. 2.24%. 17. 2,01%. 19. 11.50%. 21. 5.97%. 23. 6.0S%. 

26. 7.24%. 

Exercise 8 

1. $1447.93, S1447.S9. 3. §7603.59, S7603.3S. 6 . $9521.61, $9519.36. 

7. §675.03, S674.S2. 9. $25SS.7S, S25SS.6S. 11. S3331.43, §3331.32. 

13. §1102.90. 16. §250, S246.95. 17. $364.41. 

Exercise 9 

1. 4%. 3. 5.SS%. 6 . 5.75%. 7. 6.05%. 9. 14 years .42 months. 

11. S years 6.42 months. 13. 13 years 7.SS months. 15. 3 years 11.11 months. 
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17. 2.92%. 19. 15 years 3.72 months. 21. 11 years 10.75 months. 

23. S1S22.12, $1819.40. 

Exercise 10 

1. $1319.48. 3. S237.3S. 5. SS39.G2, S133S.23. 7. Biff. $123.99, $140.2S. 

9. $660.23. 11. 5.95%. 

Exercise 11 

1. $821.93. 3. $196.90. 5. S162.92. 7. S36S8.45. 9. SU15.9S. 11. $267.19. 
13. $284 .OS. 15. $474.44. 17. $239.71. 

19. (a) 5 years 6.35 months, (b) 5 years S months. 21. 2 years 9.97 months. 
23. 5.60%. 

Exercise 12 

1. $6086.68, $5346.13. 3. $459.69. 5. S776.S9. 7. $4731.03. 9. $241.36. 

11. $14,0S5.43. 13. S1471.35 16. S4070.08. 17. $1222.76 

Exercise 13 

1. $3747.55, $6974.28. 3. S97.43. 6. $41,394.04. 7. $907.97. 9. S151.8S. 

11. $126.77. 13. S2244.G1. 15. S11G.3G. 

Exercise 16 

1. $41.87. 3. SS3G.79. 6. $3S.S7. 7. (a) $57.94, (6) $58.23, (c) SG1.52. 

9. $172.13. 11. $85S.78. 13. $112.52. 16. S72.55. 

Exercise 16 

1. 11, SG53.34. 3. 73, $34.77. 6. 13, $2.62. 7. 70, $8.86. 9. $14.21. 

Exercise 17 


1. 35.0S%. 3. 3.21%. 6. 6.41%. 

Summarizing Problems 

1. SI 1,622.18, S1622.18. 3. 25.41%. 6.32.20%. 7. $30,186.33, $30,000. 

9. 25, $116 60. 11. S301.41. 13. $6415.00. 15. S153.33. 

Exercise 18 

1. SS2.47. 3. $40.52. 5. $33.19. 7. ( a ) $1011.13, (6) $248.60. 9. $810.20. 

Exercise 19 

L $5278.67. 3. S60S5.82. 6. $469.11. 7. $2638.48. 

Exercise 20 

1. (a) $33.20, (b) $201.25. 3. S244.42. 6. S39.23. 7. $606.20. 

9. (a) $04.39, (6) S64.30. 

Exercise 21 

1- 11.68%. 3. 7.35%. 5. 59 + a partial payment. 7. 10 + a partial payment. 
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Exercise 22 

1. (a) $28,571.43, (b) S29, 071.43. 3. S19,215'.S4. 6. $16,980.33. 7. $736.35. 

9. $220.49. 11. (a) $404, (b) $388.31, (c) $33.06. 13. $15,056.04. 

Exercise 23 

1. $1332.91, $53.32. 3. Sill, 825.64. 5. $47,021.79. 7. $1855.25. 

9. Hi = S224.35, = $179.95. 11. $6809.37. 13. $1830.95. 

Exercise 24 

1. S32,348.81. 3. $350,522.15. 5. $166,965.39. 

Exercise 26 

1. S922.99. 3. $222.47. 6. S212.30. 7. $2102.32. 

Exercise 26 

I. S43, 063.39. 3. $343.20. 6. S44, 034.13, 28, S350.50. 7. $4444.86, S120.29. 

9. S10, 248.37, SS49.74. 11. IS. 

Exercise 27 

1.17.97%. 3.21.03%. 6. 58.24%, 20%. 7.14.45%. 9.17.09%. 11.23.56%. 
13. 68.66%. 

Exercise 28 

1. R = S951.234. 3. S17S3.01. 6. $22.91, $1178.67. 7. S415.29, $432.15. 

Exercise 29 

1. S5S1.63. 3. S1940.84. 6. S135.66. 7. 3.S4%. 9. $23.85. 

Exercise 30 

1. $1104.65. 3. SHOO. 6. S872.52. 7. S1095.43. 9. S45S3.31. 11. $1006.51. 

Exercise 31 

6. S5S6.3S. 7. S690.91. 9. $742.70. 

Exercise 32 

1. $952.54, $906.70. 3. $6857.94, S6S1 1.06. 6. S872.32, SSG0.32. 7. $1054.17. 

9. $494.12. 11. S136.32. 13. $1076.64. 16. SU65.20. 17. $1155.29. 

Exercise 33 

1. 4,S%. 3. 4.5%. 6. 4.9%. 7. 5.87%. 9. 3.95%. 

II. (a) 5.25%, (b) 5.28%. 13. 4.8S%. 

Exercise 34 

1. S17, 520.33. 3. 4.4%. 6. S10, 711.68. . 

Exercise 36 

3. (a) $12,000, S3000; (b) §11, 450.02, S3549.9S. 6. S6126.6S, $565.85. 
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Exercise 3G 

1. $696.26. 6. 44.968%,. 7. 16.343%, S604.S5. 9. $698,342. 

Exercise 37 


1. $232.63. 5. S74S.605.25. 7. $40,911.87. 

Exercise 38 

1. $67.33. 3. S1561.03. 5. $97.89. 7. 22. 

Exercise 39 


1. $0902.59, SCO 68.91. 3. (a) S102.02, (6) S102.4S. 6. S525.19. 

Exercise 40 

L 13, $10.09. 3. 6, $14,112.38. 5. 96, $56.45. 7. 6, 83.6%. 

Exercise 41 

1. $7168.21. 3. (a) SI, 789, 700, (6) SI, 798, 000. 6. S269S.07. 

Miscellaneous Exercises on General Annuities 

1. 26.28%. 3. 22K years. 5. 4, S116.75. 7. $226.37. 

9. End of 13 % years, $157.43. 

Exercise 42 


3. 3.43583. 


Exercise 43 


1. 1.34521713. 3. .000000062 < E < .000000065. 6. 1.0I9S02. 

Exercise 44 

1. jt = .0475. 3. .0450. 5. j t = .047328. 7. j. = .0472. 

Exercise 45 


1. .000031. 3. .000054. 


1. 9,702. 3. 759. 

1. S211S.G7, S13SS.42. 3. 

1. $1216.14. 3. SS9S8.53. 


Exercise 46 

Exercise 47 
$1140.6S. 6. $453.21. 
Exercise 48 


L $134.77. 3. DiiT. = $777.62. 


Exercise 49 


answers 
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Exercise BO 

1. (a) S1543.67, (6) $4002,37. 3. SS096.15. 5. $2346.42. 7. $304.95. 
9. $170.63. 

Exercise 61 


1. $89.42. 3. S1&44. 


6. 


A/35 — il/<5 + 7 )j5 
D3S 


ill; 5 — il/o + -^35 A/40 

A/; 5 — A/.;n H35 


Appendix II 

Exercise 1 


1. 4. 3. .1. 6. 2. 7. 

Exercise 2 

1. .77815. 3. 1.30103. 6. 1.50515. 7. 2.90S48. 9. 4. 11. 1 + log n. 

Exercise 3 

1. .094820. 3. .74S1SS. 5. .943322. 7. .808421. 9. .497151. 11. .3S9804. 
13. .971174. 15. .699031. 

Exercise 4 

11. 1.755875. 13. S.7S2473 - 10. 16. 4. 17. 8.397940 - 10. 19. 4.513777. 
21. 9.47S610 - 10. 

Exercise 5 

11. 76.42. 13. 8633.40. 15. .0051. 17. .2S9333. 19. .01779. 21. 1385.45. 

Exercise 6 

1. 6.6S1. 3. .09729. 5. 93.75. 7. .0135. 9. S2.5070. 11. 12.70S7. 

13. 14.5826. 16. 5.2S509. 

Exercise 7 

1. 1.19682. 3. 1.58555. 5. .0154651. 7. 3044.18. 9. .360370. 11. .830900. 
13. 5.59737. 16. 1.63601. 


Exercise 8 

1. 34.305. 3. 11.366. 6. 18.856. 7. 4.988. 9. 5. 11. -2.113. 

Exercise 9 

1. 17.9164. 3. .532005. 6. 1.79096. 7. 24.052. 9. .0702. 

Appendix EH 

Exercise 1 

1. G. P., -8, -128. 3. G. P., 108, 162. 5. G. P., -108, -32 
7. A. P., -?i 2 , - 2 Ms- 9. G. P., 103.0301, 105.10100501. 
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11. 6 65f, 7%, 7%, 8%, 8%. 13. 45, 63. 16. -4, 4, 12, 20. 17. ±18. 

19. ±500, 400, ±320. 23. 4%. 26. 176.622. 

Exercise 2 

1. 166.649'. 3. 143. 6. 7715.61. 7. 8300. 9. 450 ft. 11. 2046. 13. 1225. 
16. 814.44. 17. .1059. 

Exercise 3 

1. 16. 3. 7%. 6. 20%. 7. y z . 9. 1% 5 . 11. 2% 2 . 13. 60 ft. 16. 



TABLES 


Tables I through VII were computed and rigorous]}- checked 
by the authors. Tables VIII through XII were obtained by 
rounding off to eight decimal places the corresponding ten-place 
entries in Kent and Kent’s Compound Interest and Annuity Tables, 
published by the McGraw-Hill Book Company. Table XV was 
also taken from the Kent tables. 

Extreme care was exercised to make this set of tables as accu- 
rate as possible and we feel sure that they are as exact as any in 
existence. We are indebted to the Kents for permission to use 
the Kent tables and to Mrs. Marion Hawley for her help in com- 
piling these tables. 
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Table I. The Number of Each Day of the Year 


Vm r* 

1 

1 

1 

1 

1 


i 




1 

1 

Ut _ 

03 

° *2 

«3 O , 

qs ; 

Jan. 

Feb. 

Mar. 

April 

May 

o 

July 

ii i 

P i 

< 

-i-2 

A 

o* 

CO 

© 

o 

Nov. 

Dec. 

£ l 

• i 

1 

32 

60 

91 

121' 

152 

182 

213 

244 

274 | 

305 

335 

1 

2 

2 

33 

61 

92 

122 

153 

183 

214 

245 | 

275 

306 

336 

2 

3 

3 

34 

62 

93 

123 

154 

184 

215 

246 

276 

307 

337 

3 

4 

4 

35 

63 

94 

124 

155 

185 

216 

247 ! 

277 

308 

338 

4 

5 

5 

36 

64 

95 

125 

156 

186 

217 

248 

278 

309 

339 

0 

6 

6 

37 

65 

96 

126 

157 

187 

218 

249 

279 

310 

340 

6 

7 

7 

38 

66 

97 

127 

158 

188 

219 

250 

280 

311 ! 

341 j 

7 

8 

8 

39 

67 

98 

128 

159 

189 

220 

251 

281 

312 

342 

8 

9 

9 

40 

68 

99 

129 

160 

190 

221 

252 

282 

313 

343 

9 

10 

10 

41 

69 

100 

130 

161 

l 

191 

222 

253 

283 

314 

344 

10 

11 

11 

42 

70 

101 

131 

162 

192 

223 

254 

284 

315 

345 

11 

12 

12 

43 

71 

102 

132 

1 163 

193 

224 

255 

285 

316 

346 

12 

13 

! 13 

44 

72 

103 

133 

164 

194 

225 

256 

286 

317 

347 

13 

14 

14 

45 

73 

104 

134 

165 

195 

226 

257 

287 

318 

348 

14 

15 

! 15 

46 

74 

105 

135 

166 

196 

227 

258 

288 

319 

349 

15 

16 

16 

47 

75 

106 

136 

167 

197 

228 

259 

289 

320 

350 

16 

17 

17 

48 

76 

107 

137 

168 

198 

229 

260 

290 

321 

351 

17 

18 

18 

49 

77 

108 

138 

169 

199 

230 

261 

291 

322 

352 

18 

19 

19 

50 

78 

109 

139 

170 

200 

231 

262 

292 

323 

353 

19 

20 

20 

51 

79 

110 

140 

171 

201 

232 

263 

293 

; 324 

354 

20 

21 

21 

52 

80 

111 

141 

172 

202 

233 

264 

294 

325 

355 

21 

22 

22 

53 

81 

112 

142 

173 

203 

234 

265 

295 

326 

356 

22 

23 

23 

54 

82 

113 

143 

174 

204 

235 

266 

296 

327 

357 

23 

24 

24 

55 

83 

114 

144 

175 

205 

236 

267 

297 

328 

358 

24 

25 

25 

56 

84 

115 

145 

176 

206 

237 

268 

298 

329 

359 

25 

26 

26 

57 

85 

116 

146 

177 

207 

238 

269 

299 

330 

360 

26 

27 

27 

58 

86 

117 

147 

178 

208 

239 

270 

300 

331 

361 

27 

28 

28 

59 

87 

118 

148 

179 

209 

240 

271 

301 

332 

362 

28 

29 

29 


88 

119 

149 

180 

210 

241 

272 

302 

333 

363 

29 

30 

30 


89 

120 

150 

181 

211 

242 

273 

303 

334 

364 

30 

31 

31 


90 


151 

1 

s 

212 

243 


304 


365 

31 


* For leap year add 1 to the tabulated number after Feb. 2S. The number designating a leap year is 
divisible by 4. 
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MATHEMATICS OF FINANCE 


Table III 
(1 -f i) 1 , l: fractional 


k 

H% 

(0.0025) 

'Ai% 

(0.0029 1667) 

(0.0033 3333) 

Ha$c 

(0.0041 6667) 

l 

MM H 

Ha Ha 
X Ha 
H Ha 
V Ha 
Ha H 2 
H Ha 

1.0002 0809 
1.0004 1623 

1.0006 2441 

1.0008 3264 

1.0010 4091 

1.0012 4922 

1.0002 4273 
1.0004 8552 
1.0007 2837 
1.0009 7128 
1.0012 1425 
1.0014 5727 

1.0002 7735 
1.0005 5479 
1.0008 3229 
1.0011 0988 
1.0013 8754 
1.0016 6528 

1.0003 4656 
1.0006 9324 
1.0010 4004 
1.0013 8696 
1.0017 3401 
1.0020 8117 

1.0004 1571 
1.0008 31C0 
1.0012 4766 
1.0016 6390 
1.0020 8030 
1.0024 9588 

/; 

Ha% 

(0.005S 3333) 

(0 0066 6667) 

Vi% 

(0.0075) 

Vs% 

(0.00875) 

19i 
(0 01) 

H 2 Ha 
H Ha 
X Ha 
H Ha 
Ha Ha 
X Ha 

1.0004 8482 
1.0009 6987 
1.0014 5515 
1.0019 4068 
1.0024 2643 
1.0029 1243 

1.0005 5387 
1.0011 0804 
1.0016 6252 
1.0022 1730 
1.0027 7240 
1.0033 2780 

1.0006 2286 
1.0012 4611 
1.0018 6975 
1.0024 9378 
1.0031 1819 
1.0037 4299 

1.0007 2626 
1.0014 5304 
1.0021 8036 
1.0029 0820 
1.0036 3657 
1.0043 6547 

1.0008 2954 
1.0016 5976 
1.0024 9058 
1.0033 2223 
1.0041 5453 
1.0049 8755 

k 

1 H% 
(0.01125) 

1H% 

(0 0125) 

1H% 

(0.01375) 

1H% 

(0.015) 

w% 

(0.0175) 

Vl2 H 2 
H Ha 
H Ha 
H Ha 
H 2 Ha 
H Ha 


1.0010 3575 
1.0020 7256 
1.0031 1046 
1.0041 4943 
1.0051 8947 
1.0062 3059 

1.0011 3868 
1.0022 7865 
1.0034 1992 
1.0045 6249 
1.0057 0636 
1.0068 5153 

1.0012 4149 
1.0024 8452 
1.0037 2909 
1.0049 7521 
1.0062 2287 
1.0074 7208 

1.0014 4577 
1.0028 9552 
1.0043 4653 
1.0057 9953 
1.0072 5479 
1.0087 1205 

k 

2% 

(0.02) 


2V.% 

(0.025) 

2H% 

(0.0275) 

3% 

(0.03) 

Ha Ha 
H ria 
H Ha 
'3 Ha 
Ha Ha 
H Ha 

1.0016 5158 

1.0033 0589 
1.0049 6293 
1.0066 2271 
1.0082 8523 
1.0099 5049 

1.0018 5594 

1.0037 1532 
1.0055 7815 

1.0074 4444 

1.0093 1420 

1.0111 8742 


1.0022 6328 
1.0045 3168 
1.0068 0522 
1.0090 8390 
1.0113 6774 
1.0136 5675 

1.0024 6627 
1.0049 3852 
1.0074 1707 
1.0099 0163 
1.0123 9232 
1.0148 8916 

k 

3H% 

(0.035) 

4% 

(0.04) 

(0.045) 

5% 

(0.05) 

(0.055) 

Ha Ha 
H H 2 
H Ha 
X Ha 
Ha Ha 
H H 2 


1.0032 7374 
1.0065 5820 
1.0098 5341 
1.0131 5940 
1.0164 7622 
1.0198 0390 

1.0036 7481 
1.0073 6312 
1.0110 6499 
1.0147 8046 
1.0185 0959 
1.0222 5242 

1.0040 7412 
1.0081 6485 
1.0122 7223 
1.0163 9636 
1.0205 3728 
1.0246 9508 

1.0044 7170 
1.0039 6339 
1.0134 7517 
1.0180 0713 
1.0225 5935 
1.0271 3193 

k 

6% 

(0 0G) 

0M% 

(0.065) 


7 H% 

(0.075) 

8<Tc 

(0.0S) 

H 2 Ha 
H Ha 
X Ha 
H Ha 
Ha Ha 
H Ha 

1.0048 6755 
1.0097 5879 
1.0146 7385 
1.0196 1282 
1.0245 7584 
1.0295 6301 

1.0052 6169 
1.0105 5107 
1.0158 6828 
1.0212 1347 
1.0265 8679 
1.0319 8837 

1.0056 5415 
1.0113 4026 
1.0170 5853 
1.0228 0912 
1.0285 9223 
1.0344 0804 

1.0060 4492 
1.0121 2638 
1.0182 4460 
1.0243 9981 
1.0305 9222 
1.0368 2207 

1.0064 3403 
1.0129 0945 
1.0194 2655 
1.0259 8557 
1.0325 8579 
1.0392 3048 
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Table IV _ 

(1 k fractional 


k 

34% 

(0.0025) ( 

V-L l 

344% 

0.0029 1667) 

34% 

0.0033 3333) ( 

Mz% 

0.0041 6667) 

34%, 

(0.005) 

Hz H 2 

34 M2 
34 M 2 
34 Ha 
M 2 M 2 
ll M 2 

0.9997 9195 
0.9995 8394 
0.9993 7597 
0.9991 6805 
0.9989 6017 
0.9987 5234 

0.9997 5733 
0.9995 1471 
0.9992 7216 
0.9990 2966 
0.9987 8723 
0.9985 4485 

0.9997 2272 
0.9994 4552 
0.9991 6840 
0.9988 9135 
0.9986 1438 
0.9983 3749 

0.9996 5356 
0.9993 0724 
0.9989 6104 
0.9986 1496 
0.9982 6900 
0.9979 2315 

0.9995 8446 
0.9991 6909 
0.9987 5389 • 

0.9983 3887 
0.9979 2402 
0.9975 0934 

' k 

342% 

(0 0058 3333) 

%% , 

(0.0066 6667) 


% % 

(0.00875) 

1% 

(0.01) 

H 2 H 2 
34 M 2 
H ^2 
34 M 2 
34 2 Hz 
U M 2 

0.9995 1542 
0.9990 3107 
0.9985 4696 
0.9980 6308 
0.9975 7944 
0.9970 9603 

0.9994 4644 
0.9988 9319 
0.9983 4024 
0.9977 8760 
0.9972 3527 
0.9966 8324 

0.9993 7753 
0.9987 5544 
0.9981 3374 
0.9975 1243 
0.9968 9150 
0.9962 7096 

0.9992 7427 
0.9985 4906 
0.9978 2438 
0.9971 0023 
0.9963 7661 
0.9956 5350 
” 

0.9991 7115 
0.9983 4299 
0.9975 1551 
0.9966 8872 
0.9958 6261 
0.9950 3719 

k 

134% 

(0.01125) 

134%, 

(0.0125) 

1H% , 

(0.01375) 


1 %% 

(0.0175) 

K 2 M 2 
34 M 2 
34 M 2 
34 Ha 
M 2 M 2 
34 M? 

0.9990 6817 
0.9981 3721 
0.9972 0711 
0.9962 7788 
0.9953 4952 
0.9944 2202 

0.9989 6533 

0 9979 3172 
0.9968 9919 
0.9958 6772 
0.9948 3732 
0.9938 0799 

0.9988 6262 
0.9977 2653 
0.9965 9174 
0.9954 5824 
0.9943 2602 
0.9931 9510 

0.9987 6005 
0.9975 2164 
0.9962 8477 
0.9950 4942 
0.9938 1561 
0.9925 8333 

0.9985 5532 
0.9971 1274 
0.9956 7223 
0.9942 3381 
0.9927 9746 
0.9913 6319 

k 


234% 

(0.0225) 

234% 

(0.025) 

2M% 

(0.0275) 

3% 

(0.03) 

342 342 
34 M 2 
34 M 2 
34 M 2 
M 2 M 2 
34 Ms 

0.9983 5114 
0.9967 0500 
0.9950 6158 
0.9934 2086 
0.9917 8285 
0.9901 4754 

0.9981 4750 
0.9962 9843 
0.9944 5279 
0.9926 1057 
0.9907 7176 
0.9889 3635 

0.9979 4440 
0.9958 9302 
0.9938 4586 
0.9918 0291 
0.9897 6416 
0.9877 2960 

0.9977 4183 
0.9954 8876 
0.9932 4078 
0.9909 9787 
0.9887 6003 
0.9865 2725 

0.9975 3980 
0.9950 8565 
0.9926 3754 
0.9901 9545 
0.9877 5937 . 
0.9853 2928 

k 

334% 

(0.035) 


434% 

(0.045) 

5% 

(0.05) 

534% 

(0.055) 

34 2 34 
M 34 
34 M 
34 H 
M 2 M 
34 M 

0.9971 3732 
0.9942 8283 

2 0.9914 3652 
„ 0.9885 9835 
, 0.9857 6831 

2 0.9829 4637 

0.9967 3694 
0.9934 8453 
0.9902 4274 
0.9870 1152 
0.9837 9084 
0.9805 8068 

0.9963 3865 
0.9926 9070 
0.9890 5610 
0.9854 3482 
0.9818 2679 
0.9782 3198 

0.9959 4241 
0.9919 0128 
0.9878 7655 
0.9838 6815 
0.9798 7601 
0.9759 0007 

0.9955 4821 
0.9911 1623 
0.9867 0399 
0.9823 1139 
0.9779 3834 
0.9735 8477 

k 

6% 

(0.06) 

634% 

(0.065) 


734%, 

(0.075) 

8% 

(0.08) 

342 34 
34 34 
34 34 
34 H 
M 2 31 
34 31 

IR 

0.9947 6585 
0.9895 5909 
0.9843 7958 
0.9792 2719 
0.9741 0176 
0.9690 0317 

0.9943 7764 
0.9887 8690 
0.9832 2759 
0.9776 9953 
0.9722 0256 
0.9667 3649 

0.9939 9140 
0.9880 1891 
0.9820 8230 
0.9761 8136 
0.9703 1588 
0.9644 8564 

0.9936 0710 
0.9872 5507 
0.9809 4365 
0.9746 7258 
0.9684 4160 
0.9622 5045 
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MATHEMATICS OF FIX A MCE 


Table V 


1 1 1 
— for k fractional I — - = — -f - 1 

‘i.i ; Sf i{ i 


k 

H% 

(0.0025) 

V.4% 

(0.0029 1667) 

X% 

(0.0033 3333) 

Hi% 

(0.0041 6C67) 

V S) 
(0.005) 

Hi Hi 
H Hi 
H Hi 
X Hi 
Hi Hi 
H Yu 

12.0137 4384 
6.0062 4696 
4.0037 4805 
3.0024 9861 
2.4017 4897 
2.0012 4922 

12.0160 3328 
6.0072 8756 
4.0043 7235 
3.0029 1478 
2.4020 4026 
2.0014 5727 

12.0183 2234 
6.0083 2795 
4.0049 9654 
3.0033 3087 
2.4023 3150 
2.0016 6528 

12.0228 9946 
6.0104 0824 
4.0062 4459 
3.0041 6282 
2.4029 1380 
2.0020 8117 

12.0274 7525 
6.0124 8788 
4.0074 9221 
3.0049 9440 
2.4034 9588 
2.0024 9588 

k 

Vli% 

(0.0058 3333) 

u% 

(0.0066 6667) 

H% 

(0.0073) 

%% 

(0.00875) 

1% 

(0.01) 

H 2 M 2 
X Hi 
M 3 A 2 
X fl2 
5^2 M 2 
X M 2 

12.0320 4968 
6.0145 6684 
4.0087 3940 
3.0058 2579 
2.4040 7773 
2.0029 1243 

12.0366 2270 
6.0166 4513 
4.0099 8616 
3.0066 5682 
2.4046 5934 
2.0033 2780 

12.0411 9435 
6.0187 2276 
4.0112 3249 
3.0074 8755 
2.4052 4074 
2.0037 4300 

12.0480 4930 
6.0218 3795 
4.0131 0118 
3.0087 3306 
2.4061 1240 
2.0043 6547 

12.0549 0119 
6.0249 5163 
4.0149 6891 
3.0099 7789 
2.4069 8355 
2.0049 8755 

k 

V/ s % 

(0.01125) 

1 H% 

(0.0125) 

IV % 

(0.01375) 

ix % 

(0.015) 

w% 

(0.0175) 

Hi X 2 
X «2 
'4 M 2 
X M 2 
M 2 A 2 

x %2 

12.0617 5002 
6.0280 6382 
4.0168 3567 
3.0112 2203 
2.4078 5420 
2.0056 0927 

12.0685 9580 
6.0311 7452 
4.0187 0147 
3.0124 6549 
2.4087 2434 
2.0062 3059 

12.0754 3856 
6.0342 8372 
4.0205 6632 
3.0137 0827 
2.4095 9397 
2.0068 5153 

12.0822 7820 
6.0373 9144 
4.0224 3021 
3.0149 5037 
2.4104 6309 
2.0074 7208 

12.0959 4852 
6.0436 0242 
4.0261 5513 
3.0174 3253 
2.4121 9982 
2.0087 1205 

k 

2% 

(0.02) 

2K% 

(0.0225) 

2H% 

(0.025) 

2?S% 

(0.0275) 

3% 

(0.03) 

V\2 Hi 
Vo H 2 
X H 2 
X H 2 

Hi Hi 
V Hi 

12.1096 0670 
6.0498 0747 
4.0298 7623 
3.0199 1199 
2.4139 3454 
2.0099 5049 

12.1232 5281 
6.0560 0662 
4.0335 9356 
3.0223 8875 
2.4156 6726 
2.0111 8742 

12.1368 8697 
6.0621 9991 
4.0373 0709 
3.0248 6282 
2.4173 9797 
2.0124 2284 

12.1505 0916 
6.0683 8735 
4.0410 1686 
3.0273 3422 
2.4191 2670 
2.0136 5675 

12.1641 1941 
6.0745 6894 
4.0447 2289 
3.0298 0294 
2.4208 5344 
2.0148 8916 

k 

3X% 

(0.035) 

4% 

(0.04) 

4X% 

(0.045) 

5% 

(0.05) 

5X% 

(0.055) 

Yu Hi 
Vo Hi 
X Hi 

V Hi 
Hi Hi 

V Hi 

12.1913 0434 
6.0869 1471 
4.0521 2374 
3.0347 3244 
2.4243 0100 
2.0173 4950 

12.2184 4211 
6.0992 3739 
4.0595 0975 
3.0396 5138 
2.4277 4071 
2.0198 0390 

12.2455 3306 
6.1115 3716 
4.0668 8103 
3.0445 5985 
2.4311 7264 
2.0222 5241 

12.2725 7753 
6.1238 1418 
4.0742 3769 
3.0494 5791 
2.4345 9682 
2.0246 9508 

12.2995 7585 
6.1360 6860 
4.0815 7982 
3.0543 4565 
2.4380 1333 
2.0271 3193 

k 

6% 

(0.06) 

GV% 

(0.005) 

7% 

(0.07) 

7Vj% 

(0.075) 

S% 

(0.0S) 

Hi Hu 
X M 2 
X Hi 
V Hz 
Hi Hi 
X Hi 

12.3265 2834 
6.1483 0059 
4.0889 0752 
3.0592 2313 
2.4414 2221 
2.0295 6301 

12.3534 3534 
6.1605 1031 
4.0982 2091 
3.0640 9043 
2.4448 2351 
2.0319 8837 

12.3802 9716 
6.1726 9791 
4.1035 2009 
3.0389 4762 
2.4482 1730 
2.0344 0304 

12.4071 1409 
6.1848 6355 
4.1108 0514 
3.0737 9477 
2.4516 0362 
2.0368 2207 

12.4338 8548 
6.1970 0737 
4.1180 7618 
3.0785 3195 
2.4549 8252 
2.0392 3048 
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Table VI 


Values of s*],-, k fractional 


k 

M% 

(0.0025) 

%4% 

(0.0029 1667) 

y s % 

(0.0033 3333) 

M2% 

(0.0041 6667) 

M% 

(0.005) 

Mb M 2 
M M 2 
X M 2 

Vi M 2 
M 2 M 2 
M M 2 

0.0832 3800 
0.1664 9332 
0.249? 6597 
0.3330 5594 
0.4163 6325 
0.4996 8789 

0.0832 2214 
0.1664 6448 
0.2497 2703 
0.3330 0978 
0.4163 1276 
0.4996 3595 

0.0832 0629 
0.1664 3566 
0.2496 8811 
0.3329 6365 
0.4162 6229 
0.4995 8403 

0.0831 7461 
0.1663 7805 
0.2496 1032 
0.3328 7144 
0.4161 6141 
0.4994 8025 

0.0831 4297 
0.1663 2050 
0.2495 3261 
0.3327 7932 
0.4160 6063 
0.4993 7656 

k 

Ma% 

(0.0058 3333) 

X% 

(0.0066 6667) 

M% 

(0.0075) 

x% 

(0.00875) 

1% 

(0.01) 

M 2 M 2 
H M 2 
M M 2 
X M 2 
M 2 M 2 
X M 2 

0.0831 1136 
0.1662 6301 
0.2494 5498 
0.3326 8728 
0.4159 5993 
0.4992 7295 

0.0830 7978 
0.1662 0558 
0.2493 7742 
0.3325 9532 
0.4158 5932 
0.4991 6943 

0.0830 4824 
0.1661 4821 
0.2492 9994 
0.3325 0345 
0.4157 5880 
0.4990 6600 

0.0830 0099 
0.1660 6226 
0.2491 8385 
0.3323 6581 
0.4156 0818 
0.4989 1101 

0.0829 5381 
0.1659 7644 
0.2490 6793 
0.3322 2835 
0.4154 5776 
0.4987 5621 

k 

1 X% 

(0.01125) 

ix% 

(0.0125) 

1M% 

(0.01375) 

1 x% 

(0.015) 

m% 

(0.0175) 

M 2 M 2 
M M 2 
M M 2 
M M 2 
M 2 M 2 
M M 2 

0.0829 0671 
0.1658 9075 
0.2489 5218 
0.3320 9109 
0.4153 0754 
0.4986 0160 

0.0828 5968 
0.1658 0518 
0.2488 3660 
0.3319 5401 
0.4151 5751 
0.4984 4719 

0.0828 1273 
0.1657 1975 
0.2487 2118 
0.3318 1712 
0.4150 0768 
0.4982 9297 

0.0827 6585 
0.1656 3445 
0.2486 0593 
0.3316 8042 
0.4148 5804 
0.4981 3893 

0.0826 7231 
0.1654 6423 
0.2483 7592 
0.3314 0758 
0.4145 5935 
0.4978 3143 

k 

2% 

(0.02) 

2M% 

(0.0225) 

2M% 

(0.025) 

2M% 

(0.0275) 

3% 

(0.03) 

M 2 M 2 
M M 2 
M M 2 

X M 2 

M 2 M 2 
M M 2 

0.0825 7907 
0.1652 9452 
0.2481 4658 
0.3311 3548 
0.4142 6144 
0.4975 2469 

0.0824 8611 
0.1651 2531 
0.2479 1789 
0.3308 6412 
0.4139 6430 
0.4972 1870 

0.0823 9345 
0.1649 5662 
0.2476 8985 
0.3305 9350 
0.4136 6792 
0.4969 1346 

0.0823 0108 
0.1647 8843 
0.2474 6247 
0.3303 2362 
0.4133 7231 
0.4966 0897 

0.0822 0899 
0.1646 2073 
0.2472 3573 
0.3300 5447 
0.4130 7746 
0.4963 0522 

k 

3M% 

(0.035) 

4% 

(0.04) 

4M% 

(0.045) 

5% 

(0.05) 

5M% 

(0.055) 

M 2 M 2 
Mg M 2 
X M 2 
M M 2 
M 2 M 2 
X M 2 

0.0820 2568 
0.1642 8684 
0.2467 8417 
0.3295 1834 
0.4124 9003 
0.4956 9993 

0.0818 4349 
0.1639 5492 
0.2463 3516 
0.3289 8510 
0.4119 0560 
0.4950 9757 

0.0816 6243 
0.1636 2496 
0.2458 8868 
0.3284 5470 
0.4113 2414 
0.4944 9811 

0.0814 8248 
0.1632 9692 
0.2454 4469 
0.3279 2714 
0.4107 4563 
0.4939 0153 

0.0813 0362 
0.1629 7080 
0.2450 0317 
0.3274 0237 
0.4101 7003 
0.4933 0780 

k 

6% 

(0,06) 

6M% 

(0.065) 

7% 

(0.07) 

7M% 

(0.075) 

8% 

(0.08) 

M 2 M 2 
M M 2 
K M 2 
X M 2 
M 2 M 2 
M M 2 

0.0811 2584 
0.1626 4657 
0.2445 6410 
0.3268 8037 
0.4095 9732 
0.4927 1690 

0.0809 4914 
0.1623 2422 
0.2441 2746 
0.3263 6112 
0.4090 2748 
0.4921 2880 

0.0807 7351 
0.1620 0372 
0,2436 9321 
0.3258 4460 
0.4084 6047 
0.4915 4348 

0.0805 9892 
0.1616 8505 
0.2432 6135 
0.3253 3076 
0.4078 9628 
0.4909 6090 

0.0804 2538 
0.1613 6821 
0.2428 3184 
0.3248 1960 
0.4073 3488 
0.4903 8106 
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Table VII 


olj,-. for k fractional 


k 

H% 

(0.0025) 

34.!% 

(0.0029 1607) 

34% 

(0.0033 3333) 

Hz% 

(0.0041 6667) 

H% 

(0.005) 

Hz Hz 
Vo Hz 

y* Hz 

a Hi 

Viz Hz 
H Hz 

0.0832 2068 
0.1664 2405 
0.2496 1011 
0.3327 7886 
0.4159 3030 
0.4990 6445 

0.0832 0194 
0.1663 8370 
0.2495 4527 
0.3326 8665 
0.4158 0786 
0.4989 0890 

0.0831 8322 
0.1663 4337 
0.2494 8047 
0.3325 9451 
0.4156 8550 
0.4987 5346 

0.0831 4580 
0.1662 6279 
0.2493 5099 
0.3324 1040 
0.4154 4103 
0.4984 4291 

0.0831 0842 
0.1661 8230 
0.2492 2167 
0.3322 2653 
0.4151 9689 
0.4981 3278 

k 

Hz% 

(0.0058 3333) 

%% 

(0.0066 0667) 

✓ I/O 

(0.0075) 

%% 

(O.OOS75) 

1% 

(0.01) 

Viz Hz 
H Hz 
H Hz 
H Hz 
Hz Hz 
H Hz 

0.0830 7108 
0.1661 0192 
0.2490 9251 
0.3320 4289 
0.4149 5307 
0.4978 2308 

0.0830 3379 
0.1660 2162 
0.2489 6351 
0.3318 5949 
0.4147 0958 
0.4975 1381 

0.0829 9654 
0.1659 4143 
0.2488 3468 
0.3316 7633 
0.4144 6641 
0.4972 0496 

0.0829 4075 
0.1658 2131 
0.2486 4172 
0.3314 0203 
0.4141 0227 
0.4967 4249 

0.0828 8505 
0.1657 0141 
0.2484 4912 
0.3311 2825 
0.4137 3885 
0.4962 8099 

k 

(0 01125) 

134% 

(0.0125) 

1 H% 

(0.01375) 

1>^% 

(0.015) 

(0.0175) 

Hz Hz 
H Hz 
\i Hz 
Vz Hz 
Hz Hz 
H Hz 

0.0828 2945 
0.1655 8172 
0.2482 5688 
0.3308 5501 
0.4133 7616 
0.4958 2042 

0.0827 7395 
0.1654 6225 
0.2480 6500 
0.3305 8228 
0.4130 1419 
0.4953 6080 

0.0827 1854 
0.1653 4299 
0.2478 7347 
0.3303 1009 
0.4126 5294 
0.4949 0213 

0.0826 6322 
0.1652 2395 
0.2476 8230 
0.3300 3841 
0.4122 9240 
0.4944 4440 

0.0825 5287 
0.1649 8649 
0.2473 0101 
0.3294 9662 
0.4115 7348 
0.4935 3176 

1; 

2% 

(0.02) 

2)4% 

(0.0225) 

2H% 

(0.025) 

2H% 

(0.0275) 

3% 

(0.03) 

Hz Hz 
H Hz 
H Hz 

l 3 Hz 

Hz Hz 
H Hz 

0.0324 4290 
0.1647 4987 
0.2469 2113 
0.3289 5689 
0.4108 5739 
0.4926 2285 

0.0823 3331 
0.1645 1409 
0.2465 4264 
0.3284 1922 
0.4101 4413 
0.4917 1765 

0.0822 2408 
0.1642 7915 
0.2461 6554 
0.3278 8360 
0.4094 3368 
0.4908 1613 

0.0821 1523 
0.1640 4503 
0.2457 8981 
0.3273 5001 
0.4087 2602 
0.4899 1828 

0.0820 0674 
0.1638 1173 
0.2454 1546 
0.3268 1843 
0.4080 2113 
0.4890 2406 

l: 

3J4% 

(0.035) 

4% 

(0.04) 

4 H% 
(0.045) 

5% 

(0.05) 

534% 

(0.055) 

j 1 2 Hz 
H, H 2 
H Ht 
H iiz 
Hz Hz 
H Hz 

0.0817 9086 
0.1633 4759 
0.2446 7084 
0.3257 6129 
0.4066 19S0 
0.4872 4645 

0.0815 7643 
0.1628 8668 
0.2439 3161 
0.3247 1208 
0.4052 2896 
0.4854 8311 

0.0813 6344 
0.1624 2897 
0.2431 9770 
0.3236 7070 
0.4038 4906 
0.4837 3386 

0.0811 5185 
0.1619 7442 
0.2424 6905 
0.3226 3706 
0.4024 7979 
0.4819 9854 

0.0809 4167 
0.1615 2300 
0.2417 4561 
0.3216 1108 
0.4011 2100 
0.4802 7696 

). 

6% 

(0.06) 

634% 

(0.065) 

7% 

(0.07) 

7H% 

(0.075) 

8% 

(0.08) 

Hz Hz 
36 Hz 
H Hz 
H Hz 
Hz Hz 
3$ Hz 


0.0805 2544 
0.1606 2940 
0.2403 1409 
0.3195 8169 
0.3984 3439 
0.4768 7437 

0.0803 1937 
0.1601 8715 
0.2396 0589 
0.3185 7811 
0.3971 0632 
0.4751 9301 

0.0801 1463 
0.1597 4789 
0.2389 0266 
0.3175 8183 
0.3957 8824 
0.4735 2474 

0.0799 1123 
0.1593 1159 
0.2382 0435 
0.3165 9276 
0.3944 8001 
0.4718 6939 
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Table VIII 
(1 + *)" 


n 

&% 

7 Ai% 

H% 

Vi.2% 

A% 

i 

1.0025 

0000 

1.0029 

1667 

1.0033 

3333 

1.0041 

6667 

1.0050 

0000 

2 

1.0050 

0625 

1.0058 

4184 

1.0066 

7778 

1 .0083 

5069 

1.0100 

2500 

3 

1.0075 

1877 

1.0087 

7555 

1.0100 

3337 

1.0125 

5216 

1.0150 

7513 

4 

1.0100 

3756 

1.0117 

1781 

1.0134 

0015 

1.0167 

7112 

1.0201 

5050 

5 

1.0125 

6266 

1.0146 

6865 

1.0167 

7815 

1.0210 

0767 

1.0252 

5125 

6 

1.0150 

9406 

1.0176 

2810 

1.0201 

6741 

1 .0252 

6187 

1.0303 

7751 

7 

1.0176 

3180 

1.0205 

9618 

1.0235 

6797 

1.0295 

3379 

1.0355 

2940 

8 

1.0201 

7588 

1.0235 

7292 

1.0269 

7986 

1.0338 

2352 

1.0407 

0704 

9 

1.0227 

2632 

1.0265 

5834 

1.0304 

0313 

1.0381 

3111 

1.0459 

1058 

10 

1.0252 

8313 

1.0295 

5247 

1.0338 

3780 

1.0424 

5666 

1.0511 

4013 

11 

1.0278 

4634 

1.0325 

5533 

1.0372 

8393 

1.0468 

0023 

1.0563 

9583 

12 

1.0304 

1596 

1.0355 

6695 

1.0407 

4154 

1.0511 

6190 

1.0616 

7781 

13 

1.0329 

9200 

1.0385 

8736 

1.0442 

1068 

1.0555 

4174 

1.0669 

8620 

14 

1.0355 

7448 

1.0416 

1657 

1.0476 

9138 

1 .0599 

3983 

1.0723 

2113 

15 

1.0381 

6341 

1.0446 

5462 

1.0511 

8369 

1.0643 

5625 

1.0776 

8274 

16 

1.0407 

5882 

1.0477 

0153 

1.0546 

8763 

1.0687 

9106 

1.0830 

7115 

17 

1.0433 

6072 

1.0507 

5732 

1.0582 

0326 

1 .0732 

4436 

1.0884 

8651 

18 

1.0459 

6912 

1.0538 

2203 

1.0617 

3060 

1 .0777 

1621 

1.0939 

2894 

19 

1.0485 

8404 

1.0568 

9568 

1.0652 

6971 

1 .0822 

0670 

1.0993 

9858 

20 

1.0512 

0550 

1.0599 

7829 

1.0688 

2060 

1.0867 

1589 

1.1048 

9558 

21 

1.0538 

3352 

1.0630 

6990 

1.0723 

8334 

1.0912 

4387 

1.1104 

2006 

22 

1.0564 

6810 

1.0661 

7052 

1.0759 

5795 

1.0957 

9072 

1.1159 

7216 

23 

1.0591 

0927 

1.0692 

8018 

1.0795 

4448 

1.1003 

5652 

1.1215 

5202 

24 

1.0617 

5704 

1.0723 

9891 

1.0831 

4296 

1.1049 

4134 

1.1271 

5978 

25 

1.0644 

1144 

1.0755 

2674 

1.0867 

5344 

1.1095 

4526 

1.1327 

9558 

26 

1.0670 

7247 

1.0786 

6370 

1.0903 

7595 

1.1141 

6836 

1.1384 

5955 

27 

1.0697 

4015 

1.0818 

0980 

1.0940 

1053 

1.1188 

1073 

1.1441 

5185 

28 

1.0724 

1450 

1.0849 

6508 

1 .0976 

5724 

1.1234 

7244 

1.1498 

7261 

29 

1.0750 

9553 

1.0881 

2956 

1.1013 

1609 

1.1281 

5358 

1.1556 

2197 

30 

1.0777 

8327 

1.0913 

0327 

1.1049 

8715 

1.1328 

5422 

1.1614 

0008 

31 

1.0804 

7773 

1.0944 

8624 

1.1086 

7044 

1.1375 

7444 

1.1672 

0708 

32 

1.0831 

7892 

1.0976 

7849 

1.1123 

6601 

1.1423 

1434 

1.1730 

4312 

33 

1.0858 

8687 

1.1008 

8005 

1.1160 

7389 

1.1470 

7398 

1.1789 

0833 

34 

1.0886 

0159 

1.1040 

9095 

1.1197 

9414 

1.1518 

5346 

1.1848 

0288 

35 

1.0913 

2309 

1.1073 

1122 

1.1235 

2679 

1.1566 

5284 

1.1907 

2689 

36 

1.0940 

5140 

1.1105 

4088 

1.1272 

7187 

1.1614 

7223 

1.1966 

8052 

37 

1.0967 

8653 

1.1137 

7995 

1.1310 

2945 

1.1663 

1170 

1.2026 

6393 

38 

1.0995 

2850 

1.1170 

2848 

1.1347 

9955 

1.1711 

7133 

1.2086 

7725 

39 

1.1022 

7732 

1.1202 

8648 

1.1385 

8221 

1.1760 

5121 

1.2147 

2063 

40 

1.1050 

3301 

1.1235 

5398 

1.1423 

7748 

1.1809 

5142 

1.2207 

9424 

41 

1.1077 

9559 

1.1268 

3101 

1.1461 

8541 

1.1858 

7206 

1.2268 

9821 

42 

1.1105 

6508 

1.1301 

1760 

1.1500 

0603 

1.1908 

1319 

1.2330 

3270 

43 

1.1133 

4149 

1.1334 

1378 

1.1538 

3938 

1.1957 

7491 

1.2391 

9786 

44 

1.1161 

2485 

1.1367 

1957 

1.1576 

8551 

1.2007 

5731 

1.2453 

9385 

45 

1.1189 

1516 

1.1400 

3500 

1.1615 

4446 

1.2057 

6046 

1.2516 

2082 

46 

1.1217 

1245 

1.1433 

6010 

1.1654 

1628 

1.2107 

8446 

1.2578 

7892 

47 

1.1245 

1673 

1.1466 

9490 

1.1693 

0100 

1.2158 

2940 

1.2641 

6832 

48 

1.1273 

2802 

1.1500 

3943 

1.1731 

9867 

1.2208 

9536 

1.2704 

8916 

49 

1.1301 

4634 

1.1533 

9371 

1.1771 

0933 

1.2259 

8242 

1 .2768 

4161 

50 

1.1329 

7171 

1.1567 

5778 

1.1810 

3303 

1.2310 

9068 

1.2832 

2581 
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Table VIII. — ( Continued ) 
(1 + :)" 


n 


IB 


KiX 


51 

1.1358 0414 

1.1601 3165 

1.1849 6981 

1.2362 2022 

1.2396 4194 

52 

1.1386 4365 

1.1635 1537 

1.1889 1971 

1.2413 7114 

1.2960 9015 

53 

1.1414 9026 

1.1669 0896 

1.1928 8277 

1.2465 4352 

1.3025 7060 

54 

1.1443 4398 

1.1703 1244 

1.1968 5905 

1.2517 3745 j 

1.3090 8346 

55 

1.1472 0484 

1.1737 2585 

1.2008 4858 

1.2569 5302 

1.3156 2837 

56 

1.1500 7285 

1.1771 4922 

1.2048 5141 

1.2621 9033 

1.3222 0702 

57 

1.1529 4804 

1.1805 8257 

1.2088 6758 

1.2674 4946 

1.3288 1805 

58 

1.1558 3041 

1.1840 2594 

1.2128 9714 

1.2727 3050 

1.3354 6214 

59 

1.1587 1998 

1.1874 7935 

1.2169 4013 

1.2780 3354 

1.3421 3946 

60 

1.1616 1678 

1.1909 4283 

1.2209 9659 

1.2833 5868 

1.3488 5015 

61 

1.1645 2082 

1.1944 1 641 

1.2250 6658 

1.2887 0601 

1.3555 9440 

62 

1.1674 3213 

1.1979 0013 

1.2291 5014 

1.2940 7561 

1 .3623 7238 

63 

1.1703 5071 

1.2013 9400 

1.2332 4730 

1.2994 6760 

1.3691 8424 

64 

1.1732 7658 

1.2048 9807 

1.2373 5813 

1.3048 8204 

1.3760 3016 

65 | 

1.1762 0977 

1.2084 1235 

1.2414 8266 

1.3103 1905 

1.3829 1031 

66 

1.1791 5030 

1.2119 3689 

1.2456 2093 

1.3157 7872 

1.3898 2486 

67 

1.1820 9817 

1.2154 7171 

1.2497 7300 

1.3212 6113 

1.3967 7399 

68 

1.1850 5342 

1.2190 1683 

1.2539 3891 

1.3267 6638 

1.4037 5785 

69 i 

1.1880 1605 

1.2225 7230 

1.2581 1871 

1.3322 9458 

1.4107 7G54 

70 ! 

1.1909 8609 

1.2261 3813 

1.2623 1244 

1.3378 4580 

1.4178 3053 

71 

1.1939 6356 

1.2297 1437 

1.2665 2015 

1.3434 2016 

1.4249 1968 

72 

1.1969 4847 

1.2333 0104 

1.2707 4188 

1.3490 1774 

1.4320 4428 

73 

1.1999 4084 

1.2368 9816 

1.2749 7769 

1.3546 3865 

1.4392 0450 

74 

1.2029 4069 

1.2405 0578 

1.2792 2761 

1.3602 8298 

1.4464 0052 

75 

1.2059 4804 

1.2441 2393 

1.2834 9170 

1.3659 5082 

1.4536 3252 

76 

1.2089 6291 

1.2477 5262 

1.2877 7001 

1.3716 4229 

1.4609 0059 

77 

1.2119 8532 

1.2513 9190 

1.2920 6258 

1.3773 5746 

1.4682 0519 

78 

1.2150 1528 

1.2550 4179 

1.2963 6945 

1.3830 9645 

1.4755 4622 

79 

1.2180 5282 

1.2587 0233 

1.3006 9068 

1.3888 5935 

1.4829 2395 

80 

1.2210 9795 

1.2623 7355 

1 .3050 2632 

1.3946 4627 

1.4903 3857 

81 

1.2241 5070 

1.2660 5547 

1.3093 7641 

1.4004 5729 

1.4977 9026 

82 

1.2272 1108 

1.2697 4813 

1.3137 4099 

1.4062 9253 

1.5052 7921 

83 

1.2302 7910 

1.2734 5156 

1.3181 2013 

1.4121 5209 

1.5128 0561 

84 

1.2333 5480 

1.2771 6580 

1.3225 1386 

1.4180 3605 

1.5203 6964 

85 

1.2364 3819 

1.2808 9086 

1.3269 2224 

1.4239 4454 

1.5279 7148 

86 

1.2395 2928 

1.2846 2680 

1.3313 4532 

1.4298 7764 

1.5356 1134 

87 

1.2426 2811 

1.2883 7362 

1.3357 8314 

1.4358 3546 

1.5432 8940 

88 

1.2457 3468 

1.2921 3138 

1.3402 3575 

1.4418 1811 

1.5510 0585 

89 

1.2488 4901 

1.2959 0010 

1.3447 0320 

1 .4478 2568 

1.5587 6087 

90 

1.2519 7114 

1.2996 7980 

1.3491 8554 

1.4538 5829 

1.5665 5463 

91 

1.2551 0106 

1.3034 7054 

1.3536 8283 

1.4599 1603 

1.5743 8745 

92 

1.2582 3882 

1.3072 7233 

1.3581 9510 

1.4659 9902 

1.5822 5939 

93 

1.2613 8441 

1.3110 8520 

1.3627 2242 

1.4721 0735 

1.5901 7069 

94 

1.2645 3787 

1.3149 0920 

1.3672 6483 

1.4782 4113 

1.5981 2154 

95 

1.2676 9922 

1.3187 4435 

1.3718 2238 

1.4844 0047 

1.6061 1215 

96 

1.2708 6847 

1.3225 9069 

1.3763 9512 

1.4905 8547 

1.6141 4271 

97 

1.2740 4564 

1.3264 4825 

1.3809 8310 

1.4967 9624 

1.6222 1342 

98 

1.2772 3075 

1.3303 1706 

1.3855 8638 

1.5030 3289 

1.6303 2449 

99 

1.2804 2383 

1.3341 9715 

1.3902 0500 

1.5092 9553 

1.6387 7611 

100 

1.2336 2489 

1.3380 8855 

1.3948 3902 

1.5155 8426 

1.6466 6849 
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Table VIII. — ( Continued ) 
(1 + i) n 


n 

H 7 c 

J-24% 

Vi % 


% 

H % 

101 

1.2868 

3395 

1.3419 

9131 

1 .3994 

8848 

1.5218 

9919 

1.6549 

0183 

102 

1.2900 

5104 

1.3459 

0546 

1 .4041 

5344 

1 .5282 

4044 

1.6631 

7634 

103 

1.2932 

7616 

1.3498 

3101 

1.4088 

3395 

1 .5346 

0811 

1.6714 

9223 

104 

1.2965 

0935 

1.3537 

6802 

1.4135 

3007 

1.5410 

0231 

1.6798 

4969 

105 

1.2997 

5063 

1.3577 

1651 

1.4182 

4183 

1.5474 

2315 

1.6882 

4894 

106 

1.3030 

0000 

1.3616 

7652 

1 .4229 

6931 

1.5538 

7075 

1.6966 

9018 

107 

1.3062 

5750 

1.3656 

4807 

1.4277 

1254 

1 .5603 

4521 

1.7051 

7363 

108 

1.3095 

2315 

1.3696 

3121 

1 .4324 

7158 

1 .5668 

4665 

1.7136 

9950 

109 

1.3127 

9696 

1.3736 

2597 

1.4372 

4649 

1 .5733 

7518 

1.7222 

6800 

110 

1.3160 

7895 

1.3776 

3238 

1.4420 

3731 

1.5799 

3091 

1.7308 

7934 

111 

1.3193 

6915 

1.3816 

5047 

1.4468 

4410 

1 .5865 

1395 

1 .7395 

3373 

112 

1.3226 

6757 

1.3856 

8029 

1.4516 

6691 

1 .5931 

2443 

1.7482 

3140 

113 

1.3259 

7424 

1.3897 

2186 

1.4565 

0580 

1.5997 

6245 

1.7569 

7256 

114 

1.3292 

8917 

1.3937 

7521 

1.4613 

6082 

1.6064 

2812 

1 .7657 

5742 

115 

1.3326 

1240 

1.3978 

4039 

1.4662 

3202 

1.6131 

2157 

1.7745 

8621 

116 

1.3359 

4393 

1.4019 

1742 

1.4711 

1946 

1.6198 

4291 

1.7834 

5914 

117 

1.3392 

8379 

1.4060 

0635 

1.4760 

2320 

1.6265 

9226 

1.7923 

7644 

118 

1 .3426 

3200 

1.4101 

0720 

1.4809 

4327 

1.6333 

6973 

1.8013 

3832 

119 

1.3459 

8858 

1.4142 

2001 

1.4858 

7975 

1 .6401 

7543 

1.8103 

4501 

120 

1.3493 

5355 

1.4183 

4482 

1.4908 

3268 

1.6470 

0950 

1.8193 

9673 

121 

1.3527 

2693 

1.4224 

8166 

1.4958 

0212 

1.6538 

7204 

1.8284 

9372 

122 

1.3561 

0875 

1 1.4266 

3057 

1.5007 

8813 

1.6607 

6317 

1.8376 

3619 

123 

1.3594 

9902 

1.4307 

9157 

1.5057 

9076 

1.6676 

8302 

1.8468 

2437 

124 

1.3628 

9777 

1.4349 

6471 

1.5108 

1006 

1.6746 

3170 

1.8560 

5849 

125 

1.3663 

0501 

1.4391 

5003 

1.5158 

4609 

1.6816 

0933 

1.8653 

3878 

126 

1.3697 

2077 

1.4433 

4755 

1.5208 

9892 

1.6886 

1603 

1.8746 

6548 

127 

1.3731 

4508 

1.4475 

5731 

1.5259 

6858 

1.6956 

5193 

1 .8840 

3880 

128 

1.3765 

7794 

1.4517 

7935 

1.5310 

5514 

1.7027 

1715 

1.8934 

5900 

129 

1.3800 

1938 

1.4560 

1371 

1.5361 

5866 

1 .7098 

1181 

1 .9029 

2629 

130 

1.3834 

6943 

1.4602 

6042 

1.5412 

7919 

1.7169 

3602 j 

1.9124 

4092 

131 

1.3869 

2811 

1.4645 

1951 

1 .5464 

1678 

1 .7240 

8992 

1.9220 

0313 

132 

1.3903 

9543 

1 .4687 

9103 

1.5515 

7151 

1.7312 

7363 

1.9316 

1314 

133 

1.3938 

7142 

1.4730 

7500 

1.5567 

4341 

1.7384 

8727 

1.9412 

7121 

134 

1.3973 

5609 

1.4773 

7147 

1.5619 

3256 

1.7457 

3097 

1.9509 

7757 

135 

1 .4008 

4948 

1.4816 

8047 

1.5671 

3900 

1.7530 

0485 

1.9607 

3245 

136 

1.4043 

5161 

1.4860 

0204 

1 .5723 

6279 

1.7603 

0903 

1.9705 

3612 

137 

1.4078 

6249 

1.4903 

3621 

1.5776 

0400 

1.7676 

4365 

1.9803 

8880 

138 

1.4113 

8214 

1.4946 

8302 

1 .5828 

6268 

1.7750 

0884 

1.9902 

9074 

139 

1.4149 

1060 

1.4990 

4252 

1.5881 

3889 

1.7824 

0471 

2.0002 

4219 

140 

1.4184 

4787 

1.5034 

1472 

1 .5934 

3269 

1.7898 

3139 

2.0102 

4340 

141 

1.4219 

9399 

1.5077 

9968 

1.5987 

4413 

1.7972 

8902 

2.0202 

9462 

142 

1 .4255 

4898 

1.5121 

9743 

1.6040 

7328 

1.8047 

7773 

2.0303 

9609 

143 

1.4291 

1285 

1.5166 

0801 

1.6094 

2019 

1.8122 

9763 

2.0405 

4808 

144 

1.4326 

8563 

1.5210 

3145 

1.6147 

8492 

1.8198 

4887 

2.0507 

5082 

145 

1.4362 

6735 

1.5254 

6779 

1 .6201 

6754 

1.8274 

3158 

2.0610 

0457 

146 

1.4398 

5802 

1.5299 

1707 

1.6255 

6810 

1 .8350 

4588 

2.0713 

0959 

147 

1.4434 

5766 

1.5343 

7933 

1.6309 

8666 

1 .8426 

9190 

2.0816 

6614 

148 

1.4470 

6631 

1.5388 

5460 

1 .6364 

2328 

1 .8503 

6978 

2.0920 

7447 

149 

1 .4506 

8397 

1.5433 

4293 

1.6418 

7802 

1.8580 

7966 

2.1025 

3484 

150 

1.4543 

1068 

1.5478 

4434 

1.6473 

5095 

1.8658 

2166 

2.1130 

4752 
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Table VIII. — ( Continued ) 
(1 + «“ 


n 


%% 

H% 

%% 

1% 

i 

1.0058 3333 ] 

1.0066 6667 

1.0075 0000 

1.0087 5000 

1.0100 0000 

2 

1.0117 0069 

1.0133 7778 

1.0150 5625 

1.0175 7656 

1.0201 0000 

3 

1.0176 0228 

1.0201 3363 

1.0226 6917 

1.0264 8036 

1.0303 0100 

4 

1.0235 3830 

1.0269 3452 

1.0303 3919 

1.0354 6206 

1.0406 0401 

5 

1.0295 0894 

1.0337 8075 

1.0380 6673 

1.0445 2235 

1.0510 1005 

6 

1.0355 1440 

1.0406 7262 

1.0458 5224 

1.0536 6192 

1.0615 2015 

7 

1.0415 5490 

1.0476 1044 

1.0536 9613 

1.0628 8147 

1.0721 3535 

8 

1.0476 3064 

1.0545 9451 

1.0615 9885 

1.0721 8168 

1.0828 5671 

9 

1.0537 4182 

1.0616 2514 

1.0695 6084 

1.0815 6327 

1.0936 8527 

10 

1.0598 8865 

1.0687 0264 

1.0775 8255 

1.0910 2695 

1.1046 2213 

11 

1.0660 7133 

1.0758 2732 

1.0856 6441 

1.1005 7343 

1.1156 6835 

12 

1.0722 9008 

1.0829 9951 

1.0938 0690 

1.1102 0345 

1.1268 2503 

13 

1.0785 4511 

1.0902 1950 

1.1020 1045 

1.1199 1773 

1.1380 9328 

14 

1.0848 3662 

1.0974 8763 

1.1102 7553 

1.1297 1701 

1.1494 7421 

15 

1.0911 6483 

1.1048 0422 

1.1186 0259 

1.1396 0203 

1.1609 6896 

16 

1.0975 2996 

1.1121 6958 

1.1269 9211 

1.1495 7355 

1.1725 7864 

17 

1.1039 3222 

1.1195 8404 

1.1354 4455 

1.1596 3232 

1.1843 0443 

18 

1.1103 7182 

1.1270 4794 

1.1439 6039 

1.1697 7910 

1.1961 4748 

19 

1.1168 4899 

1.1345 6159 

1.1525 4009 

1.1800 1467 

1.2081 0895 

20 

1.1233 6395 

1.1421 2533 

1.1611 8414 

1.1903 3980 

1.2201 9004 

21 

1.1299 1690 

1.1497 3950 

1.1698 9302 

1.2007 5527 

1.2323 9194 

22 

1.1365 0808 

1.1574 0443 

1.1786 6722 

1.2112 6188 

1.2447 1586 

23 

1.1431 3771 

1.1651 2046 

1.1875 0723 

1.2218 6042 

1.2571 6302 

24 

1.1498 0602 

1.1728 8793 

1.1964 1353 

1.2325 5170 

1.2697 3465 

25 

1.1565 1322 

1.1807 0718 

1.2053 8663 

1.2433 3653 

1.2824 3200 

26 

1.1632 5955 

1.1885 7857 

1.2144 2703 

1.2542 1572 

1.2952 5631 

27 

1.1700 4523 

1.1965 0242 

1.2235 3523 

1.2651 9011 

1.3082 0888 

28 

1.1768 7049 

1.2044 7911 

1.2327 1175 

1.2762 6052 

1.3212 9097 

29 

1.1837 3557 

1.2125 0897 

1.2419 5709 

1.2874 2780 

' 1.3345 0388 

30 

1.1906 4069 

1.2205 9236 

1.2512 7176 

1.2986 9280 

1.3478 4892 

31 

1.1975 8610 

1.2287 2964 

1.2606 5630 

1.3100 5636 

1.3613 2740 

32 

1.2045 7202 

1.2369 2117 

1.2701 1122 

1.3215 1935 

1.3749 4068 

33 

1.2115 9869 

1.2451 6731 

1.2796 3706 

1.3330 8265 

1.3886 9009 

34 

1.2186 6634 

1.2534 6843 

1.2892 3434 

1.3447 4712 

1.4025 7699 

35 

1.2257 7523 

1.2618 2489 

1.2989 0359 

1.3565 1366 

1.4166 0276 

36 

1.2329 2559 

1.2702 3705 

1.3086 4537 

1.3683 8315 

1.4307 6878 

37 

1.2401 1765 

1.2787 0530 

1.3184 6021 

1.3803 5650 

1.4450 7647 

38 

1.2473 5167 

1.2872 3000 

1.3283 4866 

1.3924 3462 

1.4595 2724 

39 

1.2546 2789 

1.2958 1153 

1.3383 1128 

1.4046 1843 

1.4741 2251 

40 

1.2619 4655 

1.3044 5028 

1.3483 4861 

1.4169 0884 

1.4888 6373 

41 

1.2693 0791 

1.3131 4661 

1.3584 6123 

1.4293 0679 

1.5037 5237 

42 

1.2767 1220 

1.3219 0092 

1.3686 4969 

1.4418 1322 

1.5187 8989 

43 

1.2841 5969 

1.3307 1360 

1.3789 1456 

1.4544 2909 

1.5339 7779 

44 

1.2916 5062 

1.3395 8502 

1.3892 5642 

1.4671 5534 

1.5493 1757 

45 

1.2991 8525 

1.3485 1559 

1.3995 7584 

1.4799 9295 

1.5648 1075 

46 

1.3067 6383 

1.3575 0569 

1.4101 7341 

1.4929 4289 

1.5804 5885 

47 

1.3143 8662 

1.3665 5573 

1.4207 4971 

1.5060 0614 

1.5962 6344 

48 

1.3220 5388 

1.3756 6610 

1.4314 0533 

. 1.5191 8370 

1.6122 2608 

49 

1.3297 6586 

1.3848 3721 

1.4421 4087 

1.5324 7655 

1.6283 4834 

50 

1.3375 2283 

1.3940 6946 

1.4529 5693 

1.5458 8572 

1.6446 3182 
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MATHEMATICS OT FIXASCE 


VIII. — {Conlir. u'd'j 

(I t O' 


n 

7 ^ t 
>12 

r* 

/C 

£4 cr \ 

s «5 /C < 

j 

! i 

[ se> 1 


51 

1.3453 

2504 

1.4033 

6325 

1.463S 

5411 ! 

1.5594 

1222 

1.6510 

7814 

52 

1.3531 

7277 

1.4127 

1901 

1.4748 

3301 | 

1.5730 

5703 

1.6776 

8392 

53 

1.3S10 

6628 

1.4221 

3713 

1.4853 

9425 1 

1.5853 

2133 

1.6944 

65S1 

54 

1.3590 

0583 

1.4316 

1805 

1.4970 

3847 , 

1 .6007 

0502 

1.7114 

1047 

55 

1.3769 

9170 

1.4411 

6217 

1.5032 

6526 | 

1.6147 

1219 

1.72 85 

2457 

55 

1.3850 

2415 

1.4537 

6992 

1.5195 

7825 i 

1.6288 

4093 

j 1.7458 

0982 

57 

1.3931 

03^5 

1.4604 

4172 

1.5309 

7509 j 

1.6430 

9328 

1.7632 

6792 

58 

1.4012 

2990 

1.4701 

7799 

1.5424 

5740 1 

1.6574 

7035 

1.7803 

0050 

59 

1.4094 

037^ 

1.4799 

7918 : 

1.5540 

25E3 ! 

1.6719 

7322 ! 

j 1.7937 

0950 

60 

1.4176 

2525 

| 1.4S93 

4571 ] 

1.5555 

8103 j 

1.6856 

0293 | 

\ 1.8166 

9570 

61 

1.4258 

9474 ! 

1 .4997 

7801 1 

1.5774 

2353 I 

1.7013 

6076 j 

! 1.8343 

6367 

62 

1.43^2 

1246 ; 

! 1.5097 

7653 ! 

! 1 .5392 

5431 ! 

1.7162 

4765 I 

| 1.8532 

1230 

63 

1.4425 

7870 i 

1.5193 

4171 1 

. 1.6011 

7372 | 

1.7312 

6483 i 

; 1.8717 

4443 

64 

1.4509 

9374 j 

1.5299 

7399 , 

1 1.6131 

8252 

1.7464 

1340 

1.8904 

6187 

65 

1.4594 

5787 

1.5401 

7381 j 

| 1.6252 

8139 ! 

1 1.7616 

9452 ! 

! 1.9093 

6549 

66 

1.4679 

7133 1 

1.5504 

4164 

1 1.6374 

7100 

! 1.7771 

0934 j 

1.9284 

6015 

67 

1.4765 

3454 1 

1.5507 

7792 

* 1.6497 

5203 

! 1.7925 

5905 

! 1.9477 

4475 

6$ 

1.4851 

4766 

1 1.5711 

8310 

1.6521 

2517 ] 

1.8033 

4482 

1.9572 

2220 

69 

1.4938 

1102 

1 .531 6 

5766 

1.6745 

9111 ; 

1.8241 

6783 

1.9868 

9442 

70 

1.5025 

2492 , 

; 1.5922 

0204 

1.6371 

5055 1 

1.8401 

2930 

2.00-37 

6337 

71 

1.5112 

8955 j 

j 1.6023 

1672 ! 

1 1.6993 

0418 I 

1.8562 

3043 j 

2.0258 

3100 

72 

1.5201 

0550 | 

1.6135 

0217 

1.7125 

5271 

i 1.8724 

7245 I 

1 2.0470 

9931 

73 

1.5239 

7279 ! 

! 1.6242 

5885 

1.7253 

9535 i 

1 1.88S8 

5558 , 

, 2.0-375 

7031 

74 

1.5378 

9179 

1.6350 

8724 

1.7333 

3733 1 

| 1.9053 

8403 : 

; 2.0332 

4601 

75 

1.5458 

6283 ' 

| 1.6459 

8782 

1 1.7513 

7486 : 

: 1.9220 

5519 

1.1091 

2847 

76 

1.5558 

8520 

! 1.6569 

6107 

1.7645 

1017 | 

1 1.9388 

7418 

; 2.1302 

1975 

77 

1.5549 

6220 

1.6580 

0748 

1.7777 

4400 1 

I 1.9558 

3933 | 

2.1515 

2195 

78 

1.5740 

9115 

1.6791 

2753 

1.7910 

7703 

1.9729 

5292 ; 

! 2.17 30 

3717 

79 

1.5832 

7334 

1.6903 

2172 

1.8045 

1015 

1.9902 

1626 | 

; 2.1947 

6754 

80 

1.5925 

0910 

; 1.7015 

9053 

, 1.81 SO 

4393 j 

2.00/5 

3066 i 

1 2.2? 67 

1522 

81 

1.6017 

9874 

' 1.7129 

3446 

1.8316 

7931 

2.0251 

9742 , 

! 2.2388 

8237 

82 

1.6111 

4257 

1 1.7243 

5403 

1.8454 

1691 S 

2.0429 

1790 

i 2.2612 

7119 

83 

1.6205 

4090 

1.7358 

4972 

1.8592 

5753 

; 2.C607 

9343 : 

! 2.2838 

8390 

84 

1.6299 

9405 

( 1.7474 

2205 

1 1.8732 

0195 ! 

2.0788 

2537 ! 

2.3057 

2274 

85 

1.6395 

0235 

| 1.7590 

7153 

| 1.8872 

5093 ] 

2.0970 

1510 j 

2.3297 

•8997 

86 

1.6490 

6512 

1.7707 

9858 

j 1.9014 

0535 ] 

2.1153 

6393 

2.3530 

8787 

87 

1.6585 

8557 

1.7325 

0400 

1.9155 

6590 ; 

2.1338 

7341 ; 

23765 

1875 

88 

1.6633 

6134 

1 1.7944 

8803 

. 1.9300 

3339 : 

. 2.1525 

4481 j 

2.4003 

8494 

89 

1.6780 

9344 

1.8054 

5128 

1.9445 

0365 i 

2.1713 

7957 j 

2.4243 

8379 

90 

1.6878 

8232 

1.8184 

9429 

i 1.9590 

9245 

2.1903 

7914 | 

2.44S5 

3257 

91 

1.6977 

2830 

1.8305 

1753 ! 

1.9737 

8555 

: 2.2095 

4495 I 

2.4731 

1900 

92 

1.7076 

3172 

1.8423 

2170 < 

1.9385 

8905 

2.2233 

7848 ! 

2.4978 

5019 

93 

1.7175 

9290 

1.8551 

0718 

2.0035 

0346 

! 2.2483 

8117 

2.5223 

2359 

94 

1.7276 

1219 

1.8574 

7455 

2.0185 

2374 

2.2680 

5450 ! 

2.5480 

5593 

95 

1.73/6 

8993 

1.8739 

2439 | 

| 2.0335 

6371 

2.2873 

9993 j 

2.5735 

3755 

95 

1.7473 

2645 

1.8924 

5722 

! 2.0439 

2123 

i 2.3079 

1910 ! 

! 2.5992 

7293 

97 

1.7580 

2211 

1.9050 

7350 

1 2.0542 

8814 j 

2.3281 

1340 j 

2.6252 

6555 

93 

1.7682 

7724 

1.9177 

7409 

; 2.07S7 

7030 

2.3434 

8439 1 

2.6515 

1831 

99 

1.7785 

9219 

1.9305 

5925 j 

1 2.0253 

6853 | 

2.3593 

3363 

2.6780 

3349 

100 

1.7889 

6731 

1.9434 

2955 ! 

i 2.1110 

8384 | 

2.3897 

6257 1 

2.7048 

1383 
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Table VIII. — (Continued) 
(1 + i) n 


n 

Vl2% 

H% 

K% 

14% 

1% 

mm 

1.7994 0295 

1.9563 8585 

2.1269 1697 

2.4106 7309 

2.7318 6197 


1.8098 9947 

1.9694 2842 

2.1428 6885 

2.4317 6648 

2.7591 8059 

mtm 

1.8204 5722 

1.9825 5794 

2.1589 4036 

2.4530 4444 

2.7867 7239 

104 

1.8310 7655 

1.9957 7499 

2.1751 3242 

2.4745 0858 

2.8146 4012 

105 

1.8417 5783 

2.C090 8016 

2.1914 4591 

2.4961 6053 

2.8427 8652 

106 

1.8525 0142 

2.0224 7403 

2.2078 8175 

2.5180 0193 

2.8712 1438 

107 

1.8633 0768 

2.0359 5719 

2.2244 4087 

2.5400 3445 

2.8999 2653 

108 

1.8741 7697 

2.0495 3024 

2.2411 2417 

2.5622 5975 

2.9289 2579 

109 

1.8851 0967 

2.0631 9377 

2.2579 3260 

2.5846 7953 

2.9582 1505 

110 

1.8961 0614 

2.0769 4840 

2.2748 6710 

2.6072 9547 

2.9877 9720 

111 

1.9071 6676 

2.0907 9472 

2.2919 2860 

2.6301 0931 

3.0176 7517 

112 

1.9182 9190 

2.1047 3335 

2.3091 1807 

2.6531 2276 

3.0478 5192 

113 

1.9294 8194 

2.1187 6491 

2.3264 3645 

2.6763 3759 

3.0783 3044 

114 

1.9407 3725 

2.1328 9000 

2.3438 8472 

2.6997 5554 

3.1091 1375 

115 1 

i 

1.9520 5822 

2.1471 0927 

2.3614 6386 

2.7233 7840 

3.1402 0489 

116 

1.9634 4522 

2.1614 2333 

2.3791 7484 

2.7472 0796 

3.1716 0693 

117 

1.9748 9865 

2.1758 3282 

2.3970 1865 

2.7712 4603 

3.2033 2300 

118 

1.9864 1890 

2.1903 3837 

2.4149 9629 

2.7954 9444 

3.2353 5623 

119 

1.9980 0634 

2.2049 4063 

2.4331 0876 

2.8199 5501 

3.2677 0980 

120 

2.0096 6138 

2.2196 4023 

2.4513 5708 

2.8446 2962 

3.3003 8689 

121 

2.0213 8440 

2.2344 3784 

2.4697 4226 

2.8695 2013 

3.3333 9076 

122 

2.0331 7581 

2.2493 3409 

2.4882 6532 

2.8946 2843 

3.3667 2467 

123 

2.0450 3600 

2.2643 2965 

2.5069 2731 

2.9199 5643 

3.4003 9192 

124 

2.0569 6538 

2.2794 2518 

2.5257 2927 

2.9455 0605 

3.4343 9584 

125 

2.0689 6434 

2.2946 2135 

2.5446 7224 

2.9712 7922 

3.4687 3980 

126 

2.0810 3330 

2.3099 1882 

2.5637 5728 

2.9972 7792 

3.5034 2719 

127 

2.0931 7266 

2.3253 1828 

2.5829 8546 

3.0235 0410 

3.5384 6147 

128 

2.1053 8284 

2.3408 2040 

2.6023 5785 

3.0499 5976 

3.5738 4608 

129 

2.1176 6424 

2.3564 2587 

2.6218 7553 

3.0766 4691 

3.6095 8454 

130 

2.1300 1728 

2.3721 3538 

2.6415 3960 

3.1035 6757 

3.6456 8039 

131 

2.1424 4238 

2.3879 4962 

2.6613 5115 

3.1307 2378 

3.6821 3719 

132 

2.1549 3996 

2.4038 6928 

2.6813 1128 

3.1581 1762 

3.7189 5856 

133 

2.1675 1 044 

2.4198 9507 

2.7014 2112 

3.1857 5115 

3.7561 4815 

134 

2.1801 5425 

2.4360 2771 

2.7216 8177 

3.2136 2647 

3.7937 0963 

135 ■ 

2.1928 7182 

2.4522 6789 

2.7420 9439 

3.2417 4570 

3.8316 4673 

136 

2.2056 6357 

2.4686 1635 

2.7626 6009 

3.2701 1098. 

3.8699 6319 

137 

2.2185 2994 

2.4850 7379 

2.7833 8005 

3.2987 2445 

3.9086 6282 

138 

2.2314 7137 

2.5016 4095 

2.8042 5540 

3.3275 8829 

3.9477 4945 

139 

2.2444 8828 

2.5183 1855 

2.8252 8731 

3.3567 0468 

3.9872 2695 

140 

2.2575 8113 

2.5351 0734 

2.8464 7697 

3.3860 7585 

4.0270 9922 

141 

2.2707 5036 

2.5520 0806 

2.8678 2554 

3.4157 0401 

4.0673 7021 

142 

2.2839 9640 

2.5690 2145 

2.8893 3424 

3.4455 9142 

4.1080 4391 

143 

2.2973 1971 

2.5861 4826 

2.9110 0424 

3.4757 4035 

4.1491 2435 

144 

2.3107 2074 

2.6033 8924 

2.9328 3677 

3.5061 5308 

4.1906 1559 

145 

2.3241 9995 

2.6207 4517 

2.9548 3305 

3.5368 3192 

4.2325 2175 

146 

2.3377 5778 

2.6382 1681 

2.9769 9430 

3.5677 7919 

4.2748 4697 

147 

2,3513 9470 

2.6558 0492 

2.9993 2175 

3.5989 9726 

4.3175 9544 

148 

2.3651 1117 

2.6735 1028 

3.0218 1667 

3.6304 8849 

4.3607 7139 

149 

2.3789 0765 

2.6913 3369 ; 

3.0444 8029 

3.6622 5526 

4.4043 7910 

150 

2.3927 8461 

2.7092 7591 

3.0673 1389 

3.6943 0000 

4.4484 2290 






272 


MATHEMATICS OF FIXAXCE 


Table VIII. — (Continued) 
(1 + *•)" 


n 

7 A2 

% 

%' 

m 

K% 

K' 

To 

1% 

151 

2.4067 

4252 

2.7273 

3775 

3.0903 

1875 

3.7266 

2512 

4.4929 

0712 

152 

2.4207 

8186 

2.7455 

2000 

3.1134 

9614 

3.7592 

3309 

4.5378 

3620 

153 

2.4349 

0308 

2.7638 

2347 

3.1368 

4736 

3.7921 

2638 

4.5832 

1456 

154 

2.4491 

0668 

2.7822 

4896 

3.1603 

7372 

3.8253 

0749 

4.6290 

4670 

155 

2.4633 

9314 

2.8007 

9729 

3.1840 

7652 

3.8587 

7893 

4.6753 

3717 

156 

2.4777 

6293 

2.8194 

6927 

3.2079 

5709 

3.8925 

4324 

4.7220 

9054 

157 

2.4922 

1655 

2.8382 

6573 

3.2320 

1677 

3.9266 

0300 

4.7693 

1145 

158 

2.5067 

5448 

2.8571 

8750 

3.2562 

5690 

3.9609 

6077 

4.8170 

0456 

159 

2.5213 

7721 

2.8762 

3542 

3.2805 

7882 

3.9956 

1918 

4.8651 

7461 

160 

2.5360 

8525 

2.8954 

1032 

3.3052 

8391 

4.0305 

8085 

4.9138 

2635 

161 

2.5508 

7908 

2.9147 

1306 

3.3300 

7354 

4.0658 

4843 

4.9629 

6462 

162 

2.5657 

5921 

2.9341 

4448 

3.3550 

4910 

4.1014 

2460 

5.0125 

9426 

163 

2.5807 

2614 

2.9537 

0544 

3.3802 

1196 

4.1373 

1207 

5.0627 

2021 

164 

2.5957 

8037 

2.9733 

9681 

3.4055 

6355 

4.1735 

1355 

5.1133 

4741 

165 

2.6109 

2242 

2.9932 

1945 

3.4311 

0528 ! 

4.2100 

3179 

5.1644 

8088 

166 

2.6261 

5280 

3.0131 

7425 

3.4568 

3857 

4.2468 

6957 

5.2161 

2569 

167 

2.6414 

7203 

3.0332 

6208 

3.4827 

6486 

4.2840 

2968 

5.2682 

8695 

168 

2.6568 

8062 

3.0534 

8383 

3.5038 

8560 

4.3215 

1494 

5.3209 

6982 

169 

2.6723 

7909 

3.0738 

4038 

3.5352 

0224 

4.3593 

2819 

5.3741 

7952 

170 

2.6B79 

6796 

3.0943 

3265 

3.5617 

1625 

4.3974 

7232 

5.4279 

2131 

171 

2.7036 

4778 

3.1149 

6154 

3.5884 

2913 

4.4359 

5020 

5.4822 

0052 

172 

2.7194 

1906 

3.1357 

2795 

3.6153 

4234 

4.4747 

6476 

5.5370 

2253 

173 

2.7352 

8233 

3.1566 

3280 

3.6424 

5741 

4.5139 

1896 

5.5923 

9275 

174 

2.7512 

3815 

3.1776 

7702 

3.6697 

7584 

4.5534 

1575 

5.6483 

1668 

175 

2.7672 

8704 

3.1988 

6153 

3.6972 

9916 

4.5932 

5813 

5.7047 

9985 

176 

1 2.7834 

2954 

3.2201 

8728 

3.7250 

2891 

4.6334 

4914 

5.7618 

4785 

177 

2.7996 

6622 

3.2416 

5519 

3.7529 

6662 

4.6739 

9182 

5.8194 

6633 

178 

2.8159 

9760 

3.2632 

6623 

3.7811 

1387 

4.7148 

8925 

5.8776 

6099 

179 

2.8324 

2426 

3.2850 

2134 

3.8094 

7223 

4.7561 

4453 

5.9364 

3760 

180 

2.8489 

4673 

3.3069 

2148 

3.8380 

4327 

4.7977 

6080 

5.9958 

0198 

181 

2.8655 

6559 

3.3289 

6762 

3.8668 

2859 

4.8397 

4120 

6.0557 

6000 

182 

2.8822 

8139 

3.351 1 

6074 

3.8958 

2981 

4.8820 

8894 

6.1163 

1760 

183 

2.8990 

9469 

3.3735 

0181 

3.9250 

4353 

4.9248 

0722 

6.1774 

8077 

184 

2.9160 

0608 

3.3959 

9182 

3.9544 

8639 

4.9678 

9928 

6.2392 

5558 

185 

2.9330 

1612 

3.4186 

3177 

3.9841 

4504 

5.0113 

6840 

6.3016 

4813 

186 

2.9501 

2538 

3.4414 

2265 

4.0140 

2613 

5.0552 

1787 

6.3646 

6462 

187 

2.9673 

3444 

3.4643 

6546 

4.0441 

3133 

5.0994 

5103 

6.4283 

1126 

188 

2.9846 

4389 

3.4874 

6123 

4.0744 

6231 

5.1440 

7123 

6.4925 

9437 

189 

3.0020 

5431 

3.5107 

1097 

4.1050 

2078 

5.1890 

8185 

6.5575 

2032 

190 

3.0195 

6630 

3.5341 

1571 

4 1358 

0843 

5.2344 

8631 

6.6230 

9552 

191 

3.0371 

8043 

3.5576 

7649 

4.1668 

2700 

5.2802 

8807 

6.6893 

2648 

192 

3.0548 

9732 

3.5813 

9433 

4.1980 

7820 

5.3264 

9059 

6.7562 

1974 

193 

3.0727 

1755 

3.6052 

7029 

4.2295 

6379 

5.3730 

9738 

6.8237 

8194 

194 

3.0906 

4174 

3.6293 

0543 

4.2612 

8551 

5.4201 

1199 

6.8920 

1976 

195 

3.1086 

7048 

3.6535 

0030 

4.2932 

4516 

5.4675 

3797 

6.9609 

3993 

196 

3.1268 

0440 

3.6778 

5747 

4.3254 

4449 

5.5153 

7892 

7.0305 

4936 

197 

! 3.1450 

4409 

3.7023 

7652 

4.3578 

8533 

5.5536 

3849 

7.1008 

5485 

198 

i 3.1633 

9018 

3.7270 

5903 

4.3905 

6947 

5.6123 

2033 

7.1718 

6340 

199 

i 3.1818 

4329 

3.7519 

0609 

4.4234 

9374 

5.6614 

2813 

7.2435 

8203 

200 

[ 3.2004 

0404 

3.7769 

1880 

4.4566 

7498 

5.7109 

6562 

7.3160 

1785 
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Table VIII. — ( Continued ) 
(1 + *)“ 


71 

iy&% 

\M 

52 

151 

% 

1H% 

w% 

i 

1.0112 

5000 

1.0125 0000 

1.0137 

5000 

1.0150 0000 

1.0175 0000 

2 

1.0226 

2656 

1.0251 5625 

1.0276 

8906 

1.0302 2500 

1.0353 0625 

3 

1.0341 

3111 

1.0379 7070 

1.0418 

1979 

1.0456 7838 

1.0534 2411 

4 

1.0457 

6509 

1.0509 4534 

1.0561 

4481 

1.0613 6355 

1.0718 5903 

5 

1.0575 

2994 

1.0640 8215 

1.0706 

6680 

1.0772 8400 

1.0906 1656 

6 

1.0694 

2716 

1.0773 8318 

1.0853 

8847 

1.0934 4326 

1.1097 0235 

7 

1.0814 

5821 

1.0908 5047 

1.1003 

1256 

1.1098 4491 

1.1291 2215 

8 

1.0936 

2462 

1.1044 8610 

1.1154 

4186 

1.1264 9259 

1.1488 8178 

9 

1.1059 

2789 

1.1182 9218 

1.1307 

7918 

1.1433 8998 

1.1689 8721 

10 

1.1183 

6958 

1.1322 7083 

1.1463 

2740 

1.1605 4083 

1.1894 4449 

11 

1.1309 

5124 

1.1464 2422 

1.1620 

8940 

1.1779 4894 

1.2102 5977 

12 

1.1436 

7444 

1.1607 5452 

1.1780 

6813 

1.1956 1817 

1.2314 3931 

13 

1.1565 

4078 

1.1752 6395 

1.1942 

6656 

1.2135 5244 

1.2529 8950 

14 

1.1695 

5186 

1.1899 5475 

1.2106 

8773 

1.2317 5573 ! 

1.2749 1682 

15 

1.1827 

0932 

1.2048 2918 

1.2273 

3469 

1.2502 3207 

1.2972 2786 

16 

1.1960 

1480 

1.2198 8955 

1.2442 

1054 

1.2689 8555 i 

1.3199 2935 

17 

! 1.2094 

6997 

1.2351 3817 

1.2613 

1843 

1.2880 2033 

1.3430 2811 

18 

1.2230 

7650 

1.2505 7739 

1.2786 

6156 

1.3073 4064 

1.3665 3111 

19 

1.2368 

3611 

1.2662 0961 

1.2962 

4316 

1.3269 5075 

1.3904 4540 

20 

1.2507 

5052 

1.2820 3723 

1.3140 

6650 

1.3468 5501 

1.4147 7820 

21 

1.2648 

2146 

1.2980 6270 

1.3321 

3492 

1.3670 5783 

1.4395 3681 

22 

1.2790 

5071 

1.3142 8848 

1.3504 

5177 

1.3875 6370 

i 1.4647 2871 

23 

1.2934 

4003 

1.3307 1709 

1.3690 

2048 

1.4083 7715 

1.4903 6146 

24 

1.3079 

9123 

1.3473 5105 

1.3878 

4451 

1.4295 0281 

1.5164 4279 

25 

1.3227 

0613 

1.3641 9294 

1.4069 

2738 

1.4509 4535 

1.5429 8054 

26 

i 1.3375 

8657 

1.3812 4535 

1.4262 

7263 

1.4727 0953 

1.5699 8269 

27 

1.3526 

3442 

1.3985 1092 

1.4458 

8388 

1.4948 0018 

1.5974 5739 

28 

1.3678 

5156 

1.4159 9230 

1.4657 

6478 

1.5172 2218 

1.6254 1290 

29 

1.3832 

3989 

1.4336 9221 

1.4859 

1905 

1.5399 8051 

1.6538 5762 

30 

1.3988 

01^4 

1.4516 1336 

1.5063 

5043 

1.5630 8022 

1.6828 0013 

31 

1.4145 

3785 

1.4697 5853 

1 .5270 

6275 

1.5865 2642 

1.7122 4913 

32 

1.4304 

5140 

1.4881 3051 

1.5480 

5986 

1.6103 2432 

1.7422 1349 

33 

1.4465 

4398 

1.5067 3214 

1.5693 

4569 

1.6344 7918 

1.7727 0223 

34 

1.4628 

1760 

1.5255 6629 

1.5909 

2419 

1.6589 9637 

1.8037 2452 

35 

1.4792 

7430 

1.5446 3587 

1.6127 

9940 

1.6838 8132 

1.8352 8970 

36 

1.4959 

1613 

1.5639 4382 

1.6349 

7539 

1.7091 3954 

1.8674 0727 

37 

1.5127 

4519 

1.5834 9312 

1.6574 

5630 

1.7347 7663 

1.9000 8689 

38 

1.5297 

6357 

1.6032 8678 

1.6802 

4633 

1.7607 9828 

1.9333 3841 

39 

1.5469 

7341 

1.6233 2787 

1 .7033 

4971 

1.7872 1025 

1.9671 7184 

40 

1.5643 

7687 

1.6436 1946 

1.7267 

7077 

1.8140 1841 

2.0015 9734 

41 

1.5819 

7611 

1.6641 6471 

1.7505 

1387 

1.8412 2868 

2.0366 2530 

42 

1.5997 

7334 

1.6849 6677 

1.7745 

8343 

1.8688 4712 

2.0722 6624 

43 

1.6177 

7079 

1.7050 2885 

1.7989 

8396 

1.8968 7982 

2.1085 3090 

44 

1.6359 

7071 

1.7273 5421 

1.8237 

1999 

1.9253 3302 

2.1454 3019 

45 

1.6543 

7538 

1.7489 4614 

1.8487 

9614 

1.9542 1301 

2.1829 7522 

46 

1.6729 

8710 

1.7708 0797 

1.8742 

1708 

1.9835 2621 

2.2211 7728 

47 

1.6918 

0S21 

1.7929 4306 

1.8999 

8757 

2.0132 7910 

2.2600 4789 

48 

1.7108 

4105 

1.8153 5485 

1.9261 

1240 

2.0434 7829 

2.2995 9872 

49 

1.7300 

8801 

1.8380 4679 

1.9525 

9644 

2.0741 3046 

2.3398 4170 

50 

1.7495 

5150 

1.8610 2237 

1.9794 

4464 

2.1052 4242 

2.3807 8893 
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Table VIII. — (Continued) 
(1 + >)■ 


2.7454 1979 
2.8003 2819 
2.8563 3475 
2.9134 6144 
2.9717 3067 

3.0311 6529 
3.0917 8859 
3.1536 2436 
3.2166 9685 


3.1104 9244 
3.1804 7852 
3.2520 3929 
3.3252 1017 
3.4000 2740 


3.5230 3644 
3.6111 1235 
3.7013 9016 
3.7939 2491 
3.8887 7303 


< 1.5154 2320 
4 6508 8590 
4.7904 1247 
4.9341 2485 
5.0821 4859 
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Table VIII. — ( Continued ) 
(1 + i) n 


n 

m% 

4% 

4 M% 

5% ■ 

53^% 

i 

1.0350 0000 

1.0400 0000 

1.0450 0000 

1 .0500 

0000 

1.0550 0000 

2 

1.0712 2500 

1.0816 0000 

1.0920 2500 

1.1025 

0000 

1.1130 2500 

3 

1.1087 1788 

1.1248 6400 

1.1411 6613 

1.1576 

2500 

1.1742 4138 

4 

1.1475 2300 

1.1698 5856 

1.1925 1860 

1.2155 

0625 

1 .2388 2465 

5 

1.1876 8631 

1.2166 5290 

1.2461 8194 

1.2762 

8156 

1.3069 6001 

6 

1.2292 5533 

1.2653 1902 

1.3022 6012 

1 .3400 

9564 

1.3788 4281 

7 

1.2722 7926 

1.3159 3178 

1.3608 6183 

1.4071 

0042 

1.4546 7916 

8 

1.3168 0904 

1.3685 6905 

1.4221 0061 

1.4774 

5544 

1 .5346 8651 

9 

1.3628 9735 

1.4233 1181 

1.4860 9514 

1.5513 

2822 

1.6190 9427 

10 

1.4105 9876 

1.4802 4428 

1.5529 6942 

1 .6288 

9463 

1.7081 4446 

11 

1.4599 6972 

1.5394 5406 

1.6228 5305 

1.7103 

3936 

1.8020 9240 

12 

1.5110 6866 

1.6010 3222 

1.6958 8143 

1 .7958 

5633 

1.9012 0749 

13 

1.5639 5606 

1.6650 7351 

1.7721 9610 

1.8856 

4914 

2.0057 7390 

14 

1.6186 9452 

1.7316 7645 

1.8519 4492 

1 .9799 

3160 

2.1160 9146 

15 

1.6753 4883 

1.8009 4351 

1.9352 8244 

2.0789 

2818 

2.2324 7649 

16 

1.7339 8604 

1.8729 8125 

2.0223 7015 

2.1828 

7459 

2.3552 6270 

17 

1.7946 7555 

1.9479 0050 

2.1133 7681 

2.2920 

1832 

2.4848 0215 

18 

1.8574 8920 

2.0258 1652 

2.2084 7877 

2.4066 

1923 

2.6214 6627 

19 

1.9225 0132 

2.1068 4918 

2.3078 6031 

2.5269 

5020 

2.7656 4691 

20 

1.9897 8886 

2.1911 2314 

2.4117 1402 

2.6532 

9771 

2.9177 5749 

21 

2.0594 3147 

2.2787 6807 1 

2.5202 4116 

2.7859 

6259 

3.0782 3415 

22 

2.1315 1158 

2.3699 1879 

2.6336 5201 

2.9252 

6072 

3.2475 3703 

23 

2.2061 1448 

2.4647 1554 

2.7521 6635 

3.0715 

2376 

3.4261 5157 

24 

2.2833 2849 

2.5633 0416 

2 8760 1383 

3.2250 

9994 

3.6145 8990 

25 

2.3632 4498 

2.6658 3633 

3.0054 3446 

3.3863 

5494 

3.8133 9235 

26 

2.4459 5856 

2.7724 6978 

3.1406 7901 

3.5556 

7269 

4.0231 2893 

27 

2.5315 6711 

2.8833 6858 

3.2820 0956 

3.7334 

5632 

4.2444 0102 

28 

2.6201 7196 

2.9987 0332 

3.4296 9999 

3.9201 

2914 

4.4778 4307 

29 

2.7118 7798 

3.1186 5145 

3.5840 3649 

4.1161 

3560 

4.7241 2444 

30 

2.8067 9370 

3.2433 9751 

3.7453 1813 

4.3219 

4238 

4.9839 5129 

31 

2.9050 3148 

3.3731 3341 

3.9138 5745 

4.5380 

3949 

5.2580 6861 

32 

3.0067 0759 

3.5080 5875 

4.0899 8104 

4.7649 

4147 

5.5472 6238 

33 

3.1119 4235 

3.6483 8110 

4.2740 3018 

5.0031 

8854 

5.8523 6181 

34 

3.2208 6033 

3.7943 1634 

4.4663 6154 

5.2533 

4797 

6.1742 4171 

35 

3.3335 9045 

3.9460 8899 

4.6673 4781 

5.5160 

1537 

6.5138 2501 

36 

3.4502 6611 

4.1039 3255 

4.8773 7846 

5.7918 

1614 

6.8720 8538 

37 

3.5710 2543 

4.2680 8986 

5.0968 6049 

6.0814 

0694 

7.2500 5008 

38 

3.6960 1132 

4.4388 1345 

5.3262 1921 

6.3854 

7729 

7.6488 0283 

39 

3.8253 7171 

4.6163 6599 

5.5658 9908 

6.7047 

5115 

8.0694 8699 

40 

3.9592 5972 

4.8010 2063 

5.8163 6454 

7.0399 

8871 

8.5133 0877 

41 

4.0978 3381 

4.9930 6145 

6.0781 0094 

7.3919 

8815 

8.9815 4076 

42 

4.2412 5799 

5.1927 8391 

6.3516 1548 

7.7615 

8756 

9.4755 2550 

43 

4.3897 0202 

5.4004 9527 

6.6374 3818 

8.1496 

6693 

9.9966 7940 

44 

4.5433 4160 

5.6165 1508 

6.9361 2290 

8.5571 

5028 

10.5464 9677 

45 

4.7023 5855 

5.8411 7568 

7.2482 4843 

8.9850 

0779 

11.1265 5409 

46 

4.8669 4110 

6.0748 2271 

7.5744 1961 

9.4342 

5818 

11.7385 1456 

47 

5.0372 8404 

6.3178 1562 

7.9152 6849 

9.9059 

7109 

12.3841 3287 

48 

5.2135 8898 

6.5705 2824 

8.2714 5557 

10.4012 

6965 

13.0652 6017 

49 

5.3960 6459 

6.8333 4937 

8.6436 7107 

10.9213 

3313 

13.7838 4948 

50 

5.5849 2686 

7.1066 8335 

9.0326 3627 

11.4673 

9979 

14.5419 6120 






27S 


MATHEMATICS OF FINANCE 


Tabu; VIII. — (Continued) 
(1 + t') n 


71 

3 ) 4 % 

4 % 

! | 

i i 

5 % 


5 ) 4 % 

51 

5.7803 

9930 

7.3909 

5068 

9.4391 

0490 

12.0407 

6978 

15.3417 6907 

52 

5.9827 

1327 

7.6865 

8871 

9.8638 

6463 

12.6428 

0826 1 

16.1855 6637 

53 

6.1921 

0824 

7.9940 

5226 

10.3077 

3853 

13.2749 

4868 ; 

17.0757 7252 

54 

6.4088 

3202 

8.3138 

1435 

10.7715 

8677 

13.9385 

9611 

18.0149 4001 

55 

6.6331 

4114 

8.6463 

6692 

11.2563 

0817 1 

| 

14.6356 

3092 

19.0057 6171 

56 

6.8653 

0108 

8.9922 

2160 

11.7628 

4204 

15.3674 

1246 

20.0510 7860 

57 

7.1055 

8662 

9.3519 

1046 

12.2921 

6993 | 

16.1357 

8309 

21.1538 8793 

58 

7.3542 

8215 

9.7259 

8688 

12.8453 

1758 i 

16.9425 

7224 

22.3173 5176 

59 

7.6116 

8203 

10.1150 

2635 

13.4233 

5587 

17.7897 

0085 

23.5448 0611 

60 

7.8780 

9090 

10.5196 

2741 

14.0274 

0793 

18.6791 

8589 

24.8397 7045 

61 

8.1538 

2408 

' 10.9404 

1250 

14.6586 

4129 

19.6131 

451 9 1 

26.2059 5782 

62 

8.4392 

0793 

11.3780 

2900 

15.3182 

8014 

20.5938 

0245 

27.6472 8550 

63 

8.7345 

8020 

11.8331 

5016 

16.0076 

0275 

21.6234 

9257 

29.1678 8620 

64 

9.0402 

9051 

12.3064 

7617 

16.7279 

4487 

22.7046 

6720 

30.7721 1994 

65 

9.3567 

0068 

12.7987 

3522 

17.4807 

0239 

23.8399 

0056 

32.4645 8654 

66 

9.6841 

8520 

13.3106 

8463 

18.2673 

3400 

25.0318 

9559 

34.2501 3880 

67 

10.0231 

3168 

13.8431 

1201 

19.0893 

6403 

26.2834 

9037 ; 

1 36.1338 9643 

68 

10.3739 

4129 

14.3968 

3649 

19.9483 

8541 

27.5976 

6488 

38.1212 6074 

69 

10.7370 

2924 

14.9727 

0995 

20.8460 

6276 

28.9775 

4813 , 

! 40.2179 3003 

70 

11.1128 

2526 

15.5716 

1835 

21.7841 

3558 

30.4264 

2554 

42.4299 1623 

71 

11.5017 

7414 

16.1944 

8308 

22.7644 

2168 ! 

31.9477 

4681 

44.7635 6163 

72 | 

11.9043 

3624 

16.8422 

6241 

23.7888 

2066 

33.5451 

3415 ! 

; 47.2255 5751 

73 

12.3209 

8801 

17.5159 

5290 

24.8593 

1759 

35 2223 

9086 ! 

49.8229 6318 

74 

12.7522 

2259 

18.2165 

9102 

25.9779 

8688 

36.9835 

1040 ' 

52.5632 2615 

75 

13.1985 

5038 

18.9452 

5465 

27.1469 

9629 

38.8326 

8592 j 

55.4542 0359 

76 

13.6604 

9964 

19.7030 

6485 

28.3686 

1112 

40.7743 

2022 

58.5041 8479 

77 

14.1386 

1713 

20.4911 

8744 

29.6451 

9862 

42.8130 

3623 

; 61.7219 1495 

78 

14.6334 

6873 

21.3108 

3494 

30.9792 

3256 

44.9536 

8804 ! 

! 65.1166 2027 

79 

15.1456 

4013 | 

22.1632 

6834 

32.3732 

9802 

47.2013 

7244 1 

68.6980 3439 

80 

15.6757 

3754 

23.0497 

9907 

33.8300 

9643 

49.5614 

4107 | 

72.4764 2628 

81 

16.2243 

8835 

23.9717 

9103 

35.3524 

5077 

52.0395 

3132 

i 76.4626 2973 

82 

16.7922 

4195 

24.9306 

6267 

36.9433 

1105 

54.6414 

8878 

80.6680 7436 

83 

17.3799 

7041 

25.9278 

8918 

38.6057 

6005 

57.3735 

6322 j 

85.1048 1 845 

84 

17.9882 

6938 

26.9550 

0475 

40.3430 

1926 

60.2422 

4138 

89.7855 8347 

85 

18.6178 

5881 i 

28.0435 

0494 

42.1584 

5513 

63.2543 

5344 

94.7237 9056 

85 

19.2694 

8387 

29.1653 

4914 

44.0555 

8561 

66.4170 

7112 , 

99.9335 9904 

87 

19.9439 

1580 

30.3319 

6310 

4 6.0380 

8595 

69.7379 

2467 , 

105.4299 4698 

88 

20.6419 

5285 

31.5452 

4163 

48.1098 

0087 

73.2248 

20911 

111.2285 9407 

89 

21.3644 

2120 

32.8070 

5129 

50.2747 

4191 

76.8860 

6195 . 

117.3461 6674 

90 

22.1121 

7595 

34.1193 

3334 

52.5371 

0530 

80.7303 

6505 123.8002 0591 

91 

22.8861 

0210 

35.4841 

0568 

54.9012 

7503 

84.7668 

8330 130.6092 1724 

92 

23.6871 

1558 

36.9034 

7094 

57.3718 

3241 

89.0052 

27471 137.7927 2419 

93 

24.5161 

6473 

38.3796 

0978 

59.9535 

6487 

93.4554 

8884 

145.3713 2402 

94 

25.3742 

3049 

39.9147 

9417 

62.6514 

7529 

93.1282 

6328 153.3667 4684 

95 

26.2523 

2855 

41.5113 

8594 

65.4707 

9168 

103.0346 

7645 161.8019 1791 

95 

27.1815 

1005 

43.1718 

4138 

68.4169 

7730 

108.1864 

1027 170.7010 2340 

97 

28.1328 

6291 

44.8987 

1503 

71.4957 

4128 

113.5957 

3078 ' 

180.0895 7969 

98 

29.1175 

1311 

46.6946 

6353 

74.7130 

4964 

1 19.2755 

1732 , 189.9945 0657 

99 

30.1366 

2607 

48.5624 

5018 

78.0751 

3687 

! 125.2392 

9319 . 200.4442 0443 

100 

31.1914 

0798 

50.5049 

4818 

81.5335 

1803 

i 

131.5012 

5785 ^ 21 1.4686 3567 
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Tabu; VIII. — ( Continued ) 
(1 + 0 * 


n 

6% 


7% 

7}4 7c 

8% 

*1 

1.0600 0000 

1.0650 0000 

1.0700 0000 

1.0750 0000 

1.0800 0000 

? 

1.1236 0000 

1.1342 2500 

1.1449 0000 

1.1556 2500 

1.1664 0000 

3 

1.1910 1600 

1.2079 4963 

1.2250 4300 

1.2422 9688 

1.2597 1200 

4 

1.2624 7696 

1.2864 6635 

1.3107 9601 

1.3354 6914 

1.3604 8896 

5 

1.3382 2558 

1.3700 8666 

1.4025 5173 

1.4356 2933 

1.4693 2808 

6 

1.4185 1911 

1.4591 4230 

1.5007 3035 

1.5433 0153 

1.5868 7432 

7 

1.5036 3026 

1.5539 8655 

1.6057 8148 

1.6590 4914 

1.7138 2427 

8 

1.5938 4807 

1.6549 9567 

1.7181 8618 

1.7834 7783 

1.8509 3021 

9 

1.6894 7896 

1.7625 7039 

1.8384 5921 

1.9172 3866 

1.9990 0463 

10 

1.7908 4770 

1.8771 3747 

1.9671 5136 

2.0610 3156 

2.1589 2500 

11 

1.8982 9856 

1.9991 5140 

2.1048 5195 

2.2156 0893 

2.3316 3900 

12 

2.0121 9647 

2.1290 9624 

2.2521 9159 

2.3817 7960 

2.5181 7012 

13 

2.1329 2826 

2.2674 8750 

2.4098 4500 

2.5604 1307 

2.7196 2373 

14 

2.2609 0396 

2.4148 7418 

2.5785 3415 

2.7524 4405 

2.9371 9362 

15 

2.3965 5819 

2.5718 4101 

2.7590 3154 

2.9588 7735 

3.1721 6911 

16 

2.5403 5168 

2.7390 1067 

2.9521 6375 

3.1807 9315 

3.4259 4264 

17 

2.6927 7279 

2.9170 4637 

3.1588 1521 

3.4193 5264 

3.7000 1805 

18 

2.8543 3915 

3.1066 5438 

3.3799 3228 

3.6758 0409 

3.9960 1950 

19 

3.0255 9950 

3.3085 8691 

3.6165 2754 

3.9514 8940 

4.3157 0106 

20 

3.2071 3547 

3.5236 4506 

3.8696 8446 

4.2478 5110 

4.6609 5714 

21 

3.3995 6360 

3.7526 8199 

4.1405 6237 

4.5664 3993 

5.0338 3372 

22 

3.6035 3742 

3.9966 0632 

4.4304 0174 

4.9089 2293 

5.4365 4041 

23 

3.8197 4966 

4.2563 8573 

4.7405 2986 

5.2770 9215 

5.8714 6365 

24 

4.0489 3464 

4.5330 5081 

5.0723 6695 

5.6728 7406 

6.3411 8074 

25 

4.2918 7072 

4.8276 9911 

5.4274 3264 

6.0983 3961 

6.8484 7520 

26 

4.5493 8296 

5.1414 9955 

5.8073 5292 

6.5557 1508 

7.3963 5321 

27 

4.8223 4594 

5.4756 9702 

6.2138 6763 

7.0473 9371 

7.9880 6147 

28 

5.1116 8670 

5.8316 1 733 

6.6488 3836 

7.5759 4824 

8.6271 0639 

29 

5.4183 8790 

6.2106 7245 

7.1142 5705 

8.1441 4436 

9.3172 7490 

30 

5.7434 9117 

6.6143 6616 

7.6122 5504 

8.7549 5519 

10.0626 5689 

31 

6.0881 0064 

7.0442 9996 

8.1451 1290 

9.4115 7683 

10.8676 6944 

32 

6.4533 8668 

7.5021 7946 

8.7152 7080 

10.1174 4509 

11.7370 8300 

33 

6.8405 8988 

7.9898 2113 

9.3253 3975 

10.8762 5347 

12.6760 4964 

34 

7.2510 2528 

8.5091 5950 

9.9781 1354 

11.6919 7248 

13.6901 3361 

35 

7.6860 8679 

9.0622 5487 

10.6765 8148 

12.5688 7042 

14.7853 4429 

36 

8.1472 5200 

9.6513 0143 

11.4239 4219 

13.5115 3570 

15.9681 7184 

37 

8.6360 8712 

10.2786 3603 

12.2236 1814 

14.5249 0088 

17.2456 2558 

38 

9.1542 5235 

10.9467 4737 

13.0792 7141 

15.6142 6844 

18.6252 7563 

39 

9.7035 0749 

11.6582 8595 

13.9948 2041 

16.7853 3858 

20.1152 9768 

40 

10.2857 1794 

12.4160 7453 

14.9744 5784 

18.0442 3897 

21.7245 2150 

41 

10.9028 6101 

13.2231 1938 

16.0226 6989 

19.3975 5689 

23.4624 8322 

42 

11.5570 3267 

14.0826 2214 

17.1442 5678 

20.8523 7366 

25.3394 8187 

43 

12.2504 5463 

14.9979 9258 

18.3443 5475 

22.4163 0168 

27.3666 4042 

44 

12.9854 8191 

15.9728 6209 

19.6284 5959 

24.0975 2431 

29.5559 7166 

45 

13.7646 1 083 

17.0110 9813 

21.0024 5176 

25.9048 3863 

31.9204 4939 

46 

14.5904 8748 

18.1168 1951 

22.4726 2338 

27.8477 0153 

34.4740 8534 

47 

15.4659 1673 

19.2944 1278 

24.0457 0702 

29.9362 7915 

37.2320 1217 

48 

16.3938 7173 

20.5485 4961 

25.7289 0651 

32.1815 0008 

40.2105 7314 

49 

17.3775 0403 

21.8842 0533 

27.5299 2997 

34.5951 1259 

43.4274 1899 

50 

18.4201 5427 

23.3066 7868 

29.4570 2506 

37.1897 4603 

46.9016 1251 
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Table IX 

f> = (1+ i )~ » 


n 


* 

'fO 

j 

r f p* 

71 i\c 


i 

0.9975 0623 

0.9970 

9182 

0.9966 

7774 

0.9958 5062 

0.9950 

2488 

2 

0.9950 1869 

0.9941 

9209 

0.9933 

6652 

0.9917 1846 

0.9900 

7450 

3 

0.9925 3734 

0.9913 

0079 

0.9900 

6530 

0.9376 0345 

0.9851 

4876 

4 

0.9900 6219 

0.9884 

1791 

0.9867 

7704 

0.9335 0551 

0.9802 

4752 

5 

0.9875 9321 

O.S855 

4341 

0.9834 

9871 

0.9794 2457 

0.9753 

7067 

6 

0.9851 3038 

0.9826 

7727 

0.9802 

3127 

0.9753 6057 

0.9705 

1808 

7 

0.9826 7370 

0.9798 

1946 

0.9769 

7469 

0.9713 1343 

0.9656 

8963 

8 

0.9802 2314 

0.9769 

6996 

0.9737 

2893 

0.9672 8303 

0.9508 

8520 

9 

0.9777 7869 

0.9741 

2875 

0.9704 

9395 

0.9632 6946 

0.9561 

0468 

10 

0.9753 4034 

0.9712 

9581 

0.9672 

6972 

0.9592 7249 

0.9513 

4794 

11 

0.9729 0807 

0.9684 

7110 

0.9640 

5620 

0.9552 9211 

0.9466 

1487 

12 

0.9704 8187 

0.9656 

5461 

0.9608 

5335 

0.9513 2824 

0.9419 

0534 

13 

0.9680 6171 

0.9628 

4631 

0.9576 

6115 

0.9473 8082 

0.9372 

1924 

14 

0.9656 4759 

0.9600 

4617 

0.9544 

7955 

0.9434 4978 

0.9325 

564G 

15 

0.9632 3949 

0.9572 

5418 

0.9513 

0852 

0.9395 3505 

0.9279 

1688 

16 

0.9608 3740 

0.9544 

7031 

0.9481 

4803 

0.9356 3657 

0.9233 

0037 

17 

0.9584 4130 

0.9516 

9453 

0.9449 

9803 

0.9317 5426 

0.9187 

0684 

18 

0.9560 5117 

0.9489 

2683 

0.9418 

5851 

0.9278 8806 

0.9141 

3616 

19 

0.9535 6700 

1 0.9461 

6718 

0.9387 

2941 

0.9240 3790 

0.9095 

8822 

20 

0.9512 8878 

| 0.9434 

1555 

0.9356 

1071 

0.9202 0372 

0.9050 

6290 

21 

0.9489 1649 

0.9405 

7192 

0.9325 

0236 

0.9163 8544 

0.9005 

6010 

22 

0.9465 5011 

0.9379 

3627 

0.9294 

0435 

0.9125 8301 

0.8960 

7971 

23 

0.9441 8964 

0.9352 

0858 

0.9263 

1653 

0.9087 9536 

0.8916 

2160 

24 

0.9418 3505 

0.9324 

8882 

0.9232 

3916 

0.9050 2542 

0.8371 

8567 

25 

0.9394 8634 

0.9297 

7697 

0.9201 

7192 

0.9012 7013 

0.8827 

7181 

26 

0.9371 4348 

0.9270 

7301 

0.9171 

1487 

0.8975 3042 

0.8783 

7991 

27 

0.9348 0646 

0.9243 

7691 

0.9140 

6798 

0.8938 0623 

0.8740 

0986 

28 

0.9324 7527 

0.9216 

8865 

0.9110 

3121 

0.8900 9749 

0.8696 

6155 

29 

0.9301 4990 

0.9190 

0321 

0.9080 

0453 

0.8864 0414 

0.8653 

3488 

30 

0.9278 3032 

0.9163 

3557 

0.9049 

8790 

0.8827 2611 

0.8610 

2973 

31 

0.9255 1653 

0.9136 

7069 

0.9019 

8130 

0.8790 6335 

0.8567 

4600 

32 

0.9232 0851 

0.9110 

1357 

0.8989 

8468 

0.8754 1578 

0.8524 

8358 

33 

0.9209 0624 

0.9033 

6417 

0.8959 

9802 

0.8717 8335 

0.8482 

4237 

34 

0.9186 0972 

0.9057 

2248 

0.8930 

2128 

0.8681 6599 

0.8440 

2226 

35 

0.9163 1892 

0.9030 

8848 

0.8900 

5444 

0.8645 6365 

0.8398 

2314 

36 

0.9140 3384 

0.9004 

6213 

0.8870 

9745 

0.8609 7624 

0.8356 

4492 

37 

0.9117 5445 

0.8978 

4342 

0.8841 

5028 

0.8574 0373 

0.8314 

8748 

38 

0.9094 8075 

0.8952 

3232 

0.8812 

1290 

0.8528 4604 

0.8273 

5073 

39 

0.9072 1272 

0.8926 

2832 

0.8782 

8528 

0.8503 0311 

0.8232 

3455 

40 

0.9049 5034 

0.8900 

3289 

0.8753 

6739 

0.8467 7488 

0.8191 

3886 

41 

0.9026 9361 

0.8874 

4451 

0.8724 

5920 

0.8432 6129 

0.8150 

6354 

42 

0.9004 4250 

0.8848 

6365 

0.8695 

6066 

0.8397 6223 

0.8110 

0850 

43 

0.8981 9701 

0.8822 

9031 

0.8666 

7175 

0.8362 7779 

0.8069 

7363 

44 

0.8959 5712 

0.8797 

2445 

0.8637 

9245 

0.8328 0776 

0.8029 

5884 

45 

0.8937 2281 

0.8771 

6605 

0.8609 

2270 

0.8293 5212 

0.7989 

6402 

46 

0.8914 9407 

0.8746 

1509 

0.8580 

6249 

0.8259 1083 

0.7949 

8907 

47 

0.8892 7090 

0.8720 

7155 

0.8552 

1179 

0.8224 8381 

0.7910 

3390 

48 

0.8870 5326 

0.8695 

3540 

0.8523 

7055 

0.8190 7102 

0.7870 

9341 

49 

0.8848 4116 

0.8670 

0553 

0.8495 

3876 

0.8156 7238 

0.7831 

8250 

50 

0.8826 3457 

0.8644 

8522 

0.8467 

1637 

0.8122 8785 

0.7792 

8607 
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Table IX.— (Continued) 
v n = (1 + i)~ n 


71 

34 % 

% 4 % 

Vz% 

1 i 

Vl2 

% 

H% 

51 

0.8804 

3349 

0.8619 

7114 

0.8439 

0336 

0.8089 

1736 

0.7754 

0902 

52 

0.8782 

3790 

0.8594 

6436 

0.8410 

9969 

0.8055 

6086 

0.7715 

5127 

53 

0.8760 

4778 

0.8569 

6488 

0.8383 

0534 

0.8022 

1828 

0.7677 

1270 

54 

0.8738 

6312 

0.8544 

7267 

0.8355 

2027 

0.7988 

8957 

0.7638 

9324 

55 

0.8716 

8391 

0.8519 

8771 

0.8327 

4446 

0.7955 

7468 

0.7600 

9277 

56 

0.8695 

1013 

0.8495 

0997 

0.8299 

7787 

0.7922 

7354 

0.7563 

1122 

57 

0.8673 

4178 

0.8470 

3944 

0.8272 

2047 

0.7889 

8610 

0.7525 

4847 

58 

0.8651 

7883 

0.8445 

7609 

0.8244 

7222 

0.7857 

1230 

0.7488 

0445 

59 

0.8630 

2128 

0.8421 

1991 

0.8217 

3311 

0.7824 

5208 

0.7450 

7906 

60 

0.8608 

6911 

0.8396 

7087 

0.8190 

0310 

0.7792 

0539 

0.7413 

7220 

61 

0.8587 

2230 

0.8372 

2895 

0.8162 

8216 

0.7759 

7217 

0.7376 

8378 

62 

0.8565 

8085 

0.8347 

9413 

0.8135 

7026 

0.7727 

5237 

0.7340 

1371 

63 

0.8544 

4474 

0.8323 

6640 

0.8108 

6737 

0.7695 

4593 

0.7303 

6190 

64 

0.8523 

1395 

0.8299 

4572 

0.8081 

7346 

0.7663 

5279 

0.7267 

2826 

65 

0.8501 

8848 

0.8275 

3209 

0.8054 

8850 

0.7631 

7291 

0.7231 

1269 

66 

0.8480 

6831 

0.8251 

2547 

0.8028 

1246 

0.7600 

0621 

0.7195 

1512 

67 

0.8459 

5343 

0.8227 

2586 

0.8001 

4531 

0.7568 

5266 

0.7159 

3544 

68 

0.8438 

4382 

0.8203 

3322 

0.7974 

8702 

0.7537 

1219 

0.7123 

7357 

69 

0.8417 

3947 

0.8179 

4754 

0.7948 

3756 

0.7505 

8476 

0.7088 

2943 

70 

0.8396 

4037 1 

0.8155 

6879 

0.7921 

9690 

0.7474 

7030 

0.7053 

0291 

71 

0.8375 

4650 

0.8131 

9697 

0.7895 

6502 

0.7443 

6876 

0.7017 

9394 

72 

0.8354 

5786 

0.8108 

3204 

0.7869 

4188 

0.7412 

8009 

0.6983 

0243 

73 

0.8333 

7442 

0.8084 

7399 

0.7843 

2745 

0.7382 

0424 

0.6948 

2829 

74 

0.8312 

9618 

0.8061 

2280 

0.7817 

2171 

0.7351 

4115 

0.6913 

7143 

75 

0.8292 

2312 

0.8037 

7845 

0.7791 

2463 

0.7320 

9078 

0.6879 

3177 

76 

0.8271 

5523 

0.8014 

4091 

0.7765 

3618 

0.7290 

5306 

0.6845 

0923 

77 

0.8250 

9250 

0.7991 

1018 

0.7739 

5632 

0.7260 

2794 

0.6811 

0371 

78 

0.8230 

3491 

0.7967 

8622 

0.7713 

8504 

0.7230 

1537 

0.6777 

1513 

79 

0.8209 

8246 

0.7944 

6901 

0.7688 

2230 

0.7200 

1531 

0.6743 

4342 

80 

0.8189 

3512 

0.7921 

5855 

0.7662 

6807 

0.7170 

2770 

0.6709 

8847 

81 

0.8168 

9289 

0.7898 

5481 

0.7637 

2233 

0.7140 

5248 

0.6676 

5022 

82 

0.8148 

5575 

0.7875 

5776 

0.7611 

8505 

0.7110 

8960 

0.6643 

2858 

83 

0.8128 

2369 

0.7852 

6740 

0.7586 

5619 

0.7081 

3902 

0.6610 

2346 

84 

0.8107 

9670 

0.7829 

8370 

0.7561 

3574 

0.7052 

0069 

0.6577 

3479 

85 

0.8087 

7476 

0.7807 

0664 

0.7536 

2366 

0.7022 

7454 

0.6544 

6248 

86 

0.8067 

5787 

0.7784 

3620 

0.7511 

1993 

0.6993 

6054 

0.6512 

0644 

87 

0.8047 

4600 

0.7761 

7236 

0.7486 

2451 

0.6964 

5863 

0.6479 

6661 

88 

0.8027 

3915 

0.7739 

1511 

0.7461 

3739 

0.6935 

6876 

0.6447 

4290 

89 

0.8007 

3731 

0.7716 

6442 

0.7436 

5853 

0,6906 

9088 

0.6415 

3522 

90 

0.7987 

4046 

0.7694 

2028 

0.7411 

8790 

0.6878 

2495 

0.6383 

4350 

91 

0.7967 

4859 

0.7671 

8266 

0.7387 

2548 

0.6849 

7090 

0.6351 

6766 

92 

0.7947 

6168 

0.7649 

5156 

0.7362 

7125 

0.6821 

2870 

0.6320 

0763 

93 

0.7927 

7973 

0.7627 

2694 

0.7338 

2516 

0.6792 

9829 

0.6288 

6331 

94 

0.7908 

0273 

0.7605 

0878 

0.7313 

8720 

0.6764 

7962 

0.6257 

3464 

95 

0.7888 

3065 

0.7582 

9708 

0.7289 

5735 

0.6736 

7265 

0.6226 

2153 

96 

0.7868 

6349 

0.7560 

9182 

0.7265 

3556 

0.6708 

7733 

0.6195 

2391 

97 

0.7849 

0124 

0.7538 

9296 

0.7241 

2182 ' 

0.6680 

9361 

0.6164 

4170 

98 

0.7829 

4388 

0.7517 

0050 

0.7217 

1610 

0.6653 

2143 

0.6133 

7483 

99 

0.7809 

9140 

0.7495 

1442 

0.7193 

1837 

0.6625 

6076 

0.6103 

2321 

100 

0.7790 

4379 

0.7473 

3469 

0.7169 

2861 

0.6598 

1155 

0.6072 

8678 
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Table IX. — (Continued) 
f = (1 + 1 )— 


n 

V e~ 

/O 

~Ai 

Tr 

Vz' 

Tc 

Ha 


J' 

c 

101 

0.7771 0104 

0.7451 

6131 

0.7145 

4679 

0.6570 

7374 

0.6042 

6545 

102 

0.7751 6313 

0.7429 

9424 

0.7121 

7288 

0.6543 

4730 

0.6012 

5915 

103 

0.7732 3003 


3348 

0.7093 

0585 

0.6516 

3216 

0.5982 

6781 

104 

0.7713 0180 

0.7386 

7899 

0.7074 

4859 

0.6489 

2829 

0.5952 

9136 

105 

0.7693 7836 

0.7365 

3078 

0.7050 

9837 

0.6462 

3565 

0.5923 

2971 

106 

0.7674 5971 

0.7343 

8881 

0.7027 

5585 

0.6435 

5417 

0.5893 

8279 

107 

0.7655 4584 

0.7322 


0.7004 

2111 

0.6408 

8382 

0.5854 

5054 

108 

0.7636 3675 

0.7301 


0.6930 

9413 

0.6382 

2455 

0.5835 

3288 

109 

0.7617 3242 

0.7280 


0.6957 

7488 

0.6355 

7632 

0.5806 

2973 

110 

0.7598 3284 

0.7258 


0.6934 

6334 

0.6329 

3907 

0.5777 

4102 

111 

0.7579 3799 

0.7237 

7205 

0.6911 

5947 

0.6303 

1277 

0.5748 

6669 

112 

0.7560 4787 

0.7216 

6719 

0.6888 

6325 

0.6276 

9736 

0.5720 

0666 

113 

0.7541 6247 

0.7195 

6845 

0.6865 

7468 

0.6250 

9281 

0.5691 

6085 

114 

0.7522 8176 

0.7174 

7581 

0.6842 

9370 

0.6224 

9905 

0.5653 

2921 

115 

0.7504 0575 

0.7153 

8926 

0.6820 

2030 

0.6199 

1603 

0.5535 

1165 

116 

0.7485 3441 

0.7133 



531 

0.6173 

4381 

0.5607 

0311 

117 

0.7466 6774 

0.7112 




0.6147 

8222 

0.5579 

1852 

118 

0.7448 0573 

0.7091 


0.6752 

4531 

0.6122 

3126 

0.5551 

4280 

119 

0.7429 4836 

0.7071 

0355 

0.6730 

[ijbrfl 

0.6095 

9088 

0.5523 

8090 

120 

0.7410 9562 

0.7050 

4717 

0.6707 


0.6071 

6104 

0.5495 

3273 

121 

0.7392 4750 


9676 

0.6685 


0.6046 

4170 

0.5468 

9824 

122 

0.7374 0399 


5232 

0.6663 


0.6021 

3281 

0.5441 

7736 

123 

0.7355 6508 

0.6989 

1382 

0.6641 


0.5996 

3434 

0.5414 

7001 

124 

0.7337 3075 

0.6968 

8125 

0.6618 

9557 

0.5971 

4623 

0.5387 

7612 

125 

0.7319 0100 

0.6948 

5459 

0.6595 

9758 

0.5946 

6844 

0.5350 

9565 

126 

0.7300 7581 

0.6928 

3382 

0.6575 


0.5922 

0034 

0.5334 

2850 

127 

0.7282 5517 

0.6908 

1893 

0.6553 

2149 

0.5897 

4367 

0.5307 

7463 

123 

0.7264 3907 


Kl 

0.6531 

4434 

0.5872 

9660 

0.5281 

3396 

129 

0.7246 2750 


[•l-rfl 

0.6509 

7443 

0.5848 

5969 

0.5255 

0543 

130 

0.7228 2045 



0.6488 

1172 

0.5324 

3288 

0.5228 

9197 

131 

0.7210 1791 

0.6828 

1781 

0.6465 

5520 

0.5800 

1615 

0.5202 

9052 

132 

0.7192 1986 





0.5776 

0944 

0 5177 

0201 

133 

0.7174 2629 



0.6423 

6552 

0.5752 

1273 

0.5151 

2637 

134 

0.7156 3720 



0.6402 

3251 

0.5728 

2595 

0.5125 

6356 

135 

0.7138 5257 


0935 

0.6381 

0549 

0.5704 

4908 

0.5100 

1349 

136 

0.7120 7239 

0.6729 

4659 


8554 

0.5530 

8207 

0.5074 

7611 

137 

0.7102 9564 




7263 

0.5557 

2488 

0.5049 

5135 

138 

0.7085 2533 




6574 

0.5533 

7748 

0.5024 

3916 

139 

0.7067 5843 




6785 

0.5510 

3931 

0.4999 

3946 

140 

0.7049 9595 

0.6551 

5246 

0.6275 

7593 

0.5587 

1185 

0.4974 

5220 

141 

0.7032 3785 

0.6532 

1807 


9095 

0.5563 

9354 


7731 

142 

0.7014 8414 

0.6512 

8931 



0.5540 

8435 

■tie St 

1474 

143 

0.6997 3480 

0.6593 

6516 

0.6213 

4178 

0.5517 

8574 

lie J»!i 


144 

0.6979 8933 

0.6574 

4860 

0.6192 

7752 

0.5494 

9518 

lie sns 


145 

0.6952 4921 

0.6555 

3662 

0.6172 

2012 

0.5472 

1611 

0.4852 


146 

0.6945 1292 

0.6536 


0.6151 

6955 

0.5449 


0.4827 

8535 

147 

0.6927 8097 



0.6131 

2580 

0.5426 


0.4803 

8443 

148 

0.6910 5334 



0.6110 

8884 

0.5404 

3252 



149 

0.68S3 3001 





0.5381 




150 

0.6876 1093 
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Table IX. — ( Continued ) 
v n = (1 + i)"" 


n 

K % 


H% 

S A 2% 

y%% 

151 

152 

153 

154 

155 

0.6858 9624 
0.6841 8578 
0.6824 7958 
0.6807 7764 
0.6790 7994 

0.6441 8093 
0.6423 0754 
0.6404 3959 
0.6385 7707 
0.6367 1997 

0.6050 1846 
0.6030 0843 
0.6010 0508 
0.5990 0839 
0.5970 1833 

0.5337 3302 
0.5315 1836 
0.5293 1289 
0.5271 1657 
0.5249 2936 

0.4708 9565 
0.4685 5288 
0.4662 2177 
0.4639 0226 
0.4615 9429 

156 

157 

158 

159 

160 

0.6773 8647 
0.6756 9723 
0.6740 1220 
0.6723 3137 
0.6706 5473 

0.6348 6827 
0.6330 2196 
0.6311 8101 
0.6293 4542 
0.6275 1517 

0.5950 3488 
0.5930 5802 
0.5910 8773 
0.5891 2398 
0.5871 6676 

0.5227 5123 
0.5205 8214 
0.5184 2205 
0.5162 7092 
0.5141 2872 

0.4592 9780 
0.4570 1274 
0.4547 3904 
0.4524 7666 
0.4502 2553 

161 

162 

163 

164 

165 

0.6689 8228 
0.6673 1399 
0.6656 4987 
0.6639 8989 
0.6623 3406 

0.6256 9024 
0.6238 7062 
0.6220 5629 
0.6202 4723 
0.6184 4344 

0.5852 1604 
0.5832 7180 
0.5813 3402 
0.5794 0268 
0.5774 7775 

0.5119 9540 
0.5098 7094 
0.5077 5529 
0.5056 4842 
0.5035 5030 

0.4479 8560 
0.4457 5682 
0.4435 3912 
0.4413 3246 
0.4391 3678 

166 

167 

168 

169 

170 

0.6606 8235 
0.6590 3476 
0.6573 9129 
0.6557 5191 
0.6541 1661 

0.6166 4489 
0.6148 5158 
0.6130 6347 
0.6112 8057 
0.6095 0285 

0.5755 5922 
0.5736 4706 
0.5717 4126 
0.5698 4179 
0.5679 4862 

0.5014 6088 
0.4993 8013 
0.4973 0801 
0.4952 4449 
0.4931 8954 

0.4369 5202 
0.4347 7813 
0.4326 1505 
0.4304 6274 
0.4283 2113 

171 

172 

173 

174 

175 

0.6524 8540 
0.6508 5826 
0.6492 3517 
0.6476 1613 
0.6460 0112 

0.6077 3031 
0.6059 6292 
0.6042 0066 
0.6024 4354 
0.6006 9152 

0.5660 6175 
0.5641 8115 
0.5623 0679 
0.5604 3866 
0.5585 7674 

0.4911 4311 
0.4891 0517 
0.4870 7569 
0.4850 5462 
0.4830 4195 

0.4261 9018 
0.4240 6983 
0.4219 6003 
0.4198 6073 
0.4177 7187 

176 

177 

178 

179 

180 

0.6443 9015 
0.6427 8319 
0.6411 8024 
0.6395 8129 
0.6379 8632 

0.5989 4460 
0.5972 0276 
0.5954 6598 
0.5937 3426 
0.5920 0757 

0.5567 2100 
0.5548 7143 
0.5530 2801 
0.5511 9070 
0.5493 5950 

0.4810 3763 
0.4790 4162 
0.4770 5390 
0.4750 7442 
0.4731 0316 

0.4156 9340 
0.4136 2528 ' 
0.4115 6744 
0.4095 1984 
0.4074 8243 

181 

182 

183 

184 

185 

0.6363 9533 
0.6348 0831 
0.6332 2525 
0.6316 4613 
0.6300 7096 

0.5902 8590 
0.5885 6924 
0.5868 5757 
0.5851 5088 
0.5834 4916 

0.5475 3439 
0.5457 1 534 
0.5439 0233 
0.5420 9535 
0.5402 9437 

0.4711 4007 
0.4691 8513 
0.4672 3831 
0.4652 9956 
0.4633 6886 

0.4054 5515 
0.4034 3796 
0.4014 3081 
0.3994 3364 
0.3974 4641 

186 

187 

188 

189 

190 

0.6284 9971 
0.6269 3238 
0.6253 6895 
0.6238 0943 
0.6222 5380 

0.5817 5238 
0.5800 6053 
0.5783 7361 
0.5766 9159 
0.5750 1447 

0.5384 9937 
0.5367 1033 
0.5349 2724 
0.5331 5008 
0.5313 7881 

0.4614 4S16 
0.4595 3145 
0.4576 2468 
0.4557 2582 
0.4538 3484 

0.3954 6906 
0.3935 0155 
0.3915 4383 
0.3895 9586 
0.3876 5757 

191 

192 

193 

194 

195 

0.6207 0204 
0.6191 5416 
0.6176 1013 
0.6160 6996 
0.6145 3362 

0.5733 4222 
0.5716 7484 
0.5700 1230 
0.5683 5460 
0.5667 0172 

0.5296 1343 
0.5278 5392 
0.5261 0025 
0.5243 5241 
0.5226 1038 

0.4519 5171- 
0.4500 7639 
0.4482 0886 
0.4463 4907 
0.4444 9700 

0.3857 2892 
0.3838 0987 
0.3819 0037 
0.3800 0037 
0.3781 0982 

196 

197 

198 

199 

200 

0.6130 0112 
0.6114 7244 
0.6099 4757 
0.6084 2650 
0.6069 0923 

0.5650 5365 
0.5634 1037 
0.5617 7186 
0.5601 3813 
0.5585 0914 

0.5208 7413 
0.5191 4365 
0.5174 1892 
0.5156 9992 
0.5139 8663 

0.4426 5261 
0.4408 1588 
0.4389 8677 
0.4371 6525 
0.4353 5128 

0.3762 2868 
0.3743 5689 
0.3724 9442 
0.3706 4121 
0.3687 9723 
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MATHEMATICS OF FIXAXCE 


Table IX. — ( Continued ) 
l' = (1 TiP 


n 

Ks'io 

Z'c* ! 

✓ 3 / 0 , 

/ 4 /C i 

7/ <r 1 

/S /C 1 

1% 

i 

0.9942 0050 

1 0.9933 7748 ! 

0.9925 5583 ! 

0.9913 2590 

0.9900 9901 

2 

0.9884 3463 

0.9867 9882 

0.9851 6708 ■ 

0.9827 2704 

0.9802 9605 

3 

0.9327 0220 

0.9802 6373 

0.9778 3333 

0.9742 0276 

0.9705 9015 

4 

0.9770 0301 

0.9737 7192 

0.9705 5417 

0.9657 5243 

0.9609 8034 

5 

0.9713 3688 

0.9573 2310 

0.9533 2920 

0.9573 7539 

0.9514 6569 

6 

0.9657 0361 

0.9609 1699 

0.9561 5802 

0.9490 7102 

0.9420 4 524 

7 

0.9501 0301 

0.9545 5330 

0.9490 4022 

0.9408 3868 

0.9327 1805 

8 

0.9545 3489 

i 0.9482 3175 

0.9419 7540 

0.9326 /// 5 

0.9234 8322 

9 

0.9489 9906 

0.9419 5207 

0.9349 6318 

0.9245 8761 

0.9143 3982 

10 

0.9434 9534 

0.9357 1398 

0.9280 0315 

0.9165 6765 

0.9052 8695 

11 

0.9380 2354 

0.9295 1720 

0.9210 9494 

0.9085 1724 

0.8963 2372 

12 

0.9325 8347 

0.9233 6145 

0.9142 3815 

0.9007 3581 

0.8874 4923 

13 

0.9271 7495 

0.9172 4648 

0.9074 3241 

0.8929 2273 

0.8786 6260 

14 

0.9217 9779 

0.9111 7200 

0.9006 7733 

0.8851 7743 

0.8699 6297 

15 

0.9164 5182 

0.9051 3775 

0.8939 7254 

0.8774 9931 

0.8613 4947 

16 

0.9111 3686 

0.8991 4346 

0.8373 1766 

0.8698 8779 

0.8528 2126 

17 

0.9058 5272 

0.8931 8886 

0.8807 1231 

0.8623 4230 

0.8443 7749 

18 

0.9005 9922 1 

0.8872 7371 

0.8741 5614 

0.8548 6225 

0.8360 1731 

19 

0.8953 7619 

0.8813 9772 

0.8676 4878 

0.8474 4709 1 

0.8277 3992 

20 

0.8901 8346 

0.8755 6065 

0.8611 8985 

0.8400 9525 

0.8195 4447 

21 

0.8850 2084 

0.8697 6224 

0.8547 7901 

0.8328 0917 ! 

0.8114 3017 

22 i 

0.8798 8315 

0.8640 0222 

0.8484 1559 

0.8255 8530 

; 0.8033 9621 

23 

0.8747 8524 

0.8582 8035 

0.8421 0014 

0.8184 2409 

, 0.7954 4179 

24 

0.8697 1192 

0.8525 9638 

0.8353 3140 

0.8113 2499 

0.7875 6613 

25 

0.8646 6802 

0.8469 5004 

0.8295 0933 

0.8042 8748 

0.7797 6844 

26 

0.8596 5338 

0.8413 4110 

0.8234 3358 i 

0.7973 1101 

0.7720 4795 

27 

0.8546 6782 

0.8357 6931 

0.8173 0380 

0.7903 9505 

0.7644 0392 

28 

0.8497 1117 

0.8302 3441 

0.8112 1955 

0.7835 3503 

0.7558 3557 

29 

0.8447 8327 

0.8247 3617 

0.8051 8030 

0.7767 4258 

0.7493 4215 

30 

0.8398 8394 

0.8192 7434 

0.7991 8690 

0.7700 0504 

0.7419 2292 

31 

0.8350 1303 

0.8138 4868 

0.7932 3762 

0.7633 2594 i 

0.7345 7715 

32 

0.8301 7037 

0.8084 5896 

0.7873 3262 

0.7557 0477 j 

0.7273 0411 

33 

0.8253 5580 

0.8031 0492 

0.7814 7158 

0.7501 4104 ! 

0.7201 0307 

34 

0.8205 6914 

0.7977 8535 

0.7756 5418 

0.7435 3424 

0.7129 7334 

35 

0.8158 1025 

0.7925 0299 

0.7698 8005 

0.7371 8388 

0.7059 1420 

36 

0.8110 7896 

0.7872 5463 

0.7641 4895 

0.7307 8947 1 

0.6989 2495 

37 

0.8063 7510 

0.7820 4102 

0.7584 6051 

0.7244 5053 1 

0.6920 0490 

38 

0.8016 9853 

0.7768 6194 

0.7*23 1440 

0.7181 6557 

0.6851 5337 

39 

0.7970 4907 

0.7717 1716 

162/3-. 1032 

0.7119 3712 

0.6783 6967 

40 

0.7924 2659 

0.7655 0545 

^54 9?795 

0.7057 6171 

0.6716 5314 

41 

0.7878 3091 

0.7615 2959 


0.6995 3985 

0.6550 0311 

42 

0.7832 6183 

0.7554 8635 

XVlf ! 6 

0.6935 7111 

0.6534 1892 

43 

0.7787 1935 

0.7514 76504 


0.6875 5500 

0.6518 9992 

44 

0.7742 0316 

0.7464 9934 \ 


0.6815 9103 

0.6454 4546 

45 

0.7697 1317 

0.7415 5613 


0.6755 7889 

0.6390 5492 

46 

0.7652 4922 

0.7365 4516 

Aj 3264 

0.6693 1793 

0.6327 2764 

47 

0.760S 1115 

0.7317 6672 

0.7038 5374 

0.6540 0792 

0.6254 6301 

48 

0.7553 9883 

0.7269 2053 

0.6985 1414 

0.6582 4E24 

0.6202 6041 

49 

0.7520 1209 

0.7221 0554 

1 0.6934 1353 

0.6525 3853 

0.6141 1921 

50 

0.7476 5079 

0.7173 2437 

! 0.6882 5165 ■ 

0.6468 7835 

0.6080 3832 
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Table IX. — ( Continued ) 

»» = (!+ i)-* 


0.7433 1479 
0.7390 0393 
0.7347 1808 
0.7304 5708 
0.7262 2079 

0.7220 0907 
0.7178 2178 
0.7136 5877 
0.7095 1990 
0.7054 0504 

0.7013 1404 
0.6972 4677 
0.6932 0308 
0.6891 8285 
0.6851 8593 

0.6812 1219 
0.6772 6150 
0.6733 3372 
0.6694 2872 
0.6655 4637 

0.6616 8653 


72 

0.6578 4908 

73 

0.6540 3388 

74 

0.6502 4081 

75 

0.6464 6973 

76 

0.6427 2053 

77 

0.6389 9307 

78 

0.6352 8723 

79 

0.6316 0288 

80 

0.6279 3990 

81 

0.6242 9816 

82 

0.6206 7754 

83 

0.6170 7792 

84 

0.6134 9917 

85 

0.6099 4118 

86 

0.6064 0382 

87 

0.6028 8698 

88 

0.5993 9054 

89 

0.5959 1437 

90 

0.5924 5836 

91 

0.5890 2240 


0.5856 0636 
0.5822 1014 
0.5788 3361 
0.5754 7666 

0.5721 3918 
0.5688 2106 
0.5655 2218 
0.5622 4243 
0.5589 8171 


0.7125 7388 
0.7078 5485 
0.7031 6707 
0.6985 1033 
0.6938 8444 

0.6892 8918 
0.6847 2435 
0.6801 8975 
0.6756 8518 
0.6712 1044 

0.6667 6534 
0.6623 4968 
0.6579 6326 
0.6536 0588 
0.6492 7737 

0.6449 7752 
0.6407 0614 
0.6364 6306 
0.6322 4807 
0.6280 6100 

0.6239 0165 
0.6197 6985 
0.6156 6542 
0.6115 8816 
0.6075 3791 

0.6035 1448 
0.5995 1769 
0.5955 4738 
0.5916 0336 
0.5876 8545 

0.5837 9350 
0.5799 2731 
0.5760 8674 
0.5722 7159 
0.5684 8171 

0.5647 1693 
0.5609 7709 
0.5572 6201 
0.5535 7153 
0.5499 0549 

0.5462 6374 
0.5426 4610 
0.5390 5241 
0.5354 8253 
i 0.5319 3629 

1 0.5284 1353 

i 0.5249 1410 

i 0.5214 3785 

S 0.5179 8462 

, 0.5145 5426 


0.6831 2819 
0.6780 4286 
0.6729 9540 
0.6679 8551 
0.6630 1291 

0.6580 7733 
0.6531 7849 
0.6483 1612 
0.6434 8995 
0.6386 9970 

0.6339 4511 
0.6292 2592 
0.6245 4185 
0.6198 9266 
0.6152 7807 

0.6106 9784 
0.6061 5170 
0.6016 3940 
0.5971 6070 
0.5927 1533 

0.5883 0306 
0.5839 2363 
0.5795 7681 
0.5752 6234 
0.5709 7999 

0.5667 2952 
0.5625 1069 
0.5583 2326 
0.5541 6701 
0.5500 4170 

0.5459 4710 
0.5418 8297 
0.5378 4911 
0.5338 4527 
0.5298 7123 

0.5259 2678 
0.5220 1169 
0.5181 2575 
0.5142 6873 
0.5104 4043 

0.5066 4063 
0.5028 6911 
0.4991 2567 
0.4954 1009 
0.4917 2217 

0.4880 6171 
i 0.4844 2850 

, 0.4808 2233 

! 0.4772 4301 

I 0.4736 9033 


0.6412 6726 
0.6357 0484 
0.6301 9067 
0.6247 2433 
0.6193 0541 

0.6139 3349 
0.6086 0817 
0.6033 2904 
0.5980 9571 
0.5929 0776 

0.5877 6482 
0.5826 6649 
0.5776 1238 
0.5726 0211 
0.5676 3530 

0.5627 1158 
0.5578 3056 
0.5529 9188 
0.5481 9517 
0.5434 4007 

0.5387 2622 
0.5340 5325 
0.5294 2082 
0 5248 2857 
0.5202 7615 

0.5157 6322 
0.5112 8944 
0.5068 5447 
0.5024 5796 
0.4980 9959 

0.4937 7902 
0.4894 9593 
0.4852 4999 
0.4810 4089 
0.4768 6829 

0.4727 3188 
. 0.4686 3136 
0.4645 6640 
0.4605 3671 
0.4565 4197 

0.4525 8187 
0.4486 5613 
0.4447 6444 
0.4409 0651 
0.4370 8204 

0.4332 9075 
i 0.4295 3234 

; 0.4258 0654 

0.4221 1305 
i 0.4184 5159 


0.6020 1864 
0.5960 5806 
0.5901 5649 
0.5843 1336 
0.5785 2808 

0.5728 0008 
0.5671 2879 
0.5615 1365 
0.5559 5411 
0.5504 4962 

0.5449 9962 
0.5396 0358 
0.5342 6097 
0.5289 7126 
0.5237 3392 

0.5185 4844 
0.5134 1429 
0.5083 3099 
0.5032 9801 
0.4983 1486 

0.4933 8105 
0.4884 9609 
0.4836 5949 
0.4788 7078 
0.4741 2949 

0.4694 3514 
0.4647 8726 
0.4601 8541 
0.4556 2912 
0.4511 1794 

0.4466 5142 
0.4422 2913 
0.4378 5063 
0.4335 1547 
0.4292 2324 

0.4249 7350 
0.4207 6585 
0.4165 9985 
0.4124 7510 
0.4083 9119 

0.4043 4771 
0.4003 4427 
0.3963 8046 
0.3924 5590 
0.3885 7020 

0.3847 2297 
0.3809 1383 
0.3771 4241 
0.3734 0832 
0.3697 1121 
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MATHEMATICS OF FINANCE 


Tabu; IX. — { Continue. ■!) 
r* = (1 -r f)— 


} 

n ! 
? 

/12 7 C j 

n /• * 

73 /C , 


r'c- 1 

✓ 5 '4 

1 7c 

i 

101 

0.5557 3989 ! 

0.5111 4651 1 

0.4701 6410 

0.4148 2190 

03550 5071 

102 

0.5525 1688 

0.5077 6154 ' 

0.4655 6412 

0.4112 2370 

0.3524 2644 

103 

0.5493 1255 

0.5043 9883 

0.4631 9019 

0.4076 5570 

0.3588 3806 

104 i 

0.5461 2681 

0.5010 5S49 

0.4597 4213 

0.4041 2054 

03552 8521 

105 1 

0.5429 5955 

0.4977 4022 

0.4553 1973 

0.4006 1526 

0.3517 6753 

105 

0.5398 1055 

0.4944 4393 

0.4529 2281 

03971 4028 

0.3482 8469 

107 

0.5356 8002 

0.4911 6946 

0.4495 5117 

03936 9545 

03448 3632 

103 

0.5335 6754 

0.4879 1659 

0.4452 0464 

03992 8049 

0.3414 2210 

109 

0.5304 7312 

0.4846 8545 

0.4428 8302 

03858 9516 

0.3380 4168 

110 

0.5273 9554 

0.4814 7551 

0.4395 8512 

0.3835 3919 

0.3346 9474 

111 

0.5243 3800 

0.4782 8703 

0.4353 1377 

03802 1233 

0.3313 8093 

112 

0.5212 9710 

0.4751 1957 

0.4330 6577 

0.3769 1433 

0.3280 9993 

113 

0.5182 7383 

0.4719 7303 

0.4293 4195 

03736 4494 

0.3248 5141 

114 

0.5152 6310 

0.4688 4743 

0.4256 4214 

03704 0391 

0.3216 3505 

115 

0.5122 7980 

0.4657 4248 

0.4234 6515 

0.3671 9099 

03184 5056 

716 

0.5093 0884 

0.4625 5809 

0.4203 1379 

03540 0593 

0.3152 9758 

117 

0.5053 5510 

0.4595 9413 

0.4171 8491 

03603 4851 

03121 7582 

118 

0.5034 1849 

0.4555 5045 

0.4140 7931 

03577 1847 

03090 8497 

119 

0.5004 9391 

0.4535 2695 

0.4109 9583 

03545 1559 

0.3060 2473 

120 

0.4975 9627 

0.4505 2346 

0.4079 3730 

0.3515 3951 

03029 9478 

121 

0.4947 1 046 

0.4475 3935 

0.4049 0055 

0.3484 9032 

0.2999 9483 

122 

0.4918 4133 

0.4445 7602 

0.4018 8540 

0.3454 6748 

0.2970 2459 

123 ! 

0.4889 8895 

0.4416 3181 

0.3988 9469 

0.3424 7086 

0.2940 8375 

124 

0.4851 5305 

0.4387 0710 

0.3959 2524 

03395 0024 

0.2911 7203 

125 

0.4833 3361 

0.4358 0175 

0.3929 7792 

03365 5533 

0.2882 8914 

126 

0.4805 3051 

0.4329 1565 

0.3900 5252 

03336 3505 

0.2854 3479 

127 

0.4777 4357 

0.4300 4855 

0.3871 4891 

03307 4207 

0.2826 0870 

123 

0.4749 7300 

0.4272 0055 

0.3842 6591 

03278 7318 

0.2798 10-30 

129 

0.4722 1839 

0.4243 7151 

0.3814 0535 

03250 2917 

0.2770 4019 

130 

0.4694 7976 

0.4215 6110 

0.3785 6711 

03222 0934 

0.2742 9722 

131 

0.4667 5701 

0.4187 6930 

0.3757 4899 

03194 1496 

0.2715 8141 

132 

0.4640 5005 

0.4159 9500 1 

0.3729 5185 

03165 4432 

0.2688 9248 

133 

0.4513 5879 

0.4132 4106 

0.3701 7553 

0.3133 9771 

0.2662 3103 

134 

0.4585 8314 

0.4105 0436 

08674 19S8 

03111 7493 

0.2635 9424 

135 

0.4560 2301 

0.4077 8579 

0.3546 8475 

03034 7577 

0.2-309 8439 

136 

0.4533 7830 

0.4050 8522 

03619 6997 

03053 0002 

0.2534 0039 

137 

0.4507 4893 

0.4024 0254 

03592 7541 

0.3031 4743 

0.2553 4197 

138 

0.4481 3481 

0.3997 3762 

03556 0090 

0.3005 1795 

0.2533 0383 

139 

0.4455 3585 

03970 9035 

03539 4530 

0.2979 1122 

0.2503 0037 

140 

0.4429 5197 

0.3944 6051 

03513 1147 

0.2953 2711 

0.2483 1770 

141 

i 0.4403 8305 

0.3918 4829 

0.3485 2525 

0.2927 6541 

0.2458 5911 

142 

1 0.4378 2206 

, 0.3892 5327 

0.3461 0049 

0.2932 2594 

0.2434 2485 

143 

| 0.4352 8937 

0-3866 7543 

0.3435 2406 

0.2377 0340 

| 0.2410 1471 

144 

J 0.4327 6541 

, 0.3841 1467 

0.3409 6581 

0.2852 1283 

! 0.2385 2543 

145 

0.4302 5553 

! 0381 5 70S5 

03384 2850 

j 0.2827 3391 

; 0.2352 6577 

146 

! 0.4277 6031 

| 0.3790 4390 

03359 0923 

| 0.2802 8540 

- 0.2339 2650 

147 

! 0.4252 7952 

i 0.3755 3353 

03334 0371 

1 0.2778 5517 

' 0.2316 1040 

148 

' 0 4228 1311 

J 0.3740 4003 

03309 2576 

i 0.2754 4503 

1 0.2293 1723 

145 

0.4203 6100 

' 0.3715 6299 

03284 6329 

j 0.2730 5579 

0.2270 4576 

150 

0.4179 2312 

1 0.3591 0231 

03260 1815 

0.2705 8723 

0.2247 9377 
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Table IX. — ( Continued ) 
v” = (1 + i)~ n 


n 

K2% 

W\ 

59 

M% 

H% 

1% 

151 

0.4154 

9937 

0.3666 

5792 

0.3235 

9122 

0.2683 

3931 

0.2225 

7304 

152 

0.4130 

8968 

0.3642 

2973 

0.3211 

8235 

0.2660 

1170 

0.2203 

6935 

153 

0.4106 

9396 

0.3618 

1761 

0.3187 

9141 

0.2637 

0429 

0.2181 

8747 

154 

0.4083 

1214 

0.3594 

2147 

0.3164 

1828 

0.2614 

1689 

0.2160 

2720 

155 

0.4059 

4414 

0.3570 

4119 

0.3140 

6280 

0.2591 

4934 

0.2138 

8832 

156 

0.4035 

8986 ■ 

0.3546 

7668 

0.3117 

2487 

0.2569 

0145 

0.2117 

7061 

157 

0.4012 

4924 

0.3523 

2783 

0.3094 

0434 

0.2546 

7306 

0.2096 

7387 

158 

0.3989 

2220 

0.3499 

9453 

0.3071 

0108 

0.2524 

6400 

0.2075 

9789 

159 

0.3966 

0864 

0.3476 

7669 

0.3048 

1496 

0.2502 

7410 

0.2055 

4247 

160 

0.3943 

0851 

0.3453 

7419 

0.3025 

4587 

0.2481 

0320 

0.2035 

0739 

161 

0.3920 

2172 

0.3430 

8695 

0.3002 

9367 

0.2459 

5113 

0.2014 

9247 

162 

0.3897 

4819 

0.3408 

1485 

0.2980 

5823 

0.2438 

1772 

0.1994 

9750 

163 

0.3874 

8784 

0.3385 

5779 

0.2958 

3944 

0.2417 

0282 

0.1975 

2227 

164 

0.3852 

4060 

0.3363 

1569 

0.2936 

3716 

0.2396 

0627 

0.1955 

6661 

165 

0.3830 

0640 

0.3340 

8843 

0.2914 

5127 

0.2375 

2790 

0.1936 

3030 

166 

0.3807 

8515 

0.3318 

7593 

0.2892 

81 66 

0.2354 

6756 

0.1917 

1317 

167 

0.3785 

7679 

0.3296 

7807 

0.2871 

2820 

0.2334 

2509 

0.1898 

1502 

168 

0.3763 

8123 

0.3274 

9478 

0.2849 

9077 

0.2314 

0033 

0.1879 

3566 

169 

0.3741 

9841 

0.3253 

2594 

0.2828 

6925 

0.2293 

9314 

0.1860 

7492 

170 

0.3720 

2824 

0.3231 

7146 

0.2807 

6352 

0.2274 

0336 

0.1842 

3259 

171 

0.3698 

7066 

0.3210 

3125 

0.2786 

7347 

0.2254 

3084 

0.1824 

0850 

172 

0.3677 

2560 

0.3189 

0522 

0.2765 

9898 

0.2234 

7543 

0.1806 

0248 

173 

0.3655 

9297 

0.3167 

9326 

0.2745 

3993 

0.2215 

3699 

0.1788 

1434 

174 

0.3634 

7272 

0.3146 

9529 

0.2724 

9621 

0.2196 

1535 

0.1770 

4390 

175 

0.3613 

6475 

0.3126 

1122 

0.2704 

6770 

0.2177 

1039 

0.1752 

9099 

176 

0.3592 

6902 

0.3105 

4094 

0.2684 

5429 

0.2158 

2194 

0.1735 

5543 

177 

0.3571 

8544 

0.3084 

8438 

0.2664 

5587 

0.2139 

4988 

0.1718 

3706 

178 

0.3551 

1394 

0.3064 

4144 

0.2644 

7233 

0.2120 

9406 

0.1701 

3571 

179 

0.3530 

5445 

0.3044 

1203 

0.2625 

0355 

0.2102 

5433 

0.1684 

5119 

180 

0.3510 

0691 

0.3023 

9605 

0.2605 

4943 

0.2084 

3057 

0.1667 

8336 

181 

0.3489 

7125 

0.3003 

9343 

0.2586 

0986 

0.2066 

2262 

0.1651 

3204 

182 

0.3469 

4739 

0.2984 

0407 

0.2566 

8472 

0.2048 

3035 

0.1634 

9707 

183 

0.3449 

3527 

0.2964 

2788 

0.2547 

7392 

0.2030 

5363 

0.1618 

7829 

184 

0.3429 

3481 

0.2944 

6478 

0.2528 

7734 

0.2012 

9233 

0.1602 

7553 

185 

0.3409 

4596 

0.2925 

1469 

0.2509 

9488 

0.1995 

4630 

0.1586 

8864 

186 

0.3389 

6864 

0.2905 

7750 

0.2491 

2643 

0.1978 

1541 

0.1571 

1747 

187 

0.3370 

0279 

0.2886 

5315 

0.2472 

7189 

0.1960 

9954 

0.1555 

6185 

188 

0.3350 

4835 

0.2867 

4154 

0.2454 

3116 

0.1943 

9855 

0.1540 

2163 

189 

0.3331 

0523 

0.2848 

4259 

0.2436 

0413 

0.1927 

1232 

0.1524 

9667 

190 

0.3311 

7339 

0.2829 

5621 

0.2417 

9070 

0.1910 

4071 

0.1509 

8680 

191 

0.3292 

5275 

0.2810 

8233 

0.2399 

9077 

0.1893 

8361 

0.1494 

9188 

192 

0.3273 

4324 

0.2792 

2086 

0.2382 

0423 

0.1877 

4087 

0.1480 

1176 

193 

0.3254 

4482 

0.2773 

7171 

0.2364 

3100 

0.1861 

1239 

0.1465 

4630 

194 

0.3235 

5740 

0.2755 

3482 

0.2346 

7097 

0.1844 

9803 

0.1450 

9535 

195 

0.3216 

8093 

0.2737 

1008 

0.2329 

2404 

0.1828 

9768 

0.1436 

5876 

196 

0.3198 

1534 

0.2718 

9743 

0.2311 

9011 

0.1813 

1121 

0.1422 

3640 

197 

0.3179 

6057 

0.2700 

9679 | 

0.2294 

6909 

0.1797 

3849 

0.1408 

2811 

198 

0.3161 

1655 

0.2683 

0807 

0.2277 

6089 

0.1781 

7942 

0.1394 

3378 

199 

0.3142 

8323 

0.2665 

3119 

0.2260 

6540 

0.1766 

3388 

0.1380 

5324 

200 

0.3124 

6055 

0.2647 

6608 

0.2243 

8253 

0.1751 

0174 

0.1366 

8638 
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Table IX. — {Continued) 
t" = (I -f i)~' 
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Table IX. — ( Continued ) 
v n = (1 -f- j) -n 


n 

i y s % 

1 H% 

1%% 

1V2% 

m% 

51 

0.5652 1637 

0.5307 0524 

0.4983 4003 

0.4679 8491 

0.4128 0475 

52 

0.5589 2843 

0.5241 5332 

0.4915 8079 

0.4610 6887 

0.4057 0492 

53 

0.5527 1044 

0.5176 8229 

0.4849 1323 

0.4542 5505 

0.3987 2719 

54 

0.5465 6162 

0.5112 9115 

0.4783 3611 

0.4475 4192 

0.3918 6947 

55 

0.5404 8120 

0.5049 7892 

0.4718 4820 

0.4409 2800 

0.3851 2970 

56 

0.5344 6843 

0.4987 4461 

0.4654 4829 

0.4344 1182 

0.3785 0585 

57 

0.5285 2256 

0.4925 8727 

0.4591 3518 

0.4279 9194 

0,3719 9592 

58 

0.5226 4282 

0.4865 0594 

0.4529 0770 

0.4216 6694 

0.3655 9796 

59 

0.5168 2850 

0.4804 9970 

0.4467 6468 

0.4154 3541 

0.3593 1003 

60 

0.5110 7887 

0.4745 6760 

0.4407 0499 

0.4092 9597 

0.3531 3025 

61 

0.5053 9319 

0.4687 0874 

0.4347 2749 

0.4032 4726 

0.3470 5676 j 

62 

0.4997 7077 

0.4629 2222 

0.4288 3106 

0.3972 8794 

0.3410 8772 

63 

0.4942 1090 

0.4572 0713 

0.4230 1461 

0.3914 1669 

0.3352 2135 

64 

0.4887 1288 

0.4515 6259 

0.4172 7705 

0.3856 3221 , 

0.3294 5587 

65 

0.4832 7602 

0.4459 8775 

0.4116 1731 

0.3799 3321 

0.3237 8956 

66 

0.4778 9965 

0.4404 8173 

0.4060 3434 

0.3743 1843 

0.3182 2069 

67 

0.4725 8309 

0.4350 4368 

0.4005 2709 

0.3687 8663 

0.3127 4761 

68 

0.4673 2568 

0.4296 7277 

0.3950 9454 

0.3633 3658 

0.3073 6866 

69 

0.4621 2675 

0.4243 6817 

0.3897 3568 

0.3579 6708 

0.3020 8222 

70 

0.4569 8566 

0.4191 2905 

0.3844 4949 

0.3526 7692 

0.2968 8670 

71 

0.4519 0177 

0.4139 5462 

0.3792 3501 

0.3474 6495 

0.2917 8054 

72 

0.4468 7443 

0.4088 4407 

0.3740 9126 

0.3423 3000 

0.2867 6221 

73 

0.4419 0302 

0.4037 9661 

0.3690 1727 

0.3372 7093 

0.2818 3018 

74 

0.4369 8692 

0.3988 1147 

0.3640 1210 

0.3322 8663 

0.2769 8298 

75 

0.4321 2551 

0.3938 8787 

0.3590 7483 

0.3273 7599 

0.2722 1914 

76 

0.4273 1818 

0.3890 2506 

0.3542 0451 

0.3225 3793 

0.2675 3724 

77 

0.4225 6433 

0.3842 2228 

0.3494 0026 

0.3177 7136 

0.2629 3586 

78 

0.4178 6337 

0.3794 7879 

0.3446 6117 

0.3130 7523 

0.2584 1362 

79 

0.4132 1470 

0.3747 9387 

0.3399 8636 

0.3084 4850 

0.2539 6916 

80 

0.4086 1775 

0.3701 6679 

0.3353 7495 

0.3038 9015 

0.2496 0114 

81 

0.4040 7194 

0.3655 9683 

0.3308 2609 

0.2993 9916 

0.2453 0825 

82 

0.3995 7670 

0.3610 8329 

0.3263 3893 

0.2949 7454 

0.2410 8919 

83 

0.3951 3148 

0.3566 2547 

0.3219 1263 

0.2906 1531 

0.2369 4269 

84 

0.3907 3570 

0.3522 2268 

0.3175 4637 

0.2863 2050 

0.2328 6751 

85 

0.3863 8882 

0.3478 7426 

0.3132 3933 

0.2820 8917 

0.2288 6242 

86 

0.3820 9031 

0.3435 7951 

0.3089 9071 

0.2779 2036 

0.2249 2621 

87 

0.3778 3961 

0.3393 3779 

0.3047 9971 

0.2738 1316 

0.2210 5770 

88 

0.3736 3621 

0.3351 4843 

0.3006 6556 

0.2697 6666 

0.2172 5572 

89 

0.3694 7956 

0.3310 1080 

0.2965 8748 

0.2657 7997 

0.2135 1914 

90 

0.3653 6916 

0.3269 2425 

0.2925 6472 

0.2618 5218 

0.2098 4682 

91 

0.3613 0448 

0.3228 8814 

0.2885 9652 

0.2579 8245 

0.2062 3766 

92 

0.3572 8503 

0.3189 0187 

0.2846 8214 

0.2541 6990 

0.2026 9057 

93 

0.3533 1029 

0.3149 6481 

0.2808 2085 

0.2504 1369 

0.1992 0450 

94 

0.3493 7976 

0.3110 7636 

0.2770 1194 

0.2467 1300 

0.1957 7837 

95 

0.3454 9297 

0.3072 3591 

0.2732 5468 

0.2430 6699 

0.1924 1118 

96 

0.3416 4941 

0.3034 4287 

0.2695 4839 

0.2394 7487 

0.1891 0190 

97 

0.3378 4861 

0.2996 9666 

0.2658 9237 

0.2359 3583 

0.1858 4953 

98 

0.3340 9010 

0.2959 9670 

0.2622 8594 

0.2324 4909 

0.1826 5310 

99 

0.3303 7340 

0.2923 4242 

0.2587 2843 

0.2290 1389 

0.1795 1155 

100 

0.3266 9805 

0.2887 3326 

0.2552 1916 

0.2256 2944 

0.1764 2422 
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Table IX. — (Continu'd) 
i- ** (1 -9 1 )"* 


n 

) 

2Tr 



2}i % 

... . ' . | 

OlA C- 1 

'* c i 

-,4- j 

O r ~C 

- . 

1 

0.9303 9216 

0.9779 9511 ; 

0.9755 

0976 

0.9732 3501 ! 

! 0.9703 7379 

2 

0.9511 6878 - 

0.9554 7444 ; 

0.9518 

1440 

0.9471 £833 

0.9425 9591 

3 

0.9423 2233 j 

0.9354 2732 

; 0.9285 

9941 

0.9218 3779 

0.9151 4166 

4 

0.9238 4543 

0.9148 4335 

0.9059 

5064 

0.8971 6573 

0.8884 8705 

5 

0.9057 3031 

0.8947 1232 

0.8838 

1 

5429 

0.8731 5400 

0.8525 0878 

6 

0.8879 7138 

0.8750 2427 

0.E522 

9587 

0.8*57 8491 

0.837* 8*25 

7 

0.8705 6018 

0.8557 6946 

0.8412 

6524 

0.8270 4123 

0.8130 9151 

8 

0.8534 9037 

0.8369 3835 

0.8207 

4657 

0.8049 0535 

0.7894 0923 

9 

0.8357 5527 

0.8185 2161 

0.8007 

2835 

0.7833 6385 

0.7664 1673 

10 

0.8203 4830 

0.8005 1013 

0.7811 

9340 

0.7623 9791 

0.7440 9391 

11 

0.8042 6304 

0.7828 9499 

0.7621 

4478 

0.7419 9310 

0.7224 2128 

12 

0.78S4 9318 

0.7656 6748 

0.7435 

5589 

0.7221 34*0 

0.7013 7988 

13 

0.7730 3253 

0.7483 1905 

0.7254 

2038 

0.7028 0720 

0.6809 5134 

14 

0.7578 7502 

0.7323 4137 

0.7077 

2720 

0.6339 9723 

0.6511 1781 

15 

0.7430 1473 

0.7162 2623 

0.6904 

6556 

0.6555 9078 

0.6418 6195 

16 

0.7234 4551 

0.7004 6580 

0.6736 

2493 

0.6478 7424 

0.6231 6594 

17 

0.7141 6256 

0.6850 5212 

0.6571 

9503 

0.6305 3454 

0.6050 1645 

18 

0.7001 5937 

: 0.6699 7763 

0.6411 

6591 

0.6135 5892 

0.5873 9451 

19 

0.6854 3076 | 

0.6552 3484 

0.6255 

2772 

0.5972 3495 

0.5702 8503 

20 

0.6729 7133 

0.6403 1 647 

0.6102 

7094 

0.5312 5057 

0.5535 7575 

21 

0.6597 7582 

0.6267 1538 

0.5953 

8529 

0.5556 9393 

0.5375 4928 

22 

0.6458 3904 

0.6129 2457 

0.5803 

6467 

0.5505 5375 

0.5218 9250 

23 j 

0.6341 5592 

0.5994 3724 j 

0.5555 

9724 

0.5353 1874 

0.5056 9175 

24 

0.6217 2149 

0.5852 4568 

0.5523 

7535 

0.521 4 7809 

0.4919 3374 

25 

0.6095 3037 

0.5733 4639 

0.5393 

9059 

0.5075 2125 

0.4776 0557 

25 

0.5975 7928 

0.5607 2997 

0.5262 

3472 

0.4939 3796 

0.4635 9473 

27 

0.5358 6204 

0.5483 9117 : 

0.5133 

9973 

0.4807 1821 

0.4501 8905 

28 

0.5743 7455 

0.5353 2383 

0.5003 

7778 

0.4678 5227 

0.4370 7675 

29 

0.5531 1231 

0.5245 2213 

0.4885 

6125 

| 0.4553 3053 

j 0.4243 4536 

30 

0.5520 7039 

0.5129 8003 

j 

0.4767 

4259 

0.4431 4421 

| 0.4119 8575 

31 

0.5412 4597 

0.5016 9201 

0.4651 

1481 

0.4312 8391 

1 0.3999 8715 

32 

0.5305 3330 

0.4905 5233 

0.4537 

7055 : 

0.4197 4103 

| 03883 3703 

33 

0.5202 2873 

0.4793 5558 

| 0.4427 

0293 ! 

0.-2085 0703 

0.3770 2525 

34 

0.5100 2817 

0.4692 9641 

, 0.4319 

0534 1 

0.3975 7330 

! 0.3550 4493 

35 

0.5000 2761 

0.4539 6950 

0.4213 

7107 j 

0.3859 3314 

| 0.3553 8340 

36 

0.4902 2315 

0.4488 7002 

j 0.4110 

9372 i 

0.3765 7727 

| 0.3*50 3243 

37 

0.4505 1 093 

0.4389 9268 

0.4010 

6705 

0.3664 9855 

; 0.3349 8294 

33 

0.4711 8719 | 

0.4293 3270 

0.3912 

8492 

0.3565 8959 

0.3252 2515 

39 

0.4619 4822 

0.41 98 8528 

03317 

4139 

0.3471 4316 

1 0.3157 5355 

40 

0.4528 9042 

0.4105 4575 

03724 

3052 

0.3373 5222 

! 0.3065 5534 

41 

0.4440 1021 

0.4016 0954 

03533 

4595 

0.3283 0995 

S 0.2976 2800 

42 

0.4353 0413 

0.3927 7216 

03544 

8483 

0.3203 0963 

i 0.2839 5922 

43 

0.4267 6875 

03841 2925 

0.3453 

3385 

0.3114 4435 

j 0.2805 429* 

44 

0.4184 0074 

03/ o5 7653 

03374 

0376 

0.3931 09*4 

i 0.2723 7173 

45 

0.4101 9630 

03674 0931 

j 0.3291 

7**0 j 

0.2549 9702 

! 0.2544 3852 

46 

0.4021 5373 

03593 2500 

! 03211 

4576 ! 

0.2371 0172 

! 0.2567 3553 

47 

0.3942 6335 

0.3514 1809 

! 0.3133 

1294 ; 

0.2794 1773 

i 0.2492 5375 

48 

0.3355 3751 

i 0.3436 8518 

: 03055 

7116 

0.2719 2940 

0.2*19 9380 

49 

0.3789 5844 

, 0.3351 2242 

| 0.2332 

1576 

0.25*5 6122 

j 0.2349 5029 

50 

0.3715 2783 

03237 2503 

’ 0.29-99 

4221 

0.2575 7783 

0.2231 0703 
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Table IX. — ( Continued ) 
v n = (1 + i)~ n 


0.3642 4302 
0.3571 0100 
0.3500 9902 
0.3432 3433 
0.3365 0425 

0.3299 0613 
0.3234 3738 
0.3170 9547 
0.3108 7791 
0.3047 8227 

0.2988 0614 
0.2929 4720 
0.2872 0314 
0.2815 7170 
0.2760 5069 

0.2706 3793 
0.2653 3130 
0.2601 2873 
0.2550 2817 
0.2500 2761 

0.2451 2511 
0.2403 1874 
0.2356 0661 
0.2309 8687 
0.2264 5771 

0.2220 1737 
0.2176 6408 
0.2133 9616 
0.2092 1192 
0.2051 0973 

0.2010 8797 
0.1971 4507 
0.1932 7948 
0.1894 8968 
0.1857 7420 

0.1821 3157 
0.1785 6036 
0.1750 5918 
0.1716 2665 
0.1682 6142 

0.1649 6217 
0.1617 2762 
0.1585 5649 
0.1554 4754 
0.1523 9955 

0.1494 1132 
0.1464 8169 
0.1436 0950 
0.1407 9363 
0.1380 3297 


0.3214 9250 
0.3144 1810 
0.3074 9936 
0.3007 3287 
0.2941 1528 

0.2876 4330 
0.2813 1374 
0.2751 2347 
0.2690 6940 
0.2631 4856 

0.2573 5801 
0.2516 9487 
0.2461 5635 
0.2407 3971 
0.2354 4226 

0.2302 6138 
0.2251 9450 
0.2202 3912 
0.2153 9278 
0.2106 5309 

0.2060 1769 
0.2014 8429 
0.1970 5065 
0.1927 1458 
0.1884 7391 

0.1843 2657 
0.1802 7048 
0.1763 0365 
0.1724 2411 
0.1686 2993 

0.1649 1925 
0.1612 9022 
0.1577 4105 
0.1542 6997 
0.1508 7528 


0.1475 

0.1443 

0.1411 

0.1380 

0.1349 

0.1320 

0.1291 

0.1262 

0.1234 

0.1207 


5528 

0[Sj-s 

3?86 

£>24 

<?997 

0 

3953 

1M5 

73 * 

9460 * 

7719 


0.2838 4606 
0.2769 2298 
0.2701 6876 
0.2635 7928 
0.2571 5052 

0.2508 7855 
0.2447 5956 
0.2387 8982 
0.2329 6568 
0.2272 8359 

0.2217 4009 
0.2163 3179 
0.2110 5541 
0.2059 0771 
0.2008 8557 

0.1959 8593 
0.1912 0578 
0.1865 4223 
0.1819 9241 
0.1775 5358 

0.1732 2300 
0.1689 9805 
0.1648 7615 
0.1608 5478 
0.1569 3149 

0.1531 0389 
0.1493 6965 
0.1457 2649 
0.1421 7218 
0.1387 0457 

0.1353 2153 
0.1320 2101 
0.1288 0098 
0.1256 5949 
0.1225 9463 

0.1196 0452 
.,.0.116£ 3733 .. 
0.1138 4130 
0.1110 6468 
0.1083 5579 

0.1057 1296 
0.1031 3460 
, 0.1006 1912 
' 0.0981 6500 
'0.0957 7073 


0.1181 1950 
0.1155 2029 
0.1129 7828 
0.1104 9221 
0.1080 6084 


0,0534 3486 
0.0911 55961 
0.0889 3264 
0.0867 6355 
0.0846 4737 


0.2506 8402 
0.2439 7471 
0.2374 4497 
0.2310 9000 
0.2249 0511 

0.2188 8575 
0.2130 2749 
0.2073 2603 
0.2017 7716 
0.1963 7679 

0.1911 2097 
0.1860 0581 
0.1810 2755 
0.1761 8253 
0.1714 6718 

0.1668 7804 
0.1624 1172 
0.1580 6493 
0.1538 3448 
0.1497 1726 

0.1457 1023 
0.1418 1044 
0.1380 1503 
0.1343 2119 
0.1307 2622 

0.1272 2747 
0.1238 2235 
L 0.1 205 0837 
0.1172 8309 
0.1141 4412 

0.1110 8917 
0.1081 1598 
0.1052 2237 
0.1024 0620 
0.0996 6540 

0.0969 9795 
JJ.0944 0190 
0.0918 7533 
0.0894 1^38 
0.0870 2324 

0.0846 9415 
0.0824 2740 
0.0802 2131 
0.0780 7427 
0.0759 8469 

0.0739 5104 
0.0719 7181 
. 0.0700 4556 
\0.0681 7086 
0;0663 4634 


0.2214 6318 
0.2150 1280 
0.2087 5029 
0.2026 7019 
0.1967 6717 

0.1910 3609 
0.1854 7193 
0.1800 6984 
0.1748 2508 
0.1697 3309 

0.1647 8941 
0.1599 8972 
0.1553 2982 
0.1508 0565 
0.1464 1325 

0.1421 4879 
0.1380 0853 
0.1339 8887 
0.1300 8628 
0.1262 9736 

0.1226 1880 
0.1190 4737 
0.1155 7998 
0.1122 1357 
0.1089 4521 

0.1057 7205 
0.1026 9131 
0.0997 0030 
0.0967 9641 
0.0939 7710 

0.0912 3990 
0.0885 8243 
0.0360 0236 
0.0834 9743 
0.0810 6547 

0.0787 0434 
0.0764 1198 
0.0741 8639 
0.0720 2562 
0.0699 2779 

0.0678 9105 
0.0659 1364 
0.0639 9383 
0.0621 2993 
0.0603 2032 

0.0585 6342 
0.0568 5769 
0.0552 0164 
0.0535 9383 
0.0520 3284 
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MATHEMATICS OF ri.VAXCE 


Table IX. — ( Continued) 
r" = (1 -f ?)~ n 


0.9515 3846 
0.9245 5621 
0.8889 9636 
0.8548 0419 
0.8219 2711 

0.7903 1453 
0.7599 1781 
0.7306 9021 
0.7025 8674 
0.6755 6417 

0.6495 8093 
0.6245 9705 
0.6005 7409 
0.5774 7503 
0.5552 6450 

0.5339 0818 
0.5133 7325 
0.4936 2812 
0.4746 4242 
0.4563 8695 

0.4388 3360 
0.4219 5539 
0.4057 2633 
0.3901 2147 
0.3751 1680 

0.3606 8923 
0.3468 1657 
0.3334 7747 
0.3206 5141 
0.3033 1867 

0.2964 6026 
0.2850 5794 
0.2740 9417 
0.2535 5209 
0.2534 1547 

0.2436 6872 
0.2342 9535 
0.2252 8543 
0.2166 2051 
0.2082 8904 

0.2002 7793 
0.1925 7493 
0.1851 6820 
0.1780 4635 
0.1711 9841 

0.1646 1.384 
0.1582 8255 
0.1521 9476 


0.9569 3780 
0.9157 2995 
0.8762 9660 
0.8385 6134 
0.8024 5105 



||i| 

(Hi 

n 




Ym 


in 

n 

.5 

>9 


lotyy 

iza 


■ > MI M 




Q * M 


0.481 

0.458 

0.436 

n 

0 

>2 

>9 



LwJA 


0.4333 0179 

CBas 

rA<y! 


0.4146 4285 

0.3967 8743 
0.3797 0089 

0.376 

0.358 

0.341 

1 

| 

1 

0.3633 5013 

0.3255 7 

131 

0.3477 0347 


791 


0.2 

0.2 

953 0 

812 4 

277 

073 


0.2 

678 4 

832 

0.2915 7069 

0.2 

550 9 

364 


0.2 

429 <■ 

632 


0.2 

0.2 

313 7 

203 5 

745 

947 


0.2098 6 

617 

0.2339 7121 

0.1998 7254 




0.1812 9 

0.1726 5 

tSm 


0.1644 3 

563 



536 


0.1491 4 

0.1420 4 

0.1352 8 

797 

568 

160 

0.1719 2870 

0.1645 2507 

0.1574 4026 

0.1288 3962 



■ < * m Swiri 


\mm 

0.1112 9 

0.1059 9 

651 

568 

In TTrlr^YM 


921 

211 


mo 

E 5 Us 

391 

i 0.1107 0955 

0.0372 0 

373 


0.9478 6730 
0.8984 5242 
0.8516 1366 
0.8072 1674 
0.7651 3435 

0.7252 4583 
0.6874 3681 
0.6515 9887 
0.6176 2926 
0.5854 3058 

0.5549 1050 
0.5259 8152 
0.4935 6068 
0.4725 6937 
0.4479 3305 

0.4245 8109 
0.^024 4653 
0.3814 6590 
0.3615 7906 
0.3427 2896 

0.3248 6158 
0.3079 2567 
0.2918 7267 
0.2766 5656 
0.2622 3370 

0.2485 6275 
0.2356 0450 
0.2233 2181 
0.2116 7944 
0.2006 4402 

0.1901 8390 
0.1802 6910 
0.1708 7119 
0.1619 6321 
0.1535 1963 

0.1455 1624 
0.1379 3008 
0.1307 3941 
0.1239 2362 
0.1174 6314 

0.1113 3947 
0.1055 3504 
0.1000 3322 
0.0948 1822 
0.0898 7509 

0.0351 6965 
0.0807 4849 
0.07G5 3885 
0 0725 4867 
0.0S87 6652 
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Table IX. — ( Continued ) 
v" = (1 + j) - ” 


n 

3M% 

4% 

4K% 

5% 

5M% 

51 

0.1729 9843 

0.1353 0059 

0.1059 4225 

0.0830 5117 

0.0651 8153 

52 

0.1671 4824 

0.1300 9672 

0.1013 8014 

0.0790 9635 

0.0617 8344 

53 

0.1614 9589 

0.1250 9300 

0.0970 1449 

0.0753 2986 

0.0585 6250 

54 

0.1560 3467 

0.1202 8173 

0.0928 3683 

0.0717 4272 

0.0555 0948 

55 i 

0.1507 5814 

0.1156 5551 

0.0888 3907 

0.0683 2640 

0.0526 1562 

56 

0.1456 6004 

0.1112 0722 

0.0850 1347 

0.0650 7276 

0.0498 7263 

57 

0.1407 3433 

0.1069 3002 

0.0813 5260 

0.0619 7406 

0.0472 7263 

58 

0.1359 7520 

0.1028 1733 

0.0778 4938 

0.0590 2291 

0.0448 0818 

59 

0.1313 7701 

0.0988 6282 

0.0744 9701 

0.0562 1230 

0.0424 7221 

60 

0.1269 3431 

0.0950 6040 

0.0712 8901 

0.0535 3552 

0.0402 5802 

61 

0.1226 4184 

0.0914 0423 

0.0682 1915 

0.0509 8621 

0.0381 5926 

62 

0.1184 9453 

0.0878 8868 

0.0652 8148 

0.0485 5830 

0.0361 6992 

63 

0.1144 8747 

0.0845 0835 

0.0624 7032 

0.0462 4600 

0.0342 8428 

64 

0.1106 1591 

0.0812 5803 

0.0597 8021 

0.0440 4381 

0.0324 9695 

65 

0.1068 7528 

0.0781 3272 

0.0572 0594 

0.0419 4648 

0.0308 0279 

66 

0.1032 6114 

0.0751 2762 

0.0547 4253 

0.0399 4903 

0.0291 9696 

67 

0.0997 6922 

0.0722 3809 

0.0523 8519 

0.0380 4670 

0.0276 7485 

68 

0.0963 9538 

0.0694 5970 

0.0501 2937 

0.0362 3495 

0.0262 3208 

69 

0.0931 3563 

0.0667 8818 

0.0479 7069 

0.0345 0948 

0.0248 6453 

70 

0.0899 8612 

0.0642 1940 

0.0459 0497 

0.0328 6617 

0.0235 6828 

71 

0.0869 4311 

0.0617 4942 

0.0439 2820 

0.0313 0111 

0.0223 3960 

72 

0.0840 0300 

0.0593 7445 

0.0420 3655 

0.0298 1058 

0.0211 7498 

73 

0.0811 6232 

0.0570 9081 

0.0402 2637 

0.0283 9103 

0.0200 7107 

74 

0.0784 1770 

0.0548 9501 

0.0384 9413 

0.0270 3908 

0.0190 2471 

75 

0.0757 6590 

0.0527 8367 

0.0368 3649 

0.0257 5150 

0.0180 3290 

76 

0.0732 0376 

0.0507 5353 

0.0352 5023 

0.0245 2524 

0.0170 9279 

77 

0.0707 2827 

0.0488 0147 

0.0337 3228 

0.0233 5737 

0.0162 0170 

78 

0.0683 3650 

0.0469 2449 

0.0322 7969 

0.0222 4512 

0.0153 5706 

79 

0.0660 2560 

0.0451 1970 

0.0308 8965 

0.0211 8582 

0.0145 5646 

80 

0.0637 9285 

0.0433 8433 

0.0295 5948 

0.0201 7698 

0.0137 9759 

81 

0.0616 3561 

0.0417 1570 

0.0282 8658 

0.0192 1617 

0.0130 7828 

82 

0.0595 5131 

0.0401 1125 

0.0270 6850 

0.0183 0111 

0.0123 9648 

83 

0.0575 3750 

0.0385 6851 

0.0259 0287 

0.0174 2963 

0.0117 5022 

84 

0.0555 9178 

0.0370 8510 

0.0247 8744 

0.0165 9965 

0.0111 3765 

85 

0.0537 1187 

0.0356 5875 

0.0237 2003 

0.0158 0919 

0.0105 5701 

86 

0.0518 9553 

0.0342 8726 

0.0226 9860 

0.0150 5637 

0.0100 0664 

87 

0.0501 4060 

0.0329 6852 

0.0217 2115 

0.0143 3940 

0.0094 8497 

88 

0.0484 4503 

0.0317 0050 

0.0207 8579 

0.0136 5657 

0.0089 9049 

89 

0.0468 0679 

0.0304 8125 

l 0.0198 9070 

0.0130 0626 

0.0085 2180 

90 

0.0452 2395 

0.0293 0890 

| 0.0190 3417 

0.0123 8691 

0.0080 7753 

91 

0.0436 9464 

0.0281 8163 

0.0182 1451- 

0.0117 9706 

0.0076 5643 

92 

0.0422 1704 

0.0270 9772 

0.0174 3016 

0.0112 3530 

0.0072 5728 

93 

0.0407 8941 

0.0260 5550 

0.0166 7958 

0.0107 0028 

0.0068 7894 

94 

0.0394 1006 

0.0250 5337 

0.0159 6132 

0.0101 9074 

0.0065 2032 

95 

0.0380 7735 

0.0240 8978 

! 0.0152 7399 

i 

0.0097 0547 

0.0061 8040 

96 

0.0367 8971 

0.0231 6325 

0.0146 1626 

0.0092 4331 

0.0058 5820 

97 

0.0355 4562 

0.0222 7235 

! 0.0139 8685 

0.0088 0315 

0.0055 5279 

98 

0.0343 4359 

0.0214 1572 

0.0133 8454 

0.0083 8395 

0.0052 6331 

99 

0.0331 8221 

0.0205 9204 

0.0128 0817 

0.0079 8471 

0.0049 8892 

100 

0.0320 6011 

0.0198 0004 

0.0122 5663 

0.0076 0449 

0.0047 2883 
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Tabix DC — ( Continued ) 
<= (1 + i)-" 


n 

6% 

6J4 

% | 

| * Vc 

7 H Co 

S9 

c 

i 

0.9433 

9623 

0.9339 

6714 

0.9345 

7944 1 

0.9302 

3256 

0.9259 

2593 


0.8899 

9644 

0.8816 

5928 

0.8734 

3873 

0.8553 

3261 

0.8573 

3882 


0.8396 

1928 

0.8278 

4909 

0.8162 

9788 

0.8049 

6057 

0.7938 

3224 


0.7920 

9366 

0.7773 

2309 1 

0.7628 

9521 

0.7488 

0053 

0.7350 

2985 


0.7472 

5817 

0.7298 

8084 

0.7129 

8618 

0.6965 

5353 

0.6805 

8320 


0.7049 

6054 

0.6853 

3412 

0.6663 

4222 

0.6479 

6152 

0.6301 

6963 


0.6650 

5711 

0.6435 

0621 

0.6227 

4974 

0.6027 

5490 

0.5834 

9040 


0.6274 

1237 

0.6042 

3119 

0.5820 

0910 

0.5607 

0223 

0.5402 

6888 


0.5918 

9846 

0.5673 

5323 

0.5439 

3374 

0.5215 

8347 

0.5002 

4897 


0.5583 

9478 

0.5327 

2604 

0.5083 

4929 

0.4851 

9393 

0.4631 

9349 

ii 

0.5267 

8753 

0.5002 

1224 

0.4750 

9280 

0.4513 

4319 

0.4288 

8286 

12 

0.4969 

6936 

0.4696 

8285 

0.4440 

1196 

0.4198 

5413 

0.3971 

1376 

13 

0.4688 

3902 

0.4410 

1676 

0.4149 

6445 

0.3905 

6198 

0.3676 

9792 

14 

0.4423 

0096 

0.4141 

0025 

0.3878 

1724 

0.3633 

1347 

0.3404 

6104 

15 

0.4172 

6506 

0.3888 

2652 

0.3624 

4602 

0.3379 

6602 

0.3152 

4170 

16 

0.3936 

4628 

0.3650 

9533 

0.3387 

3460 

0.3143 

8699 

0.2918 

9047 

17 

0.3713 

6442 

0.3428 

1251 

0.3165 

7439 

0.2924 

5302 

0.2702 

6895 

18 

0.3503 

4379 

0.3218 

8969 

0.2958 

6392 

0.2720 

4932 

0.2502 

4903 

19 

0.3305 

1301 

0.3022 

4384 

0.2765 

0833 

0.2530 

6913 

0.2317 

1206 

20 

0.3118 

0473 

0.2837 

9703 

0.2584 

1900 

0.2354 

1315 

0.2145 

4821 

21 

0.2941 

5540 

0.2664 

7608 

0.2415 

1309 

0.2189 

8897 

0.1985 

5575 

22 

0.2775 

0510 

0.2502 

1228 

0.2257 

1317 

0.2037 

1067 

0.1839 

4051 

23 

0.2617 

9726 

0.2349 

4111 

0.2109 

4688 

0.1894 

9830 

0.1703 

1528 

24 

0.2469 

7855 

0.2205 

0198 

0.1971 

4662 

0.1762 

7749 

0.1576 

9934 

25 

0.2329 

9863 

0.2071 

3801 

0.1842 

4918 

0.1639 

7906 

0.1460 

1790 

26 

0.2198 

1003 

0.1944 

9579 

0.1721 

9549 

0.1525 

3866 

0.1352 

0176 

27 

0.2073 

6795 

0.1826 

2515 

0.1609 

3037 

0.1418 

9643 

0.1251 

8682 

28 

0.1956 

3014 

0.1714 

7902 

0.1504 

0221 

0.1319 

9668 

0.1159 

1372 

29 

0.1845 

5674 

0.1610 

1316 

0.1405 

6232 

0.1227 

8761 

0.1073 

2752 

30 

0.1741 

1013 

0.1511 

8607 

0.1313 

6712 

0.1142 

2103 

0.0993 

7733 

31 

0.1642 

5484 

0.1419 

5875 

0.1227 

7301 

0.1062 

5212 

0.0920 

1605 

32 

0.1549 

5740 

0.1332 

9460 

0.1147 

4113 

0.0988 

3918 

0.0852 

0005 

33 

0.1461 

8622 

0.1251 

5925 

0.1072 

3470 

0.0919 

4343 

0.0788 

8893 

34 

0.1379 

1153 

0.1175 

2042 

0.1002 

1934 

0.0855 

2877 

0.0730 

4531 

35 

0.1301 

0522 

0.1103 

4781 

0.0936 

6294 

0.0795 

6164 

0.0676 

3454 

36 

0.1227 

4077 

0.1035 

1297 

0.0375 

3546 

0.0740 

1083 

0.0626 

2458 

37 

0.1157 

9318 

0.0972 

8917 

0.0318 

0884 

0.0588 

4729 

0.0579 

8572 

38 

0.1092 

3885 

0.0913 

5134 

0.0764 

5686 

0.0540 

4399 

0.0536 

9048 

39 

0.1030 

5552 

0.0357 

7590 

0.0714 

5501 

0.0595 

7580 

0.0497 

1341 

40 

0.0972 

2219 

0.0805 

4075 

0.0667 

8038 

0.0554 

1935 

0.0460 

3093 

41 

0.0917 

1905 

0.0756 

2512 

0.0524 

1157 

0.0515 

5288 

0.0426 

2123 

42 

0.0865 

2740 

0.0710 

0950 

0.0583 

2857 

0.0479 

5617 

0.0394 

6411 

43 

0.0316 

2962 

0.0666 

7559 

0.0545 

1268 

0.0446 

1039 

0.0365 

4084 

44 

0.0770 

0903 

0.0626 

0519 

0.0509 

4643 

0.0414 

9804 

0.0338 

3411 

45 

0.0726 

5007 

0.0587 

8515 

0.0476 

1349 

0.0386 

0283 

0.0313 

2788 

46 

0.0685 

3781 

0.0551 

9733 

0.0444 

9859 

0.0359 

0951 

0.0290 

0730 

47 

0.0546 

5831 

0.0518 

2848 i 

0.0415 

8747 

0.0334 

0428 

0.0263 

5861 

48 

0.0509 

9840 

0.0485 

6524 

0.0388 

6579 

0.0310 

7375 

0.0248 

6903 

49 

0.0575 

4555 

0.0456 

9505 

0.0363 

2410 

0.0289 

0582 

0.0230 

2693 

50 

0.0542 

8836 

0.0429 

0616 

0.0339 

4776 

0.0263 

8913 

0.0213 

2123 
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Table X 
(1 + i)» ~ 1 
®nl» i 


n 

34 % 1 

%4% 1 

y 3 % i 

i M 2 % 


i • 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1.0000 0000 

2 

2.0025 

0000 

2.0029 

1667 

2.0033 

3333 

2.0041 

6667 

2.0050 0000 

3 

3.0075 

0625 

3.0087 

5851 

3.0100 

1111 

3.0125 

1736 

3.0150 2500 

4 

4.0150 

2502 

| 4.0175 

3405 

4.0200 

4448 

4.0250 

6952 

4.0301 0013 

5 

5.0250 

6258 

5.0292 

5186 

5.0334 

4463 

5.0418 

4064 

5.0502 5063 

6 

6.0376 

2523 

6.0439 

2051 

6.0502 

2278 

6.0628 

4831 

6.0755 0188 

7 

7.0527 

1930 

7.0615 

4861 

7.0703 

9019 

7.0881 

1018 

7.1058 7939 

8 

8.0703 

5110 

8.0821 

4480 

8.0939 

5816 i 

8.1176 

4397 

8.1414 0879 

9 

9.0905 

2697 

9.1057 

1772 

9.1209 

3802 

9.1514 

6749 

9.1821 1583 

10 

10.1132 

5329 

10.1322 

7606 

10.1513 

4114 

10.1895 

9860 

10.2280 2641 

11 

11.1385 

3642 

11.1618 

2853 

11.1851 

7895 

11.2320 

5526 

11.2791 6654 

12 

12.1663 

8277 

12.1943 

8387 

12.2224 

6288 

12.2788 

5549 

12.3355 6237 

13 

13.1967 

9872 

13.2299 

5082 

13.2632 

0442 

13.3300 

1739 

13.3972 4018 

14 

14.2297 

9072 

14.2685 

3818 

14.3074 

1510 

14.3855 

5913 

14.4642 2639 

15 

15.2653 

6520 

15.3101 

5475 

15.3551 

0648 

15.4454 

9896 

15.5365 4752 

16 

16.3035 

2861 

16.3548 

0936 

16.4062 

9017 

16.5098 

5520 

16.6142 3026 

17 

17.3442 

8743 

17.4025 

1089 

17.4609 

7781 

17.5786 

4627 

17.6973 0141 

18 

18.3876 

4815 

18.4532 

6822 

18.5191 

8107 

18.6518 

9063 

18.7857 8791 

19 

19.4336 

1727 | 

19.5070 

9025 

19.5809 

1167 

19.7296 

0684 

19.8797 1685 

20 

20.4822 

0131 

20.5639 

8593 

20.6461 

8137 

20.8118 

1353 

20.9791 1544 

21 

21.5334 

0682 ! 

21.6239 

6422 

21.7150 

0198 

21.8985 

2942 

22.0840 1101 

22 

22.5872 

4033 

22.6870 

3412 

22.7873 

8532 

22.9897 

7330 

23.1944 3107 

23 

23.6437 

0843 

23.7532 

0463 

23.8633 

4327 

24.0855 

6402 

24.3104 0322 

24 

24.7028 

1770 

24.8224 

8481 

24.9428 

8775 

25.1859 

2053 

25.4319 5524 

25 

25.7645 

7475 

25.8948 

8373 

26.0260 

3071 

26.2908 

6187 

26.5591 1502 

26 

26.8289 

8619 

26.9704 

1047 

27.1127 

8414 

27.4004 

0713 

27.6919 1059 

27 

27.8960 

5865 

28.0490 

7417 

28.2031 

6009 

28.5145 

7549 

28.8303 7015 

28 

28.9657 

9880 

29.1308 

8397 

29.2971 

7062 

29.6333 

8622 

29.9745 2200 

29 

30.0382 

1330 

30.2158 

4904 

30.3948 

2786 

30.7568 

5866 

31.1243 9461 

30 

31.1133 

0883 

31.3039 

7860 

31.4961 

4395 

31.8850 

1224 

32.2800 1658 

31 

32.1910 

9210 

32.3952 

8188 

32.6011 

3110 

33.0178 

6646 

33.4414 1666 

32 

33.2715 

6983 

33.4897 

6811 

33.7098 

0154 

34.1554 

4090 

34.6086 2375 

33 

34.3547 

4876 

34.5874 

4660 

34.8221 

6754 

35.2977 

5524 

35.7816 6686 

34 

35.4406 

3563 

35.6883 

2666 

35.9382 

4143 

36.4448 

2922 

36.9605 7520 

35 

36.5292 

3722 

36.7924 

1761 

37.0580 

3557 

37.5966 

8268 

38.1453 7807 

' 36 

37.6205 

6031 

37.8997 

2883 

38.1815 

6236 

38.7533 

3552 

39.3361 0496 

37 

38.7146 

1171 

39.0102 

6970 

39.3088 

3423 

39.9148 

0775 

40.5327 8549 

38 

39.8113 

9824 

40.1240 

4966 

40.4398 

6368 

41.0811 

1945 

41.7354 4942 

39 

40.9109 

2673 

41.2410 

7814 

41.5746 

6322 

42.2522 

9078 

42.9441 2666 

40 

42.0132 

0405 

42.3613 

6461 

42.7132 

4543 

43.4283 

4199 

44.1588 4730 

41 

43.1182 

3706 

43.4849 

1859 

43.8556 

2292 

44.6092 

9342 

45.3796 4153 

42 

44.2260 

3265 

44.6117 

4961 

45.0018 

0833 

45.7951 

6547 

46.6065 3974 

43 

45.3365 

9774 

45.7418 

6721 

46.1518 

1436 

46.9859 

7866 

47.8395 7244 

44 

46.4499 

3923 

46.8752 

8099 

47.3056 

5374 

48.1817 

5357 

49.0787 7030 

45 

47.5660 

6408 

48.0120 

0056 

48.4633 

3925 

49.3825 

1088 

50.3241 6415 

46 

48.6849 

7924 

49.1520 

3556 

49.6248 

8371 

50.5882 

7134 

51.5757 8497 

47 

49.8066 

9169 

50.2953 

9566 

50.7902 

9999 

51.7990 

5581 

52.8336 6390 

48 

50.9312 

0842 

51.4420 

9057 

51 .9596 

0099 

53.0148 

8521 

54.0978 3222 

49 

52.0585 

3644 

52.5921 

3000 

53.1327 

9966 

54.2357 

8056 

55.3683 2138 

50 

53.1886 

8278 

53.7455 

2371 

54.3099 

0899 

55.4617 

6298 

56.6451 6299 
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55 50.0291 4135 60.7368 7577 61.4554 2194 62.9256 7902, 64.4414 0384 

57 61.1792 1420 61.9140 2499 62.6602 7334 64.1878 6935! 65.7636 1086 

58 62.3321 6223 63.0946 0755 63.8691 4092) 65.4553 1881 67.0924 2891 

59 63.4879 9264 64.2786 3350 , 65.0820 3806, 66.7280 4930 68.4278 9105 

60 64.6467 1262 65.4661 1285: 66.2989 7818 68.0060 8284 69.7700 3051 

61 65.8083 2940 66.6570 5568 67.5199 7478; 69.2894 4152! 71.1188 8065 

62 66.9728 5023 67.8514 7209 68.7450 4136, 70.5781 4753* 72.4744 7507 

63 68.1402 8235 69.0493 7222! 69.9741 9150, 71.8722 2314 73.8368 4744 

64 69.3105 3306 70.2507 6622 71.2074 3880 73.1716 9074 75.2060 3168 

65 70.4839 0964 71.4556 6429 72.4447 9693 74.4765 7278 76.5820 6184 

66 71.6601 1942 72.6640 7664' 73.6862 7959 75.7868 9183 77.9649 7215 

67 72.8392 6971 73.8760 1353 74.9319 0052 77.1026 7055 79.3547 9701 

68 74.0213 6789 75.0914 8524 76.1816 7352, 78.4239 3168 80.7515 7099 

69 75.2064 2131 76.3105 0207 77.4356 1243 79.7506 9805 82.1553 2885 

70 76.3944 3736 77.5330 7437 78.6937 3114 81.0829 9264 83.5661 0549 

71 77.5854 2345 78.7592 1250 79.9560 4358 82.4208 3844 84.9839 3602 

72 78.7793 8701 79 9889 2687 81.2225 6372 83.7642 5860 86.4088 5570 

73 79.9763 3548 81.2222 2791 82.4933 0560 85.1132 7634 87.8408 9998 

74 81.1762 7632 82.4591 2607 83.7682 8329, 86.4679 1499 89.2801 0446 

75 82.3792 170lj 83.6996 3186 85.0475 1090' 87.8231 9797 90.7265 0500 

76 83.5851 6505? 84.9437 5578 86.3310 0260 89.1941 4880 92.1801 3752 

77 84.7941 2797 86.1915 0840 87.6187 7261 90.5657 9108 f 93.6410 3821 

78 86.0061 1329 87.4429 0030 88.9108 3519 91.9431 4855, 95.1092 4340 

79 87.2211 2857 88.6979 4210 90.2072 0464 1 93.3262 4500 96.5847 8962 

80 88.4391 8139 89.9566 4443 91.5078 9532 94.7151 0435 98.0677 1357 

81 89.6602 7934 91.2190 1797 92.8129 2164 96.1097 5062* 99.5580 5214 

82 90.8844 3004 92.4850 7344 94.1222 9804 1 97.5102 0792 101.0558 4240 

83 92.1116 4112; 93.7548 2157 95.4360 3904 98.9165 0045 102.5611 2161 

84 93.3419 2022j 95.0282 7314 95.7541 5917! 100.3286 5253 104.0739 2722 

85 94.5752 7502, 96.3054 3893 98.0766 7303| 101.7465 8859 105.5942 9685 

86 95.8117 1321 j 97.5863 29B0 99.4035 9527| 103.1705 3312 107.1222 6834 

87 97.0512 4249 98.8709 5659 1 00.7349 4059 104.6005 1076 108.6578 7968 

88 98.2938 7060, 100.1593 3022 102.0707 2373, 106.0363 4622 110.2011 6903 

89 99.5396 0527 101.4514 6160,103.4109 5947(107.4781 6433 111.7521 7492 

90 100.7884 5429, 102.7473 6169! 104.7556 6267 103.9259 9002,113.3109 3580 

91 102.0404 2542, 104.0470 4150! 106.1048 4821 110.3798 4831 ! 114.8774 9048 

92 103.2955 2649 105.3505 1203! 107.4585 31 04, 1 1 1 .8397 6434 116.4518 7793 

93 104.5537 6530 106.6577 8436:103.8167 26141113.3057 6336j 118.0341 3732 

94 105.8151 4972,107.9688 6957,110.1794 4855:114.7778 7071 119.6243 0300 

95 107.0796 8759,109.2337 7877,111.5467 1339! 116.2561 1184J 121.2224 2954 

95 108 3473 86Sl | 110.6025 2312, 112.9185 3577,! 117.7405 123oJ 122.8285 4169 

97 109.6182 5528 111.9251 1382 114.2949 3089, 119.2310 9777,124.4426 8440 

98 110.8923 0091 j 113 2515 6205, 115 6759 1399, 120.7278 940l! 126.0548 9782 

99 112.1695 3167,114.5818 7912' 117.0515 0037 122.2309 2690 127.6952 2231 

100 113.4499 5550 115.9160 7627 113.4517 0537 123.7402 2243 129.3335 9342 
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MATHEMATICS OK KIXANCE 



59.1985 7877i 

60.5439 0381 61.9078 5103! 63.3110 6335' 65.4922 3781 j 67.7683 9215 

61.8970 7659. 63.3205 7009; 64.7859 0136 67.0652 9489 69.4465 8107 

63.2581 4287 64.7427 0722 66.2717 9562 68.6521 1622; 71.1410 4688 

64.6271 4870 66.1743 2527 67.7688 3409 70.2528 2224 72.8524 5735 


60.5044 8783. 61.8472 14241 63.9328 2559, 66.1078 1401 
61.9078 5103! 63.3110 6335' 65.4922 3781 j 67.7683 9215 


66.0041 4040 67.6154 8744 69.2771 0035! 71.8675 3443 

67.3891 6455 69.0562 5736 70.7966 7860 73.4963 7536 

68.7822 6801 70.5266 99071 72.3276 5369 75.1394 6864; 

70.1834 9791 71.9968 7706, 73.8701 1109 76.7969 3900, 

71.5929 0165 73.4763 5625 75.4241 3693 78.4689 1221 


68.7822 6801 70.5266 9907 

70.1834 9791 71.9968 7706, 
71.5929 0165 73.4763 5625 


71.8675 3443 74.5809 8192 
73.4963 7536 76.3267 9174 
75.1394 6864 78.0900 5966 
76.7969 3900 79.8709 6025 


78.4689 1221 81.6596 6986 


73.0105 2691 74.9667 0195 76.9898 1795 80.1555 1519, 83.4863 6655 
74.4364 2165 76.4664 7997 78.5672 4159 81.8568 7595 85.3212 3022 


75.8706 3411 
77.3132 1281 


77.9762 5650 80.1564 9590 83.5731 2362 
79.4960 9821 81.7576 6962 85.3043 8845! 


78.7642 0655' 81.0260 7220 83.3703 5214 


83.5731 2362 87.1744 4252 
85.3043 8845 89.0461 8695 
87.0503 0185 90.9365 4882 


80.2236 6442 82.5662 4601 84.9961 3353 88.8124 9636 92.8460 1531 

81.6916 3580 84.1166 8765 86.6336 0453 90.5896 0571 94.7744 7546 

83.1681 7034 85.6774 6557 88.2833 5657 92.3822 6476 96.7222 2021 

84.6533 1800 87.2486 4867 89.9454 8174 94.1906 0957 93.6894 4242 

86.1471 2902 88.8303 0633 91.6200 7285 95.0147 7741 100.6763 3684 

87.6496 5391 90.4225 0837 ,93.3072 2340 97.8549 0571 102.6831 0021 

89.1609 4359 92.0253 2510 95.0070 2758 99.7111 3714 104.7099 3121 

90.6810 4909' 93.6388 2726 96.7195 8028 101.5836 0959 106.7570 3052 

92.2100 2188; 95.2630 8611 93.4449 7714 103.4724 6518 108.8246 0083 

93.7479 1367 96.8981 7335 100.1833 1446 105.3778 5025 110.9128 4684 

95.2947 7650 98.5441 6118 101.9346 8932 107.2999 0544 113.0219 7530 

96.8506 6270 100.2011 2225 103.6991 9949 109.2387 8063 1 115.1521 9506 

98.4156 2490 101.8691 2973 105.4769 4349 111.1946 1996! 117.3037 1701 

99.9397 1604 103.5482 57261107.2680 2056 113.1675 7288' 1 1 9.4767 5418 
101.5729 8939,105.2385 789 8i 109.0725 3072 115.1577 8914j 121.6715 2172 

103.1654 9849 106.9401 6950 110.8905 7470 117.1654 1980 123.8882 3694 

104.7672 9723 1 03.6531 0397 112.7222 5401 119.1906 1722,126.1271 1931 

106.3784 3980,110.3774 5799 114.5676 7091 121.2335 3512,128.3883 9050 

107.9939 8070 112.1133 0771 116.4269 2845 123.2943 2855,130.6722 7440 

109.6289 7475 113.8607 2977 118.3001 3041 125.3731 5393 132.9789 9715 

111.2684 771 O’ 115.6198 0130 120.1873 8139 127.4701 6903 135.3087 8712 

112.9175 4322’ 117.3905 9997)122.0387 8675 1 129.5355 3301)137.6618 7499 
114.5762 2889,119.1732 0397,124.0044 5265 131.7194 0542,140.0384 9374 
116.2445 9022,120.9676 9200' 125.9344 8504 133.8719 5123 142.4388 7868 
117.9226 8367] 122.7741 4328 127.8789 9469 135.0433 3080,144.8632 6746 

119.6105 65991124.5926 3757 129.8380 8715 138.2337 0994 147.3119 0014 
121.3082 9429,126.4232 5515 131.8118 7280,140.4432 5491 149.7850 1914 
123.0159 2501 123.2660 7685,133.8004 61851142.6721 3339, 1 1 52.2828 6933 
124.7335 189l! 130.1211 8403 135.8039 6531 144.9205 1455 154.8055 9803 

125.4611 3110 | 131.9885 5859 137.8224 9505 147.1835 6906' 157.3537 5501 

123.1933 2103' 133.8685 8293 139.8561 6377; 149.4754 6903' 159.9272 9256 

129.9456 4749 135.7610 4020 141.9050 8499, 151.7843 8814, 1 62.5265 6548 

131.7045 6950! 137.6661 13801143.9693 7313 154.1125 0153 165.1518 3114 
133.4729 4684, 139.5838 8790, 146.0491 4343 156.4509 8592, 167.8033 4945 
135.2515 390 3 141.5144 4715 148.1445 1201 1 153.8300 1955 170.4813 8294 
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Table X. — ( Continued ) 
(1 + *)» - 1 
= i 


n 

laraumi 

w% i 

%% 1 

%% i 

1% 

101 

137.0405 

0634 

143.4578 

7680 

150.2555 

9585 

161.2197 

8222 

173.1861 

9677 

10? 

138.8399 

0929 

145.4142 

6264 

152.3825 

1281 

163.6304 

5532 

175.9180 

5874 

103 

140.6498 

0877 

147.3836 

9106 

154.5253 

8166 

166.0622 

2180 

1 78.6772 

3933 

104 

142.4702 

6598 

149.3662 

4900 

156.6843 

2202 

168.5152 

6624 

181 .4640 

1172 

105 

144.3013 

4253 

151.3620 

2399 

158.8594 

5444 

170.9897- 

7482 

184.2786 

5184 

106 

146.1431 

0037 

153.3711 

0415 

161.0509 

0035 

173.4859 

3535 

187.1214 

3836 

107 

147.9956 

0178 

155.3935 

7818 

163.2587 

8210 

176.0039 

3728 

189.9926 

5274 

108 

149.8589 

0946 

157.4295 

3537 

165.4832 

2296 

178.5439 

7174 

192.8925 

7927 

109 

151.7330 

8643 

159.4790 

6560 

1 67.7243 

4714 

181.1062 

3149 

195.8215 

0506 

110 

153.6181 

9610 

161.5422 

5937 

169.9822 

7974 

183.6909 

1101 

198.7797 

2011 

111 

155.5143 

0225 

163.6192 

0777 

172.2571 

4684 

186.2982 

0648 

201.7675 

1731 

112 

157.4214 

6901 

165.7100 

0249 

174.5490 

7544 

188.9283 

1579 

204.7851 

9248 

113 

159.3397 

6091 

167.8147 

3584 

176.8581 

9351 

191.5814 

3855 

207.8330 

4441 

114 

161.2692 

4285 

169.9335 

0074 

179.1846 

2996 

194.2577 

7614 

210.9113 

7485 

115 

163.2099 

8010 

172.0663 

9075 

181.5285 

1468 

196.9575 

3168 

214.0204 

8860 

116 

165.1620 

3832 

174.2135 

0002 

183.8899 

7854 

199.6809 

1009 

217.1606 

9349 

117 

167.1254 

8354 

176.3749 

2335 

186.2691 

5338 

202.4281 

1805 

220.3323 

0042 

118 

169.1003 

8220 

178.5507 

5618 

188.6661 

7203 

205.1993 

6408 

223.5356 

2343 

119 

171.0868 

0109 

180.7410 

9455 

191 .0811 

6832 

207.9948 

5852 

226.7709 

7966 

120 

173.0848 

0743' 

182.9460 

3518 

193.5142 

7708 

210.8148 

1353 

230.0386 

8946 

121 

175.0944 

6881 

185.1656 

7542 

195.9656 

3416 

213.6594 

4315 

233.3390 

7635 

122 

177.1158 

5321 

187.4001 

1325, 

198.4353 

7642 

216.5289 

6328 

236.6724 

6712 

123 

179.1490 

2902 

189.6494 

4734 

200.9236 

4174 

219.4235 

91 70 1 

240.0391 

9179 

124 

181.1940 

6502 

191.9137 

7699 

203.4305 

6905 

222.3435 

4813' 

243.4395 

8370 

125 

183.2510 

3040! 

194.1932 

0217 

205.9562 

9832 

225.2890 

5418! 

246.8739 

7954 

126 

185.3199 

9475 

196.4878 

2352 

208.5009 

7056 

228.2603 

3340 

250.3427 

1934 

127 

187.4010 

2805, 

198.7977 

4234 

211.0647 

2784 

231.2576 

1132, 

253.8461 

4653 

128 

189.4942 

0071 

201.1230 

6062 

213.6477 

1330 

234.281 1 

1542 

257.3846 

0800 

129 

191.5995 

8355 

203.4638 

8103 

216.2500 

7115 

237.3310 

7518 

260.9584 

5408 

130 

193.7172 

4779 

205.8203 

0690 

218.8719 

4668 

240.4077 

2209' 

264.5680 

3862 

131 

195.8472 

6507 

208.1924 

4228 

221.5134 

8628 

243.5112 

8965 

268.2137 

1900 

132 

197.9897 

0745 

210.5803 

9190 

224.1748 

3743 

246.6420 

1344 

271.8958 

5619 

133 

200.1446 

4741 

212.9842 

6117 

226.8561 

4871 

249.8001 

3106 

275.6148 

1475 

134 

202.3121 

5785 

215.4041 

5625 

229.5575 

6982 

252.9858 

8220 

279.3709 

6290 

135 

204.4923 

1210 

217.8401 

8396 

232.2792 

5160 

256.1995 

0867 

283.1646 

7253 

136 

206.6851 

8393 

220.2924 

5185 

235.0213 

4598 

259.4412 

5437 

286.9963 

1926 

137 

208.8908 

4750 

222.7610 

6820 

237.7840 

0608 

262.7113 

6535 

290.8662 

8245 

138 

211.1093 

7744 

225.2461 

4198 

240.5673 

8612 

266.0100 

8980 

294.7749 

4527 

139 

213.3408 

4881 

227.7477 

8293 

243.3716 

4152 

269,3376 

7808 

298.7226 

9473 

140 

215.5853 

3710 

230.2661 

0148 

246.1969 

2883 

272.6943 

8276 

302.7099 

2167 

141 

217.8429 

1823 

232.8012 

0883 

249.0434 

0580 

276.0804 

5861 

306.7370 

2089 

142 

220.1136 

6858 

235.3532 

1689 

251.9112 

3134 

279.4961 

6263 

310.8043 

9110 

143 

222.3976 

6498 

237.9222 

3833 

254.8005 

6558 

282.9417 

5405 

314.9124 

3501 

144 

224.6949 

8470 

240.5083 

8659 

257.7115 

6982 

286.4174 

9440 

319.0615 

5936 

145 

227.0057 

0544 

243.1117 

7583 

260.6444 

0659 

289.9236 

4747 

323.2521 

7495 

146 

229.3299 

0539 

245.7325 

2100 

263.5992 

3964 

293.4604 

7939 

327.4846 

9670 

147 

231.6676 

6317 

248.3707 

3781 

266.5762 

3394 

297.0282 

5858 

331 .7595 

4367 

148 

234.0190 

5787 

251.0265 

4273 

269.5755 

5569 

300.6272 

5585 

336.0771 

3911 

149 

236.3841 

6904 

253.7000 

5301 

272.5973 

7236 

304.2577 

4433 

340.4379 

1050 

150 

238.7630 

7670 

256.3913 

8670 

275.6418 

5265 

307.9199 

9960 

344.8422 

8960 
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Tabix X. — {Continu'd) 
(1 4- 0- - 1 


51 

52 

53 

54 

55 

55 

57 

58 

59 
GO 


lH7c 


68.3763 5152! 
70.1455 8548 
71.9347 2332 
73.7439 8895; 
75.5735 0383j 

77.4238 1193 
79.2948 2981 
81.1858 9665' 
83.1002 4923! 
85.0351 2704' 


W 


lyD 


l)a 


IU 


70.7428 1226- 73.2117 8237| 
72.6270 9741, 1 75.2184 4437| 
74.5349 3513' 77.2525 9798, 
76*565 22S3| 79.3149 2253 
78.4224 5562 81.4055 0277. 


80.4027 3631 
82.4077 7052, 
84.4378 6765 ! 
85.4933 40991 
88.5745 0776' 


83.5248 23-3 
85.6732 94S2‘ 
87.8513 0262, 
90.0592 5804,’ 
92.2975 7283, 


75.7880 7045 
77.9248 9152, 
80.0937 6489 
82.2951 7135’ 
84.5295 9893 

85.7975 4292 
89.0995 0506' 
91.4359 9865 
93.8075 3853 
95.2145 5171 


81.2830 1351 
83.7054 6535 
86.1703 1201 
83.6782 9247 
91.2301 6259 

93.3265 9043 
95.4685 5752 
99.1553 5902 
101.8921 0405 
104.6752 1583 


61 

62 

63 

64 

65 


86.9917 7222' 
83.9704 2955' 
90.9713 4699 
92.9947 7464 
95.0409 6586' 


90.6816 8910 94.5555 6446] 98.5578 7149,107.5070 3215 
92.8152 1022 95.8659 5610 101.1377 3956 1 110.3884 0522 
94.9754 0034’ 99.1988 7674’ 103.6548 0555 113.3202 0231 
97.1625 9285' 101.5528 61 30! 105.2095 2774 116.3033 0585 
99.3771 2526:103.9593 5054’ 103.8027 7215 119.3385 1370 


66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 


97.1101 7672' 101.6193 3933:106.2887 
99.2026 6621' 103.8895 8107,103.8516 
101.3186 9621 105.1882 0033’ 1113483 
103.4584 3154 1 108.5155 5334| 1 13.8793 
105.6224 4002,110.8719 9776 116.4452 

107.8105 9247 113.2578 9773 119.0463 
110.0235 6276 1 115.6736 2145, 121.6832 
112.2613 2734’ 118.1195 4172 124.3563 
11 4.5242 6778 120.5960 3599' 127.0562 
116.8125 6579, 123.1034 8644| 129.8134 


119.1268 0828 125.6422 8002:132.5933 
121.4659 8487: 123.2128 0852 135.4216 
123.8334 8845; 130.8154 6853’ 138.2836 
125.2266 1520 133.4505 6199, 141.1850 
!l23.6*G5 6462 136.1187 9525 144.1263 
! i I 


917V 111.4348 1374 122.4270 3944 
3750! 114.1053 3594' 125.5595 1253 
4761 i 116.8179 3093 123.7659 7910 
8739,119.5701 9995 132.0204 0124 
2657, 122.3537 5295' 135.3307 5826 
I 

5037, 125.1992 0924 138.6990 4653 
3819.128.0771 9738' 142.1252 75S4 
8272; 130.9533 5534! 145.6134 8974 
8293, 133.9533 3057: 149.1617 2531 
4437 136.9727 8053! 152.7720 5501 

7923 140.0273 7234 155.4455 6599 
0595’ 143.1277 8292, 160.1833 6441 
5404[ 146.2746 9957, 163.9355 7329 
5429 149.4688 201 6; 1 67.8553 3332 
4878, 152.7103 5247f 171.7938 2424 


81 

82 

83 

84 

85 


131.0939 3950 138.8202 8020 147.1030 8503' 155.0015 1525 1 175.8902 1617 
133.5587 46421141.5555 3370 150.1303 2225.159.3415 3793 179.8767 1995 
136.0713 94811144.3249 7787 153.1951 2107,162.7316 6105 184.0245 6255 
138.6021 9801 147.1290 4010 156.3015 5398 1 165.1725 3597, 188.2449 9239 
141.1614 7273 1 149.9681 53101159.4507 0035' 169.6552 2551' 192.5392 7976 


86 

87 

83 

89 

90 


143.7495 3930.152.8427 5501 ’ 1 62.6431 
146.3557 2162,155.7532 8945! 165.8794 
149.0133 4724,158.7002 0557:169.1603 
151.6897 4739 161.6339 5814 1 72.4862 
154.3952 5705' 164.7050 0762, 175.8579 


91 

92 

93 

94 

95 


157.1332 1494 167.7633 2021 179.2760 
159.90-09 6351; 170.8503 6795 182.7410 
162.6993 49*5 173.9955 238lj 186.2537 
165.5302 2276 177.1715 8567 189.8147 
163.3924 3776 180.3852 31 51 ! 193.4245 


96 

97 
93 
99 

100 


171.2368 5269' 183.6410 5940 197.0342 
174.2138 2978' 185.9365 7254 1 200.7941 
177.1737 3537: 190.2732 7980 204.5551 
180.1659 3989,193.6516 S530 203.3577 
183.1933 1795 197.0723 4200 212.2328 


47*8 1 73.2102 0339' 1 96.9037 1716 
9076 176.8083 5595 201.3545 1971 
3375,180.4504 8230,205.8733 2555 
8834! 184.1673 8954:210.4811 9525 
74B1j 187.9299 0038’, 215.1645 1718 

2195 191.7433 48S9 219.9299 9793 
6725,195.6250 8162 224.7737 7295 
5594,199.5594 578* 229.7124 0143 
4510,203.5528 4971,234.7323 6860 
9385 207.6051 42*0 239.8401 8455 


88*7,211.7202 3459 245.0373 8319 
97*3 215.8950 381 1 j 250.3255 42*8 
1765 220.1344 7855 255.7062 3947 
5051,224.4354 9585 261.1810 9855 
0703' 223.8030 4330 255.7517 6789 
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Table X. — ( Continued ) 
(1 + iY - 1 
= i 


**> n 

2% 

2M% 

- 2 y 2 % 

2M% j 

3% 

i 

1.0000 0000 

1.0000 0000 

1.0000 0000 



frf PViri 

mmjw 

2 

2.0200 0000 

2.0225 0000 

2.0250 0000 


2339 



3 

3.0604 0000 

3.0680 0625 

3.0756 2500 

3.0832 

5625 

3.0909 


4 

4.1216 0800 

4.1370 3639 

4.1525 1563 

4.1680 

4580 

4.1836 

2700 

5 

5.2040 4016 

5.2301 1971 

5.2563 2852 

5.2826 

6706 

5.3091 

3581 

6 

6.3081 2096 

6.3477 9740 

6.3877 3673 

6.4279 

4040 

6.4684 

0988 

7 

7.4342 8338 

7.4906 2284 

7.5474 3015 

7.6047 

0876 

7.6624 

6218 

8 

8.5829 6905 

8.6591 6186 

8.7361 1590 

8.8138 

3825 


3605 

9 

9.7546 2843 

9.8539 9300 

9.9545 1880 

10.0562 

1880 


0613 

10 

10.9497 2100 

11.0757 0784 

11.2033 8177 

11.3327 

6482 

11.4638 

7931 

11 

12.1687 1542 

12.3249 1127 

12.4834 6631 

12.6444 

1585 

12.8077 

9569 

12 

13.4120 8973 

13.6022 2177 

13.7955 5297 

13.9921 

3729 

14.1920 

2956 

13 

14.6803 3152 

14.9082 7176 

15.1404 4179 

15.3769 

2107 

15.6177 

9045 

14 

15.9739 3815 

16.2437 0788 

16.5189 5284 

16.7997 

8639 

17.0863 

2416 

15 

17.2934 1 692 

17.6091 9130 

17.9319 2666 

18.2617 

8052 

18.5989 

1389 

16 

18.6392 8525 

19.0053 9811 

19.3802 2483 

19.7639 

7948 

20.1568 

8130 

17 

20.0120 7096 

20.4330 1957 

20.8647 3045 

21.3074 

8892 

21 .7615 


18 

21.4123 1238 

21.8927 6251 

22.3863 4871 


4487 

23.4144 


19 

22.8405 5863 

23.3853 4966 

23.9460 0743 

24.5230 

1460 

25.1168 


20 

24.2973 6980 

24.9115 2003 

25.5446 5761 

26.1973 

9750 

26.8703 


21 

25.7833 1719 

26.4720 2923 

27.1832 7405 

27.9178 

2593 

28.6764 

8572 

22 

27.2989 8354 

28.0676 4989 

28.8628 5590 

29.6855 

6615 

30.5367 

8030 

23 

28.8449 6321 

29.6991 7201 

30.5844 2730 

31.5019 

1921 

32.4528 

8370 

24 

30.4218 6247 

31.3674 0338 

32.3490 3798 

33.3682 

2199 

34.4264 

7022 

25 

32.0302 9972 

33.0731 6996 

34.1577 6393 

35.2858 

4810 

36.4592 

6432 

26 

33.6709 0572 

34.8173 1 628 

36.0117 0803 

37.2562 


38.5530 

4225 

27 

35.3443 2383 

36.6007 0590 

37.9120 0073 

39.2807 


40.7096 

3352 

28 

37.0512 1031 

38.4242 2178 

39.8598 0075 

41.3609 

7542 

42.9309 

2252 

29 

38.7922 3451 

40.2887 6677 

41.8562 9577 


0224 

45.2188 

5020 

30 

40.5680 7921 

42.1952 6402 

43.9027 0316 

■la. -r, 

0830 

47.5754 

1571 

31 

42.3794 4079 

44.1446 5746 

46.0002 7074 

47.9512 


50.0026 

7818 

32 

44.2270 2961 

46.1379 1226 

48.1502 7751 

50.2698 

6831 

52.5027 

5852 

33 

46.1115 7020 

48.1760 1528 

50.3540 3445 

52.6522 

8969 

55.0778 

4128 

34 

48.0338 0160 

50.2599 7563 

52.6128 8531 


2765 

57.7301 

7652 

35 

49.9944 7763 

52.3908 2508 

54.9282 0744 

57.6154 

8391 

60.4620 

8181 

36 

51.9943 6719 

54.5696 1864 

57.3014 1263 

60.1999 


63.2759 

4427 

37 

54.0342 5453 

56.7974 3506 

59.7339 4794 

62.8554 

nil; 

66.1742 

2259 

38 

56.1149 3962 

59.0753 7735 

62.2272 9664 


ICIS: 

69.1594 

4927 

39 

58.2372 3841 

61.4045 7334 

64.7829 7906 


|j • ! ; 

72.2342 

3275 

40 

60.4019 8318 

63.7861 7624 

67.4025 5354 


4499 

75.4012 

5973 

41 

62.6100 2284 

66.2213 6521 

70.0876 1 737 

74.2280 

1898 

78.6632 

9753 

42 

64.8622 2330 

68.7113 4592 

72.8398 0781 


l&Mf 

82.0231 

9645 

43 

67.1594 6777 

71.2573 5121 

75.6608 0300 



85.4838 

9234 

44 

69.5026 5712 

73.8606 4161 

78.5523 2308 


IttyJ 

89.0484 

0911 

45 

71.8927 1027 

76.5225 0605 

81.5161 3116 

86.9041 

7379 

92.7198 

6139 

46 

74.3305 6447 

79.2442 6243 

84.5540 3443 

90.2940 

3857 

96.5014 


47 

76.8171 7576 

82.0272 5834 

87.6678 8530 

93.7771 

2463 



48 

79.3535 1927 

84.8728 7165 

90.8595 8243 

97.3559 

9556 



49 

81.9405 8966 

87.7825 1126 

94.1310 7199 

101.0332 




50 

84.5794 0145 

90.7576 1776 

97.4843 4879 


Dff&1 
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Table X. — ( Continued ) 
_ (1 +*)"-! 
s "l* i 


n 


4% | 

434 % 1 

5% 1 

534% 

1 


ip ‘ 


0000 


HiSll 

1 .0000 

0000 

2 


m- '■ I 3 ! 

2.0450 

0000 


Tgilt] 

2.0550 

0000 

3 



3.1370 

2500 

3.1525 

sSS 

3.1680 2500 

4 

4.2149 4288 

4.2464 6400 

4.2781 

9113 

4.3101 

K i 

4.3422 

6638 

5 

5.3624 6588 

5.4163 2256 

5.4707 

0973 

5.5256 

3125 

5.5810 9103 

6 

6.5501 5218 

6.6329 7546 

6.7168 

9166 

6.8019 

1281 

6.8880 5103 

7 


7.8982 9448 

8.0191 


8.1420 

0845 

8.2668 9384 

8 

9.0516 8677 






9.7215 

,7300 

9 

10.3684 9581 

10.5827 9531 

10.8021 

1423 

11.0265 

6432 

11.2562 

5951 

10 

11.7313 9316 


12.2882 

0937 

12.5778 

9254 

12.8753 

5379 

11 

13.1419 9192 

13.4863 5141 

13.8411 

7879 

14.2067 

8716 

14.5834 

9825 

12 

14.6019 6164 

15.0258 0546 

15.4640 

3184 

15.9171 

2652 

16.3855 

9065 

13 

16.1130 3030 

16.6268 3768 

17.1599 

1327 

17.7129 

8285 

18.2867 

9814 

14 

17.6769 8636 

18.2919 1119 

18.9321 

0937 

19.5986 

3199 

20.2925 

7203 

15 

19.2956 8088 

20.0235 8764 

20.7840 

5429 

21.5785 


22.4086 

6350 

16 

20.9710 2971 

21.8245 3114 

22.7193 

3673 

23.6574 

9177 

24.6411 

3999 

17 

22.7050 1575 

23.6975 1239 

24.7417 

0689 

25.8403 


26.9964 

0269 

18 

24.4996 9130 

25.6454 1288 





29.4812 

0483 

19 

26.3571 8050 

27.6712 2940 




0391 

32.1026 

7110 

20 

28.2796 8181 

29.7780 7858 

31.3714 

2277 

33.0659 

5410 

34.8683 

1801 

21 

30.2694 7068 

31.9692 0172 

33.7831 

3680 

35.7192 

5181 

37.7860 

7550 

22 

32.3289 0215 


36.3033 

7795 

38.5052 

1440 

40.8643 

0965 

23 

34.4604 1373 




41.4304 

7512 

44.1118 

4669 

24 


39.0826 0412 



44.5019 

9887 

47.5379 

9825 

25 


41.6459 0829 


1015 

47.7270 

9882 

51.1525 

8816 

26 

41.3131 0168 

44.3117 4462 

47.5706 

4460 

51.1134 


54.9659 

8051 

27 

43.7590 6024 

47.0842 1440 

50.7113 

2361 

54.6691 


58.9891 

0943 

28 

46.2906 2734 

49.9675 8298 

53.9933 

kCTK 


8277 

63.2335 

1045 

29 

48.9107 9930 

52.9662 8630 


rail* 


1191 

67.7113 

5353 

30 

51.6226 7728 

56.0849 3775 


6966 

66.4388 

4750 

72.4354 

7797 

31 

54.4294 7098 

59.3283 3526 

64.7523 

ti'- 

70.7607 

8988 

77.4194 

2926 

32 

57.3345 0247 



L we 


Emi 

82.6774 

9787 

33 


E:£!;X!Z& 


yA\l 

80.0637 

7084 

88.2247 

6025 

34 




E ; 1 ; 

85.0669 

5938 

94.0771 

2207 

35 


73.6522 2486 

81.4966 

| 


0735 

100.2513 

6378 

36 


77.5983 1385 

86.1639 

6581 

95.8363 


106.7651 

8879 

37 


K \Wi I 

91.0413 

4427 

101.6281 

E;:? 

113.6372 

7417 

38 


■; Mi :C Sit 

96.1382 

0476 



120.8873 

2425 

39 


B? ofe m : 'i i 

101.4644 

RPi? 


Eci? 

128.5361 

2708 

40 


95.0255 1570 

107.0303 

2306 

120.799 7 


136.6056 

1407 

41 

88.5095 3747 

99.8265 3633 

112.8466 

8760 


IHI 

145.1189 

2285 

42 

92.6073 7128 

104.8195 9778 

118.9247 

8854 


EfE 

154.1004 

6360 

43 

96.8486 2928 

110.0123 8169 

125.2764 




163.5759 

8910 

44 

101.2383 3130 

115.4128 7696 

131.9138 

4220 


0559 

173.5726 

6850 

45 

105.7816 7290 

121.0293 9204 

138.8499 

6510 


5587 

184.1191 

6527 

46 

110.4840 31 4S 

126.8705 6772 

146.0982 

1353 

168.6851 

6366 

195.2457 

1936 

47 

115.3509 7255 

132.9453 9043 

Eiil to ; 


tiSKu 


206.9842 

3392 

48 

120.3882 565S 


1*1 i r * 

R jffe 



219.3683 

6679 

49 

125.6018 4557 




I -ahis 

■fwmpmpu 

232.4336 

2696 

50 

130.9979 1016 

Irfflivilala 



FiilVA 

I :l*f& 

KMii 

246.2174 

7645 
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Table X. — (Continued) 



51 136.5828 3702 159.77376700 187.53566455 220.81539550 260.7594 3765 

52 142.3632 3631 167.16471768 196.97476946 232.8561 6528 276.10120672 

53 148.3459 4958 174.8513 0639 206.8386 3408 245.4989 7354 292.2867 7309 

54 154.5380 5782 182.8453 5865 217.1463 7262 258.7739 2222 309.3625 4561 

55 160.9468 8984 191.1591 7299 227.9179 5938 272.71261833 327.3774 8562 

56 167.5800 3099 199.80553991 239.17426756 287.34824924 346.38324733 

57 174.4453 3207 208.7977 6151 250.9371 0960 302.7156 6171 366.4343 2593 

58 181.5509 1869 218.1496 7197 263.2292 7953 318.8514 4479 387.58821386 

59 188.9052 0085 227.8756 5885 276.0745 9711 335.79401703 409.9055 6562 

60 196.5168 8288 237.9906 8520 289.4979 5398 353.5837 1788 433.4503 7173 

61 204.3949 7378 248.51031261 303.5253 6190 372.2629 0378 458.2901 4217 

62 212.5487 9786 259.4507 2511 318.1840 0319 391.8760 4897 484.49609999 

63 220.9880 0579 270.8287 5412 333.5022 8333 412.4698 5141 512.1433 8549 

64 229.7225 8599 282.6619 0428 349.5098 8608 434.0933 4398 541.3112 7170 

65 238.7628 7650 294.9683 8045 366.2378 3096 456.79801118 572.0833 9164 

66 248.1195 7718 307.7671 1567 383.71853335 480.63791174 604.54797818 

67 257.8037 6238 321.0778 0030 401.9858 6735 505.6698 0733 638.7981 1698 

68 267.8268 9406 334.9209 1231 421.0752 3138 531.9532 9770 674.9320 1341 

69 278.2008 3535 349.3177 4880 441.02361679 559.5509 6258 713.0532 7415 

70 288.9378 6459 364.2904 5876 461.8696 7955 588.52851071 753.2712 0423 

71 300.0506 8985 379.8620 7711 483.65381513 618.9549 3625 795.7011 2046 

72 311.5524 6400 396.0565 6019 506.4182 3681 650.9026 8306 840.4646 8209 

73 323.4568 0024 412.8988 2260 530.2070 5747 684.44781721 887.6902 3960 

74 335.7777 8824 430.4147 7550 555.0663 7505 719.6702 0807 937.5132 0278 

75 348.5300 1083 448.6313 6652 581.0443 6193 756.65371848 990.0764 2893 

76 361.7285 6121 467.5766 2118 608.19135822 795.4864 04401045.5306 3252 

77 375.3890 6085 487.2795 8603 636.5599 6934 836.26072462 1104.03481731 

78 389.5276 7798 507.7708 7347 666.2051 6796 879.0737 60851165.7567 3226 

79 404.1611 4671 529.0817 0841 697.1844 0052 924.0274 4889 1230.8733 5254 

80 419.3067 8685 551.2449 7675 729.5576 9854 971.2288 2134 1299.5713 8693 

81 434.9825 2439 574.2947 7582 763.3877 9497 1020.7902 6240 1372.0478 1321 

82 451.2069 1274 598.2665 6685 798.7402 4575 1072.8297 7552 1448.5104 4294 

83 467.9991 5469 623.1972 2952 835.6835 56801127.4712 64301529.17851730 

84 485.3791 2510 649.1251 1870 874.289316861184.8448 27521614.2833 3575 

85 503.3673 9448 676.0901 2345 914.6323 36121245.0870 68891704.06891921 

86 521 .9852 5329 704.1 337 2839 956.7907 91 25 1 308.341 4 2234 1 798.7927 0977 

87 541 .2547 371 5 733.2990 7753 1 000.8463 7685 1 374.7584 9345 1 898.7263 0881 

88 561 .1986 5295 763.631 0 4063 1 046.8844 6381 1 444.4964 1 81 2 2004.1 562 5579 

89 581.8406 0581 795.1762 8225 1094.9942 6468 1517.7212 3903 2115.3848 4986 

90 603.2050 2701 827.983333541145.2690 0659 1594.6073 0098 2232.73101600 

91 625.31 72 0295 862.1 026 6688 1 1 97.8061 1 1 89 1 675.3376 6603 2356.531 2 2252 

92 648.2033 0506 897.5867 7356 1252.7073 8692 1760.1045 4933 2487.1404 3976 

93 671.8904 2073 934.490244501310.07921933 1849.1097 7080 2624.9331 6394 

94 696.4065 8546 972.8698 5428 1 370.0327 8420 1 942,5652 6564 2770.3044 8796 

95 721 .7808 1 595 1 01 2.7846 4845 1 432.6842 5949 2040.6935 2892 2923.671 2 3480 

96 748.0431 4451 1 054.2960 3439 1 498.1 550 51 1 7 21 43.7282 0537 3085.4731 5271 

97 775.2246 5457 1097.4678 7577 1556.5720 2847 2251.9146 1504 3256.1741 7611 

98 803.3575 1748 1 142.3665 9080 1638.0677 6976 2365.5103 4642 3436.2637 5580 

99 832.4750 3059 1189.0612 5443 1712.7808 1939 2484.7858 6374 3626.2582 6237 

100 862.0116 5666 1237.6237 0461 1790.8559 5627i261 0.0251 5693 3826.7024 6680 
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Table X. — ( Continued ) 
(1 + 0--1 
s^Ii - i 
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MATHEMATICS OF FINANCE 


Table XL — ( Continued ) 


n 312L ! h% | j 

101 89.1595 8450, 87.3732 6657 85.6359 6342 82.3023 0172j 79.1469 1021 

102 89.9347 4763 83.1162 6081 85.3481 3630 82.9566 4901) 79.7481 6937 

103 90.7079 7768 88.8570 9429 87.0579 4315 83.6082 81171 80.3464 3718 

104 91.4792 7948 89.5957 7328 87.7653 9185 84.2572 0947 80.9417 2854 

105 92.2486 5784 90.3323 0406; 88.4704 9021 j 84.9034 4511 81.5340 5825 

106 93.0161 1755 91.0565 9287 89.1732 4606 85.5469 9928 82.1234 4104 

107 93.7816 6339 91.7989 4595 89.8736 67171 86.1878 8310 82.7098 9158 

108 94.5453 0014 92.5290 6950 90.5717 6130 86.8261 0765 83.2934 2446 

109 95.3070 3256; 93.2570 6971 91.2675 3618 87.4616 8397 83.8740 5419 

110 96.0668 6539 93.9829 5276 91.9609.9951 88.0946 2304 84.4517 9522 

111 96.8248 0338 94.7067 2482 92.6521 5898 88.7249 3581 85.0266 6191 

112 97.5808 5126 95.4283 9201 93.3410 2224 89.3526 3317 85.59S6 6856 

113 98.3350 1372 96.1479 6046 94.0275 9692 89.9777 2598 86.1678 2942 

114 99.0872 9548 96.8654 3627 94.7118 9062 90.6002 2504 86.7341 5862 

115 99.8377 0123 97.5808 2553 95.3939 1092 91.2201 4112 87.2976 7027 

116 100.5862 3564 98.2941 3430 96.0736 6536 91.8374 8493 87.8583 7838 

117 101.3329 0338 99.0053 6864 95.7511 6149 92.4522 6715 1 88.4162 9690 

118 102.0777 0911 99.7145 3458 97.4264 0680 93.0644 9841 88.9714 3970 

119 102.8206 5747 100.4216 3814 98.0994 0877 93.6741 8929! 89.5238 2059 

120 103.5517 5308 101.1266 8531 98.7701 7486 94.2813 5033' 90.0734 5333 

121 104.3010 0058 101.8296 8207 99.4387 1248 94.8859 9203 90.6203 5157 

122 105.0384 0457 102.5306 3438 100.1050 2905 95.4881 2484 91.1645 2892 

123 105.7739 6965 103.2295 4820 100.7691 3195 96.0877 5918 91.7059 9893 

124 106.5077 0040 103.9264 2945 101.4310 2852 96.6849 054l( 92.2447 7505 

125 107.2396 0139 104.6212 8404 1 02.0907 2610 97.2795 7385j 92.7608 7070 

126 107.9695 7720 105.3141 1786 102.7482 3199 97.8717 7479 93.3142 9921 

127 108.6979 3237 106.0049 3679 103.4035 5348 98.4615 1846 93.8450 7384 

128 109.4243 7144 105.6937 4670 104.0566 9782! 99.0488 1506 94.3732 0780 

129 110.1489 9894 107.3805 5342 104.7076 7225 99.6336 7475 94.89S7 1423 

130 110.8718 1939 108.0653 6278 105.3564 8397 100.2161 0764 95.4216 0619 

131 111.5928 3730 108.7481 8058 106.0031 4016 100.7961 2379 95.9418 9671 

132 112.3120 5716 109.4290 1263 106.6476 4800 101.3737 3323 96.4595 9872 

133 113.0294 8345 110.1078 6469 107.2900 1462 1 101.9489 4596 96.9747 2509 

134 113.7451 2065 110.7847 4253 107.9302 4713; 102.5217 7191 97.4872 8365 

135 114.4589 7321 111.4596 5187 108.5583 5262 103.0922 2099 97.9973 0214 

136 115.1710 4560 112.1325 9346 109.2043 3816 103.6S03 0306 98.5047 7825 

137 115.8813 4224 112.8035 8800 109.8382 1079 104.2260 2794 99.0C97 2950 

138 116.5S98 6758 113.4726 26171110.4699 7754 104.7894 0542 99.5121 6876 

139 117.2966 2601 114.1397 1866 111.0996 4538 105.3504 4523 100.0121 0821 

140 118.0016 2196 114.8048 71 1 2! 1 1 1 .7272 2131 105.9091 5708 100.5095 6041 

141 118.7048 5981 115.4680 8919 112.3527 1227 106.4655 5061) 101.0945 3772 

142 119.4053 4395 116.1293 7850 112.9761 2519 107.0196 3547)101.4970 5246 

143 120.1060 7875 116.7887 4456 113.5974 6696 107.5714 2121 101.9871 1688 

144 120.8040 6858 117.4461 9327; 114.2167 4448 1 108.1209 1739 102.4747 4316 

145 121.5003 1778 118.1017 2989! 114.8339 6460 103.6681 3350 102.9599 4344 

146 122.1948 3071 118.7553 600s! 115.4491 3415 109.2130 7900,103.4427 2979 

147 122.8876 1168 119.4070 8941 1 1 1 6.C622 5995*109.7557 6332,103.9231 1422 

148 123.5786 6502 ( 120.0569 2338 116.6733 4879:110.2961 9584 104.4011 0858 

149 124.2679 9503; 120.7048 6752,117.2824 0743 110.8343 8590 104.8767 2506 

150 ! 1 24.9555 0501! 121.3509 2732, 117.8394 4262 1 1 1 1 .3703 4280 105.3499 7518 
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Table XI. — ( Continued ) 

1 - (1 + i)~ n 
* 3 * = 
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MATHEMATICS OF FINANCE 


Tabix XI. — {Continued) 

■ 1 - (1 + *)- 
= 
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Table XI. — ( Continued , ) 
„ 1 ~ (1 + 

°nlt . „• 



64.4060 3044 
65.0267 0798 
65.6437 8590 
66.2572 8507 
66.8672 2625 

67.4736 3007 
68.0765 1706 
68.6759 0759 
69.2718 2197 
69.8642 8033 

70.4533 0273 
71.0389 0910 
71.6211 1923 
72.1999 5284 

95 72.7754 2950 

96 73.3475 6869 

97 73.9163 8975 

98 74.4819 1193 

99 75.0441 5436 


1 % 


39.7981 3617 
40.3941 9423 
40.9843 5072 
41.5686 6408 
42.1471 9216 , 

42.7199 9224 
43.2871 2102 
43.8486 3468 
44.4045 8879 
44.9550 3841 

45.5000 3803 
46.0396 4161 
46.5739 0258 
47.1028 7385 
47.6266 0777 

48.1451 5621 
48.6585 7050 
49.1669 0149 
49.6701 9949 
50.1685 1435 

50.6618 9539 
51.1503 9148 
51.6340 5097 
52.1129 2175 
52.5870 5124 

53.0564 8638 
53.5212 7364 
53.9814 5905 
54.4370 8817 
54.8882 0611 

55.3348 5753 
55.7770 8666 
56.2149 3729 
56.6484 5276 
57.0776 7600 

57.5026 4951 
57.9234 1535 
58.3400 1520 
58.7524 9030 
59.1608 8148 

59.5652 2919 
59.9655 7346 
60.3619 5392 
60.7544 0982 
61.1429 8002 

61.5277 0299 
61.9086 1682 
62.2857 5923 
62.6591 6755 
63.0288 7877 










316 


MATHEMATICS OF FINANCE 


Table XI. — (.Continued) 
1 - <1 + 1)- 
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Tabus XI. — ( Continued ) 
1 - (1 + *)-» 
ff "1* ~ i 


n 

h.2% ! 

H% 


H% ! 

H% 1 

1% 

151 

100.2001 

0819 

95.0013 

1128 

90.1878 

3795 

83.6183 

6499 

77.7426 

9594 

152 

100.6131 

9786 

95.3655 

4100 

90.5090 2029 

83.8843 

7670 

77.9630 

6529 

153 

101.0238 

9183 

95.7273 

5861 

90.8278 

1171 

84.1480 

8099 

78.1812 

5276 

154 

101 .4322 

0397 

96.0867 

8008 

91.1442 2998 

84.4094 

9788 

78.3972 

7996 

155 

101.8381 

4811 

96.4438 

2127 

91.4582 9279 

84.6686 

4722 

78.6111 

6828 

156 

102.2417 

3797 

96.7984 

9795 

91.7700 

1765 

84.9255 

4867 

78.8229 

3889 

157 

102.6429 

8721 

97.1 508 

2578 

92.0794 

2199 

85.1802 

2173 

79.0326 

1276 

158 

103.0419 

0941 

97.5008 

2031 

92.3865 

2307 

85.4326 

8573 

79.2402 

1065 

159 

103.4385 

1805 

97.8484 

9700 

92.6913 

3803 

85.6829 

5983 

79.4457 

5312 

160 

103.8328 

2656 

98.1938 

7119 

92.9938 

8390 

85.9310 

6303 

79.6492 

6052 

161 

104.2248 

4828 

98.5369 

5813 

93.2941 

7757 

86.1770 

1415 

79.8507 

5299 

162 

104.6145 

9647 

98.8777 

7298 

93.5922 

3580 

86.4208 

3187 

80.0502 

5048 

163 

105.0020 

8431 

99.2163 

3078 

93.8880 

7524 

86.6625 

3470 

80.2477 

7275 

164 

105.3873 

2491 

99.5526 

4647 

94.1817 

1239 

86.9021 

4096 

80.4433 

3936 

165 

105.7703 

3132 

99.8867 

3490 

94.4731 

6367 

87.1396 

6886 

80.6369 

6966 

166 

106.1511 

1647 

100.2186 

1083 

94.7624 

4533 

87.3751 

3642 

80.8286 

8284 

167 

106.5296 

9326 

100.5482 

8890 

95.0495 

7352 

87.6085 

6150 

81.0184 

9786 

168 

106.9060 

7449 

100.8757 

8368 

95.3345 

6429 

87.8399 

6184 

81.2064 

3352 

169 

107.2802 

7290 

101.2011 

0961 

95.6174 

3354 

88.0693 

5498 

81 .3925 

0844 

170 

107.6523 

0114 

101.5242 

8107 

95.8981 

9706 

88.2967 

5835 

81.5767 

4103 

171 

108.0221 

7181 

101.8453 

1232 

96.1768 

7053 

88.5221 

8919 

81.7591 

4953 

172 

108.3898 

9741 

102.1642 

1754 

96.4534 

6951 

88.7456 

6462 

81.9397 

5201 

173 

108.7554 

9038 

102.4810 

1080 

96.7280 

0944 

88.9672 

0161 

82.1185 

6635 

174 

109.1189 

6309 

102.7957 

0609 

97.0005 

0565 

89.1868 

1696 

82.2956 

1025 

175 

109.4803 

2785 

103.1083 

1731 

97.2709 

7335 

89.4045 

2735 

82.4709 

0123 

176 

109.8395 

9687 

103.4188 

5826 

97.5394 

2764 

89.6203 

4929 

82.6444 

5667 

177 

110.1967 

8230 

103.7273 

4264 

97.8058 

8352 

89.8342 

9917 

82.8162 

9373 

178 

110.5518 

9624 

104.0337 

8408 

98.0703 

5585 

90.0463 

9323 

82.9864 

2944 

179 

110.9049 

5070 

104.3381 

9610 

98.3328 

5940 

90.2566 

4757 

83.1548 

8063 

180 

111.2559 

5761 

104.6405 

9216 

98.5934 

0884 

90.4650 

7813 

83.3216 

6399 

181 

111.6049 

2886 

104.9409 

8559 

98.8520 

1869 

90.6717 

0075 

83.4867 

9603 

182 

111.9518 

7625 

105.2393 

8966 

99.1087 

0342 

90.8765 

3110 

83.6502 

9310 

183 

112.2968 

1151 

105.5358 

1754 

99.3634 

7734 

91.0795 

8474 

83.8121 

7138 

184 

112.6397 

4633 

105.8302 

8232 

99.6163 

5468| 

91 .2808 

7706 

83.9724 

4691 

185 

112.9806 

9229 

106.1227 

9701 

99.8673 

4956; 

91 .4804 

2336 

84.1311 

3556 

186 

113.3196 

6093 

106.4133 

7451 

100.1164 

7599! 

91 .6782 

3877 

84.2882 

5303 

187 

113.6566 

6373 

1 06.7020 

2766 

100.3637 

4788, 

91.8743 

3831 

84.4438 

1488 

188 

113.9917 

1207 

106.9887 

6920 

100.6091 

7904, 

92.0687 

3686 

84.5978 

3651 

189 

114.3248 

1731 

107.2736 

1179 

100.8527 

8316 

92.2614 

4918 

84.7503 

3318 

190 

114.6559 

9069 

107.5565 

6800 

101.0945 

7386 

92.4524 

8989 

84.9013 

1998 

191 

114.9852 

4344 

107.8376 

5033 

101.3345 

6462' 

92.6418 

7350 

85.0508 

1186 

192 

115.3125 

8668 

108.1168 

7119 

101 .5727 

6886 

92.8296 

1438 

85.1988 

2363 

193 

115.6380 

3150 

108.3942 

4291 

101.8091 

9986 

93.0157 

2677 

85.3453 

6993 

194 

115.9615 

8890 

108.6697 

7772 

102.0438 

7083 

93.2002 

2480 

85.4904 

6528 

195 

116.2832 

6982 

108.9434 

8780 

102.2767 

9487 

93.3831 

2248 

85.6341 

2404 

196 

116.6030 

8516 

109.2153 

8523 

102.5079 

8498 

93.5644 

3368 

85.7763 

6043 

197 

116.9210 

4573 

109.4854 

8202 

102.7374 

5407 

93.7441 

7218 

85.9171 

8855 

198 

117.2371 

6228 

109.7537 

9009 

102.9652 

1496 

93.9223 

5160 

86.0566 

2232 

199 

117.5514 

4552 

110.0203 

2128 

103.1912 

8036 

94.0989 

8548 

86.1946 

7557 

200 

117.8639 

0606 

110.2850 

8736 

103.4156 

6289 

94.2740 

8721 

86.3313 

6195 
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Tan XI. — ( Continued ) 

l - (l + 0- 
= : 


n 

US 7c 

U4 7, 

Us' 

C 

U4 Vo 

■"M 

i 

0.9888 


0.9876 

5432 

0.9854 

3650 

0.9852 

2167 

0.9S28 0093 

2 

1.9667 


1.9631 

1538 

1.9594 

9346 

1.9558 

8342 

1.9486 9375 

3 

2.9337 


2.9255 

3371 

2.9193 

5237 

2.9122 

0042 

2.8979 8403 

4 

3.8899 

8230 

3.8780 

5798 

3.8661 

9222 

3.8543 

8465 

3.8309 4254 

5 

4.8355 


4.8178 

3504 

4.8001 

8962 

4.7826 

4497 

4.7478 5508 

6 

5.7705 

6205 

5.7460 

0992 

5.7215 

1874 

5.6971 

8717 

5.6489 9762 

7 

6.6953 

3948 

6.6627 


6.6303 

5140 

6.5982 

1395 

6.5346 4139 

8 


3002 

7.5681 


7.5268 

5712 

7.4859 

2508 

7.4050 5297 

9 

8.5139 

4810 

■aEPEicl 

4498 

8.4112 

0303 

8.3605 

1732 

8.2604 9432 

10 

9.4081 

0690 

9.3455 

2591 

9.2835 

5421 

9.2221 

8455 

9.1012 2291 

11 

10.2923 

1832 

10.2178 


10.1440 

7320 

10.0711 

1779 

9.9274 9181 

12 

11.1666 

9302 

11.0793 

fiii 4 

10.9929 

2054 

10.9075 

0521 

10.7395 4959 

13 

12.0313 

4044 

11.9301 


11,8302 

5454 

11.7315 

3222 

11.5376 4097 

14 

12.8863 

6880 

12.7705 

5275 

12.6562 

3136 

12.5433 

8150 

12.3220 0587 

15 

13.7318 

8509 


4592 

13.4710 

0504 

13.3432 

3301 

13.0928 8046 

16 

14.5679 

9514 


9227 

14.2747 

2754 

14.1312 

6405 

13.8504 9677 

17 

15.3948 

0360 

15.2299 

1829 

15.0675 

4874 

14.9076 

4931 

14.5950 8282 

18 

16.2124 

1395 

16.0295 

4893 

15.8495 

1651 

15.6725 

6089 

15.3268 6272 

19 

17.0209 

2850 

16.8193 

0759 

16.6210 

7671 

16.4261 

6837 

16.0450 5673 

20 

17.8204 

4845 

17.5993 

1613 

17.3820 

7320 

17.1686 

3379 

16.7528 8130 

21 

18.6110 

7387 

18.3696 

9495 

18.1327 

4792 

17.9001 

3673 

17.4475 4919 

22 

19.3929 

0371 

19.1305 

6291 

18.8732 

4086 

18.6208 

2437 

18.1302 6948 

23 

20.1660 

3580 


3744 

19.6036 

9012 

19.3308 

6145 

18.8012 4764 

24 

20.9305 

6693 

20.6242 

3451 

20.3242 

3193 

20.0304 

0537 

19.4606 8565 

25 

21.6865 

9276 

21 .3572 

6865 f 21.0350 

1 

0067 

20.7196 

1120 

20.1087 8196 
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Tabus XI. — ( Continued ) 

_ 1 - (1 + t)~" 

®"t« i 


n 


m% | 

% j 

m % i 

m% 

51 

38.6474 

3345 

37.5435 

8099 

36.4843 

61 64 

35.4676 

7298 

33.5540 

1421 

52 

39.2063 

6188 

38.0677 

3431 

36.9759 

4243 

35.9287 

4185 

33.9597 

1913 

53 

39.7590 

7232 

38.5854 

1660 

37.4608 

5566 

36.3829 

9690 

34.3584 

4632 

54 

40.3056 

3394 

39.0967 

0776 

37.9391 

91 78 

36.8305 

3882 

34.7503 

1579 

55 

40.8461 

1514 

39.6016 

8667 

38.4110 

3998 

37.2714 

6681 

35.1354 

4550 

56 

41 .3805 

8358 

40.1004 

3128 

38.8764 

8826 

37.7058 

7863 

35.5139 

5135 

57 

41.9091 

0613 

40.5930 

1855 

39.3356 

2344 

38.1338 

7058 

35.8859 

4727 

58 

42.4317 

4896 

41.0795 

2449 

39.7885 

3114 

38.5555 

3751 

36.2515 

4523 

59 

42.9485 

7746 

41.5600 

2419 

40.2352 

9582 

38.9709 

7292 

36.6108 

5526 

60 

43.4596 

5633 

42.0345 

9179 

40.6760 

0081 

39.3802 

6889 

36.9639 

8552 

61 

43.9650 

4952 

42.5033 

0054 

41.1107 

2829 

39.7835 

1614 

37.3110 

4228 

62 

44.4648 

2029 

42.9662 

2275 

41.5395 

5935 

40.1 808 

0408 

37.6521 

3000 

63 

44.9590 

3119 

43.4234 

2988 

41 .9625 

7396 

40.5722 

2077 

37.9873 

5135 

64 

45.4477 

4407 

43.8749 

9247 

42.3798 

5101 

40.9578 

5298 

38.3168 

0723 

65 

45.9310 

2009 

| 44.3209 

8022 

42.7914 

6832 

41.3377 

8618 

38.6405 

9678 

66 

46.4089 

1975 

44.7614 

6195 

43.1975 

0266 

41.7121 

0461 

38.9588 

1748 

67 

46.8815 

0284 

! 45.1965 

0563 

1 43.5980 

2975 

42.0808 

9125 , 

39.2715 

6509 

68 

47.3488 

2852 

45.6261 

7840 

43.9931 

2429 

42.4442 

2783 i 

39.5789 

3375 

69 

47.8109 

5527 

46.0505 

4656 

44.3828 

5997 

42.8021 

9490 

39.8810 

1597 

70 

48.2679 

4094 

46.4696 

7562 

44.7673 

0946 

43.1548 

7183 

40.1779 

0267 

71 

48.7198 

4270 

46.8836 

3024 

45.1465 

4448 

43.5023 

3678 

40.4696 

8321 

72 

49.1667 

1714 

47.2924 

7431 

I 45.5206 

3573 

43.8446 

6677 

40.7564 

4542 

73 

49.6086 

2016 

47.6962 

7093 

45.8896 

5300 

44.1819 

3771 

41.0382 

7560 

74 

50.0456 

0708 

48.0950 

8240 

46.2536 

6511 

44.5142 

2434 

41.3152 

5857 

75 

50.4777 

3259 

48.4889 

7027 

46.6127 

3994 

44.8416 

0034 

41.5874 

7771 

76 

| 50.9050 

5077 

48.8779 

9533 

46.9669 

4445 

45.1641 

3826 

41.8550 

1495 

77 

51 .3276 

1510 

49.2622 

1761 

47.3163 

4471 

45.4819 

0962 

42.1179 

5081 

78 

51 .7454 

7847 

49.6416 

9640 

47.6610 

0588 

45.7949 

8485 

42.3763 

6443 

79 

52.1586 

9317 

50.01 64 

9027 

48.0009 

9224 ! 

46.1034 

3335 

42.6303 

3359 

80 

52.5673 

1092 

50.3866 

5706 

48.3363 

6719 

46.4073 

2349 

42.8799 

3474 

81 

52.9713 

8286 

50.7522 

5389 

48.6671 

9328 

46.7067 

2265 

43.1252 

4298 

82 

53.3709 

5957 

51.1133 

3717 

48.9935 

3221 

47.0016 

9720 

43.3663 

3217 

83 

53.7660 

9104 

51 .4699 

6264 

49.3154 

4484 

47.2923 

1251 

43.6032 

7486 

84 

54.1568 

2674 

51 .8221 

8532 

49.6329 

9122 

47.5786 

3301 

43.8361 

4237 

85 

54.5432 

1557 

52.1700 

5958 

49.9462 

3055 

47.8607 

2218 

44.0650 

0479 

86 

54.9253 

0588 

52.5136 

3909 

50.2552 

2125 

48.1386 

4254 

44.2899 

3099 

87 

55.3031 

4549 

52.8529 

7688 

50.5600 

2096 

48.4124 

5571 

44.5109 

8869 

88 

55.6767 

8169 

53.1881 

2531 

50.8606 

8653 

48.6822 

2237 

44.7282 

4441 

89 

56.0462 

6126 

53.5191 

3611 

51.1572 

7401 

48.9480 

0234 

44.9417 

6355 

90 

56.4116 

3041 

53.8460 

6035 

51.4498 

3873 

49.2098 

5452 

45.1516 

1037 

91 

56.7729 

3490 

54.1689 

4850 

51 .7384 

3524 

49.4678 

3696 

45.3578 

4803 

92 

57.1302 

1992 

54.4878 

5037 

52.0231 

1738 

49.7220 

0686 

45.5605 

3861 

93 

57.4835 

3021 

54.8028 

1518 

52.3039 

3823 

49.9724 

2055 

45.7597 

4310 

94 

57.8329 

0997 

55.1138 

9154 

52.5809 

5016 

50.2191 

3355 

45.9555 

2147 

95 

58.1784 

0294 

55.421 1 

2744 

52.8542 

0484 

50.4622 

0054 

46.1479 

3265 

96 

58.5200 

5235 

55.7245 

7031 

53.1237 

5324 

50.7016 

7541 

46.3370 

3455 

97 

58.8579 

0096 

56.0242 

6698 

53.3896 

4561 

50.9376 

1124 

46.5228 

8408 

98 

59.1919 

9106 

56.3202 

6368 

53.6519 

3155 

51.1700 

6034 

46.7055 

3718 

99 

59.5223 

6446 

56.6126 

0610 

53.9106 

5998 

51 .3990 

7422 

46.8850 

4882 

100 

59.8490 

6251 

56.9013 

3936 

54.1658 

7914 

51 .6247 

0367 

47.0614 

7304 
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Tabu'. XI. — ( Continued ) 

1 - (1 + i)-" 

*En. - , 


n 

1 2% 

! m % 

2 y, ' 

/o 

03/ l 

1 

70 

• 3% 

i 

0.9803 

9216 

0.9779 

9511 

0.9756 

0976 

0.9732 

3601 

0.9708 

7379 

2 

1.9415 

6094 

1.9344 

6955 

1.9274 

2415 

1.9204 

2434 

1.9134 

6970 

3 

2.8838 

8327 

2.8698 

9687 

2.8560 

2356 

2.8422 

6213 

2.8286 

1135 

4 

3.8077 

2870 

3.7847 

4021 

3.7619 

7421 

3.7394 

2787 

3.7170 

9840 

5 

4.7134 

5951 

4.6794 

5253 

4.6458 

2850 

4.6125 

8186 

4.5797 

0719 

6 

5.6014 

3089 

5.5544 

7680 

5.5081 

2536 

5.4623 

6678 

5.4171 

9144 

7 

6.4719 

9107 

6.4102 

4626 

6.3493 

9060 

6.2894 

0806 

6.2302 

8296 

8 

7.3254 

8144 

7.2471 

8461 

7.1701 

3717 

7.0943 

1441 

7.0196 

9219 

9 

8.1622 

3671 

8.0657 

0622 

7.9708 

6553 

7.8776 

7826 

7.7861 

0892 

10 

8.9825 

8501 

8.8662 

1635 

8.7520 

6393 

8.6400 

7616 

8.5302 0284 

11 

9.7868 

4805 

9.6491 

1134 

9.5142 

0871 

9.3820 

6926 

9 2526 2411 

12 

10.5753 

4122 

10.4147 

7882 

10.2577 

6460 

10.1042 

0366 

9.9540 0399 

13 

11.3483 

7375 

11.1635 

9787 

10.9831 

8497 

10.8070 

1086 

10.6349 5533 

14 

12.1062 

4877 

11.8959 

3924 

11.6909 

1217 

11.4910 

0814 

11.2960 7314 

15 

12.8492 

6350 

12.6121 

6551 

12.3813 

7773 

12.1566 

9892 

11.9379 3509 

16 

13.5777 

0931 

13.3126 

3131 

13.0550 

0266 

12.8045 

7315 

12.5611 

0203 

17 

14.2918 

7188 

13.9976 

8343 

13.7121 

9772 

13.4351 

0769 

13.1661 

1847 

18 

14.9920 

3125 

14.6676 

6106 

14.3533 

6363 

14.0487 

6661 

13.7535 

1308 

19 

15.6784 

6201 

15.3228 

9590 

14.9788 

9134 

14.6460 

0157 

14.3237 

9911 

20 

16.3514 

3334 

15.9637 

1237 

15.5891 

6229 

15.2272 

5213 

14.8774 

7486 

21 

17.0112 

0916 

16.5904 

2775 

16.1845 

4857 

15.7929 

4612 

15.4150 2414 

22 

17.6580 

4820 

17.2033 

5232 

16.7654 

1324 

16.3434 

9987 

15.9369 

1664 

23 

18 2922 

0412 

17.8027 

8955 

17.3321 

1048 

16.8793 

1861 

16.4436 0839 

24 

18.9139 

2560 

18.3890 

3624 

17.8849 

8583 

17.4007 

9670 

16.9355 4212 

25 

19.5234 

5647 

18.9623 

8263 

18.4243 

7642 

17.9083 

1795 

17.4131 

4769 

26 

20.1210 

3576 

19.5231 

1260 

18.9506 

1114 

18.4022 

5592 

17.8768 

4242 

27 

20.7068 

9780 

20.0715 

0376 

19.4640 

1087 

18.8829 

7413 

18.3270 3147 

28 

21 .2812 

7236 

20.6078 

2764 

19.9648 

8866 

19.3508 

2640 

18.7641 

0823 

29 

21.8443 

8466 

21.1323 

4977 

20.4535 

4991 

19.8061 

5708 

19.1884 

5459 

30 

22.3964 

5555 

21.6453 

2985 

20.9302 

9259 

20.2493 

0130 

19.6004 4135 

31 

22.9377 

0152 

22.1470 

2186 

21.3954 

0741 

20.6805 

8520 

20.0004 

2849 

32 

23.4683 

3482 

22.6376 

7419 

21.8491 

7796 

21.1003 

2623 

20.3887 

6553 

33 

23.9885 

G355 

23.1175 

2977 

22.2918 

8094 

21.5088 

3332 

1 20.7557 9178 

34 

24.4985 

9172 

23.5868 

2618 

22.7237 

8628 

21 .9064 

0712 

21.1318 

3668 

35 

24.9986 

1933 

24,0457 

9577 

23.1451 

5734 

22.2933 

4026 

21.4872 2007 

36 

25.4888 

4248 

24.4946 

6579 

23.5562 

5107 

22.6699 

1753 

21.8322 

5250 

37 

25.9694 

5341 

24.9336 

5848 

23.9573 

1812 

23.0364 

1609 

22.1672 

3544 

38 

26.4406 

4060 

25.3629 

9118 

24.3486 

0304 

23.3931 

0568 

22.4924 

6159 

39 

26.9025 

8883 

25.7828 

7646 

24.7303 

4443 

23.7402 

4884 

22.8082 

1513 

40 

27.3554 

7924 

26,1935 

2221 

25.1027 

7505 

24.0781 

0106 

23.1147 7197 

41 

27.7994 

8945 

26.5951 

3174 

25.4661 

2200 

24.4069 

1101 

23.4123 

9997 

42 

28.2347 

9358 

26,9879 

0390 

25.8206 

0683 

24.7269 

2069 

23.7013 

5920 

43 

28.6615 

6233 

27.3720 

3316 

26.1664 

4569 

25.0383 

6563 

23.9819 

0213 

44 

29.0799 

6307 

27,7477 

0969 

26.5038 

4945 

25.3414 

7507 

24.2542 7392 

45 

29.4901 

5987 

28,1151 

1950 

26.8330 

2386 

25.6364 

7209 

24.5187 

1254 

46 

29.8923 

1360 

28.4744 

4450 

27.1541 

6962 

25.9235 

7381 

24.7754 4907 

47 

30.2865 

8196 

[28.8258 

6259 

27.4674 

8255 

26.2029 

9154 

25.0247 0783 

48 

30.6731 

1957 

29.1695 

4777 

27.7731 

5371 

26.4749 

3094 

25.2667 0664 

49 

31.0520 

7801 

29 5056 

7019 

28.0713 

6947 

26.7395 

9215 

25.5016 5693 

50 

31.4236 

0589 

29.8343 

9627 

28.3623 

1168 

26.9971 

6998 

25 7297 6401 
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Table XI. — ( Continued) 


0 ^,- = 


i - (1 + 0- 
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Table XI. — ( Continued ) 
I - (1 -f t)~" 


0% 


0.9433 9623 
1.8333 9267 
2.6730 1195 
3.4651 0561 
4.2123 6379 

4.9173 2433 
5.5823 8144 
6.2097 9381 
6.8016 9227 
7.3600 8705 

7.8868 7458 
8.3838 4394 
8.8526 8296 
9.2949 8393 
9.7122 4899 

10.1058 9527 
10.4772 5969 
10.8276 0348 
11.1581 1649 
11.4699 2122 


2.0415 8172 
2.3033 7898 
2.5503 5753 
2.7833 5616 

3.0031 6619 
3.2105 3414 
3.4061 6428 
3.5907 2102 
3.7648 3115 

3.9290 8599 
4.0840 4339 
4.2302 2961 
4.3681 4114 
4.4982 4636 

4.6209 8713 
4.7367 8031 
4.8460 1916 
4.9490 7468 
5.0462 9687 

5.1380 1592 
5.2245 4332 
5.3061 7294 
5.3831 8202 
5.4558 3209 

5.5243 6990 
5.5890 2821 
5.6500 2661 
5.7075 7227 
5.7618 6064 


2.3923 7251 
2.5749 9766 
2.7464 7668 
2.9074 8984 
3.0586 7591 

3.2006 3465 
3.3339 2925 
3.4590 8850 
3.5766 0892 
3.6869 5673 

3.7905 6970 
3.8878 5887 
3.9792 1021 
4.0549 8611 
4.1455 2G87 

4.2211 5199 
4.2921 6149 
4.3583 3708 
4.4214 4327 
4.4802 2842 

4.5354 2575 
4.5872 5422 
4.6359 1946 
4.6816 1451 
4.7245 2067 
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Tabu; XII 



i 


t 


1 

1.0. A 





. (1 + *)• - 

i V 


imm 




KKfl 



* ' m 



EH 


■KusIyaBH 

i 

1.0000 0000 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1 .0000 

0000 

2 

0.4993 7578 

0.4992 

7190 

0.4991 

6805 

0.4989 

6050 

0.4987 

5312 

3 

0.3325 0139 

0.3323 

6300 

0.3322 

2469 

0.3319 

4829 

0.3316 

7221 

4 

0.2490 6445 

0.2489 

0890 

0.2487 

5347 

0.2484 

4291 

0.2481 

3279 

5 

0.1990 0250 

0.1988 

3673 

0.1988 

7110 

0.1983 

4026 

0.1980 

0997 

6 

0.1656 2803 

0.1654 

5552 

0.1652 

8317 

0.1649 

3898 

0.1645 

9546 

7 

0.1417 8928 

0.1416 

1200 

0.1414 

3491 

0.1410 

8133 

0.1407 

2854 

8 

0.1239 -1035 

0.1237 

2953 

0.1235 

4895 

0.1231 

8845 

0.1228 

2886 

9 

0.1100 0462 

0.1098 

2111 

0.1096 

3785 

0.1092 

7209 

0.1089 

0736 

10 

0.0988 8015 

0.0986 

9451 

0.0985 

0915 

0.0981 

3929 

0.0977 

7057 

11 

0.0897 7840 

0.0895 

9106 

0.0894 

0402 

0.0890 

3090 

0.0886 

5903 

12 

0.0821 9370 

0.0820 

0496 

0.0818 

1657 

0.0814 

4082 

0.0810 

6643 

13 

0.0757 7595 

0.0755 

8607 

0.0753 

9656 

0.0750 

1866 

0.0746 

4224 

14 

0.0702 7510 

0.0700 

8426 

0.0698 

9383 

0.0695 

1416 

0.0691 

3609 

15 

0.0655 0777 

0.0653 

1613 

0.0651 

2491 

0.0647 

4378 

0.0643 

6436 

16 

0.0613 3642 

0.0611 

4409 

0.0609 

5223 

0.0605 

6988 

0.0601 

8937 

17 

0.0 d 76 5587 

0.0574 

6297 

0.0572 

7056 

0.0568 

8720 

0.0565 

0579 

18 

0.0543 8433 

0.0541 

9094 

0.0539 

9807 

0.0536 

1387 

0.0532 

3173 

19 

0.0514 5722 

0.0512 

6341 

0.0510 

7015 

0.0506 

8525 

0.0503 

0253 

20 

0.0488 2288 

0.0486 

2870 

0.0484 

3511 

0.0480 

4963 

0.0476 

6645 

21 

0.0464 3947 

0.0462 

4499 

0.0460 

5111 

0.0456 

6517 ! 

0.0452 

8163 

22 

0.0*42 7278 

0.0440 

7804 

0.0438 

8393 

0.0434 

9760 

0.0431 

1380 

23 

0.0422 9455 

0.0420 

9958 

0.0419 

0528 

0.0415 

1865 

0.0411 

■3465 

24 

0.0404 8121 

0.0402 

8606 

0.0400 

9159 

0.0397 

0472 

0.0393 

2061 

25 

0.0388 1298 

0.0386 

1767 

0.0384 

2307 

0.0380 

3603 

0.0376 

5186 

26 

0.0372 7312 

0.0370 

7767 

0.0368 

8297 

0.0364 

9581 

0.0361 

1163 

27 

0.0358 4736 

0.0356 

5180 

0.0354 

5702 

0.0350 

6978 

0.0346 

8565 

28 

0.03*5 2347 

0.0343 

2783 

0.0341 

3299 

0.0337 

4572 

0.0333 

6167 

29 

0.0332 9093 

0.0330 

9521 

0.0329 

0033 

0.0325 

1307 

0.0321 

2914 

30 

0.0321 4059 

0.0319 

4482 

0.0317 

4992 

0.0313 

6270 

0.0309 

7892 

31 

0.0310 6449 

0.0308 

6869 

0.0306 

7378 

0.0302 

8663 

0.0299 

0304 

32 

0.0300 5569 

0.0298 

5987 

0.0296 

6498 

0.0292 

7791 

0.0288 

9453 

33 

0.0291 0806 

0.0289 

1222 

0.0287 

1734 

0.0283 

3041 

0.0279 

4727 

34 

0.0282 1620 

0.0280 

2037 

0.0278 

2551 

0.0274 

3873 

0.0270 

5586 

35 

0.0273 7533 i 

0.0271 

7951 

0.0269 

8470 

0.0265 

9809 

0.0262 

1550 

36 

0.0265 8121 

0.0263 

8541 

0.0261 

9065 

0.0258 

0423 

0.0254 

2194 

37 

0.0258 3004 

0.0256 

3428 

0.0254 

3957 

0.0250 

5336 

0.0246 

7139 

38 

0.0251 1843 

0.0249 

2271 

0.0247 

2808 

0.0243 

4208 

0.0239 

6045 

39 

0.0244 4335 

0.0242 

4767 

0.0240 

5311 

0.0236 

6736 

0.0232 

8607 

40 

0.0238 0204 

0.0236 

0642 

0.0234 

1194 

0.0230 

2644 

0.0226 

4552 

41 

0.0231 9204 

0.0229 

9648 

0.0228 

0209 

0.0224 

1685 

0.0220 

3631 

42 

0.0226 1112 

0.0224 

1562 

0.0222 

2133 

0.0218 

3637 

0.0214 

5622 

43 

0.0220 5724 

0.0218 

6181 

0.021 6 

6762 

0.0212 

8295 

0.0209 

0320 

44 

0.0215 2855 

0.0213 

3321 

0.0211 

3912 

0.0207 

5474 

0.0203 

7541 

45 

0.0210 2339 

0.0208 

2813 

0.0206 

3415 

0.0202 

5008 

0.0198 

7117 

46 

0.0205 4022 

0.0203 

4504 

0.0201 

5118 

0.0197 

6743 

0.0193 

8894 

47 

0.0200 7762 

0.0198 

8254 

0.0196 

8880 

0.0193 

0537 

0.0189 

2733 

48 

0.0196 3433 

0.0194 

3933 

0.0192 

4572 

0.0188 

6263 

0.0184 

8503 

49 

0.0192 0915 

0.0190 

1425 

0.0188 

2077 

0.0184 

3801 

0.01 80 

6087 

50 

0.0188 0099 

0.0186 

0620 

0.0184 

1285 

0.0180 

3044 

0.0176 

5376 
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TABLES 


S25 


Table XII 


I i 

•a, a + 0”-i 




1 

n 

H 

nm 

HUH 

RUSHS 


i 

1.0000 0000 

1.0000 

0000 

1 .0000 

0000 

1.0000 

0000 

1 .0000 

0000 

2 

0.4993 7578 

0.4992 

7190 

0.4991 

6805 

0.4989 

6050 

0.4987 

5312 

3 

0.3325 0139 

0.3323 

6300 

0.3322 

2469 

0.3319 

4829 

0.3316 

7221 

4 

0.2490 6445 

0.2489 

0890 

0.2487 

5347 

0.2484 

4291 

0.2481 

3279 

5 

0.1990 0250 

0.1988 

3673 

0.1983 

7110 

0.1983 

4026 

0.1980 

0997 

6 

0.1656 2803 

0.1654 

5552 

0.1652 

8317 

0.1649 

3898 

0.1645 

9546 

7 

0.1417 8928 

0.1416 

1200 

0.1414 

3491 

0.1410 

8133 

0.1407 

2854 

8 

0.1239 -1035 

0.1237 

2953 

0.1235 

4895 

0.1231 

8845 

0.1228 

2886 

9 

0.1100 0462 

0.1098 

2111 

0.1 09 S 

3785 

0.1092 

7209 

0.1089 

0736 

10 

0.0988 8015 

0.0986 

9451 

0.0985 

0915 

0.0981 

3929 

0.0977 

7057 

11 

0.0897 7840 

0.0895 

9106 

0.0894 

0402 

0.0890 

3090 1 

0.0886 

5903 

12 

0.0821 9370 

0.0820 

0496 

0.0818 

1657 

0.0814 

4082 

0.0810 

6643 

13 

0.0757 7595 

0.0755 

8607 

0.0753 

9656 

0.0750 

1866 

0.0746 

4224 

14 

0.0702 7510 

0.0700 

8426 

0.0698 

9383 

0.0695 

1416 

0.0691 

3609 

15 

0.0655 0777 

0.0653 

1613 

0.0651 

2491 

0.0647 

4378 

0.0643 

6436 

16 

0.0613 3642 

0.0611 

4409 

0.0609 

5223 

0.0605 

6988 

0.0601 

8937 

17 

0.0 o 76 5587 

0.0574 

6297 

0.0572 

7056 

0.0568 

8720 

0.0565 

0579 

18 

0.0543 8433 

0.0541 

9094 

0.0539 

9807 

0.0536 

1387 

0.0532 

3173 

19 

0.0514 5722 

0.0512 

6341 

i 0.0510 

7015 

0.0506 

8525 

0.0503 

0253 

20 

0.0488 2288 

0.0486 

2870 

0.0484 

3511 

0.0480 

4963 

0.0476 

6645 

21 

0.0464 3947 

0.0462 

4499 

0.0460 

5111 

0.0456 

6517 

0.0452 

8163 

22 

0.0 A 42 7278 

0.0440 

7804 

0.0438 

8393 

0.0434 

9760 

0.0431 

1380 

23 

0.0422 9455 

0.0420 

9958 

0.0419 

0528 

0.0415 

1865 

0.0411 

-3465 

24 

0.0404 8121 

0.0402 

8606 

0.0400 

9159 

0.0397 

0472 

0.0393 

2061 

25 

0.0388 1298 

0.0386 

1767 

0.0384 

2307 

0.0380 

3603 

0.0376 

5186 

26 

0.0372 7312 

0.0370 

7767 

0.0368 

8297 

0.0364 

9581 1 

0.0361 

1163 

27 

0.0358 4736 

0.0356 

5180 

0.0354 

5702 

0.0350 

6978 

0.0346 

8565 

28 

0.03-15 2347 

0.0343 

2783 

0.0341 

3299 

0.0337 

4572 

0.0333 

6167 

29 

0.0332 9093 

0.0330 

9521 

0.0329 

0033 

0.0325 

1307 

0.0321 

2914 

30 

0.0321 4059 

0.0319 

4482 

0.0317 

4992 

0.0313 

6270 

0.0309 

7892 

31 

0.0310 6449 

0.0308 

6869 

0.0306 

7378 

0.0302 

8663 

0.0299 

0304 

32 

0.0300 5569 

0.0298 

5987 

0.0296 

6495 

0.0292 

7791 

0.0288 

9453 

33 

0.0291 0806 

0.0289 

1222 

0.0287 

1734 

0.0283 

3041 

0.0279 

4727 

34 

0.0282 1620 

0.0280 

2037 

0.0278 

2551 

0.0274 

3873 

0.0270 

5586 

35 

0.0273 7533 

0.0271 

7951 

0.0269 

8470 

0.0265 

9809 

0.0262 

1550 

36 

0.0265 8121 

0.0263 

8541 

0.0261 

9065 

0.0258 

0423 

0.0254 

2194 

37 

0.0258 3004 

0.0256 

3428 

0.0254 

3957 

0.0250 

5336 

0.0246 

7139 

38 

0.0251 1843 

0.0249 

2271 

0.0247 

2808 

0.0243 

4208 

0.0239 

6045 

39 

0,0244 4335 

0.0242 

4767 

0.0240 

5311 

0.0236 

6736 

0.0232 

8607 

40 

0.0238 0204 

0.0236 

0642 

0.0234 

1194 

0.0230 

2644 

0.0226 

4552 

41 

0.0231 9204 

0.0229 

9648 

0.0228 

0209 

0.0224 

1685 

0.0220 

3631 

42 

0.0226 1112 

0.0224 

1562 

0.0222 

2133 

0.0218 

3637 

0.0214 

5622 

43 

0.0220 5724 

0.0218 

6181 

0.0216 

6762 

0.0212 

8295 

0.0209 

0320 

44 

0.0215 2855 

0.0213 

3321 

0.0211 

3912 

0.0207 

5474 

0.0203 

7541 

45 

0.0210 2339 

0.0208 

2813 

0.0206 

3415 

0.0202 

5008 

0.0198 

7117 

46 

0.0205 4022 

0.0203 

4504 

0.0201 

5118 

0.0197 

6743 

0.0193 

8894 

47 

0.0200 7762 

0.0198 

8254 

0.0196 

8880 

0.0193 

0537 

0.0189 

2733 

48 

0.0196 3433 

0.0194 

3933 

0.0192 

4572 

0.0188 

6263 

0.01 84 

8503 

49 

0.0192 0915 

0.0190 

1425 

0.0188 

2077 

0.0184 

3801 

0.0180 

6087 

50 

0.0188 0099 

0.0186 

0620 

0.0184 

1285 

0.0180 

3044 

0.0176 

5376 
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1 = » / 1 = _1 
t ~. (1 +*)*-! W, 


n 

MTc ) 

(0.0025) | 

(0.00291657) i 


9l2 C c j 

(0.00416557) ! 

HVc 

(0.005) 

51 j 

0.0184 

0885 

0.0182 

1 4 18 ! 

0.0180 

2095 ) 

0.0176 

3891 

0.0172 

6269 

52 

0.0180 

3184 

0.0178 

3725 ! 

0.0176 

4 4 18 { 

0.0172 

6249 

0.0168 

8675 

53 

0.0176 

6905 

0.0174 

7460 | 

0.0172 

8165 

0.0169 

0033 

0.0165 

2507 

54 

0.0173 

1974 

0.0171 

2539 

0.0169 

3259 

0.0165 

5164 

0.0161 

76S5 

55 

0.0169 

8314 

0.0167 

8890 

0.0165 

9525 

0.0162 

1557 

0.0158 

4139 

56 

0.0165 

5858 

0.0164 

6446 

0.0162 

7196 

0.0153 

9176 

0.0155 

1797 

57 

0.0163 

4542 

0.0161 

5143 

0.0159 

5907 

0.0155 

7927 

0.0152 

0598 

58 

0.0160 

4308 

0.0153 

4922 

0.0155 

5701 

0.0152 

7760 

0.0149 

0481 

59 

0.0157 

5101 

0.0155 

5727 

0.0153 

6522 

0.0149 

8520 

0.0146 

1392 

60 

0.0154 

6859 

0.0152 

7503 

0.0150 

8319 

0.0147 

0457 

0.0143 

3280 

61 

0.0151 

9554 

0.0150 

0216 

0.0148 

1043 

0.0144 

3221 

0.0140 

6095 

62 

0.0149 

3142 

0.0147 

3807 

j 0.0145 

4650 

0.0141 

6869 

0.0137 

9796 

63 

0.0146 

7561 

0.0144 

8239 

0.0142 

9093 

0.0139 

1358 

0.0135 

4337 

64 

0.0144 

2780 

0.0142 

3472 

: 0.0140 

4348 

0.0135 

5 6*9 

0.0132 

9531 

65 

0.0141 

8764 

0.0139 

9469 

0.0138 

0361 

0.0134 

2704 

0.0130 

5789 

66 

0.0139 

5476 

0.0137 

6195 

0.0135 

7105 

0.0131 

9489 

0.0128 

2627 

67 

0.0137 

2386 

0.0135 

3519 

0.0133 

4545 

0.0129 

6972 

0.0126 

0163 

68 

0.0135 

0951 

0.0133 

1709 

0.0131 

2652 

0.0127 

5121 

0.0123 

8365 

69 

0.0132 

9574 

0.0131 

0436 

0.0129 

1395 

0.0125 

3903 

0.0121 

7206 

70 

0.0130 

8996 

0.0128 

9772 

0.0127 

0749 

0.0123 

3304 

0.0119 

6657 

71 

0.0123 

8902 

0.0126 

9593 

0.0125 

0537 

0.0121 

3235 ! 

0.0117 

6693 

72 

0.0126 

9368 

0.0125 

0173 

0.0123 

1185 

0.0119 

3827 

0.0115 

7289 

73 

0.0125 

0370 

0.0123 

1190 

0.0121 

2220 

0.0117 

4905 

0.0113 

8422 

74 

0.0123 

1887 

0.0121 

2722 

0.0119 

3769 

0.0115 

6498 

0.0112 

0070 

75 

0.0121 

3898 

0.0119 

4748 

0.0117 

5813 

0.0113 

8586 

0.0110 

2214 

76 

0.0119 

6385 

0.0117 

7250 

0.0115 

8332 

0.0112 

1150 

i 0.0108 

4832 

77 

0.0117 

9327 

0.0116 

0207 

0.0114 

1303 l 

0.0110 

4170 

1 0.0106 

7903 

78 

0.0116 

2703 

0.0114 

3503 

0.0112 

4722 

0.0103 

7629 

i 0.0105 

1423 

79 

0.0114 

6511 

0.0112 

7422 

0.0110 

8559 i 

0.0107 

1510 

| 0.0103 

5360 

80 

0.0113 

0721 

0.0111 

1647 

0.0109 

2802 

0.0105 

5798 

I 0.0101 

9704 

81 

0.0111 

5321 

0.0109 

6253 

0.0107 

7436 i 

0.0104 

0477 

0.0100 

4439 

82 

0.0110 

0293 

0.0103 

1255 

0.0105 

2447 

0.0102 

5534 

0.0098 

9552 

83 

0.0103 

5639 

0.0106 

6512 

0.0104 

7822 

0.0101 

0954 

0.0097 

5023 

84 

0.0107 

1330 

0.0105 

2318 ! 

0.0103 

3547 l 

0.0099 

6724 

0.0095 

0855 

85 

0.0105 

7359 

0.0103 

8353 

0.0101 

9610 J 

0.0093 

2833 

0.0094 

7021 

86 

0.0104 

3714 

0.0102 

4734 

0.0100 

6000 I 

0.0095 

9268 

0.0093 

3513 

87 

0.0103 

0384 

0.0101 

1419 

0.0099 

2704 

0.0095 

6018 

0.0092 

0320 

88 

0.0101 

7357 

0.0099 

8409 

0.0097 

9713 

0.0094 

3073 

0.0090 

7431 

89 

0.01 CO 

4525 

0.0093 

5693 

0.0095 

7015 

0.0093 

0422 

0.0089 

4837 

90 

0.0099 

2177 

0.0097 

3261 

0.0095 

4602 

0.0091 

8055 

0.0088 

2527 

91 

O.OOSS 

0004 

0.0095 

1104 

0.0094 

2454 

0.0090 

5952 

0.0037 

0493 

92 

0.0096 

8095 

0.0094 

9212 

0.0093 

0592 

0.0089 

4135 

0.0035 

8724 

S3 

0.0095 

6445 

0.0093 

7578 

0.C091 

8976 

0.0038 

2553 

0.0084 

7213 

94 

0.0094 

5044 

0.0092 

6193 

0.0090 

7610 

0.0037 

1248 

0.0033 

5950 

95 

0.0093 

3884 

0.0091 

5049 

0.0039 

6^85 

0.0036 

0170 

0.0032 

4930 

95 

0.0092 

2957 

0.0099 

4139 

0.0038 

5594 

! 0.0034 

9325 

I 0.0031 

4143 

97 

0.0091 

2257 

0.00S9 

3455 

0.0037 

4929 

f 0.0033 

8707 

I 0.0030 

3583 

93 

0.0090 

1776 

0.0033 

2990 

0.0035 

4434 

i 0.0032 

8309 

; 0.0079 

3242 

99 

0.0039 

1503 

0.0037 

2738 

0.0035 

4252 

j 0.0031 

8124 

0.0073 

3115 

100 

0.0038 

1446 

0.0035 

2693 

0.0084 

4 226 

! 0.0030 

8145 

0.0077 

3194 



14 % 

(0.0025) 


0.0087 1584 
0.0086 1917 
0.0085 2439 
0.0084 3144 
0.0083 4027 

0.0082 5082 
0.0081 6307 
0.0080 7694 
0.0079 9241 
0.0079 0942 

0.0078 2793 
0.0077 4791 
0.0076 6932 
0.0075 9211 
0.0075 1626 

0.0074 4172 
0.0073 6846 
0.0072 9646 
0.0072 2567 
0.0071 5607 

0.0070 8764 
0.0070 2033 
0.0069 5412 
0.0068 8899 
0.0068 2491 

0.0067 6186 
0.0066 9981 
0.0066 3873 
0.0065 7861 
0.0065 1942 

0.0064 6115 
0.0064 0376 
0.0063 4725 
0.0062 9159 
0.0062 3675 

0.0061 8274 
0.0061 2952 
0.0060 7707 
0.0060 2539 
0.0059 7446 

0.0059 2425 
0.0058 7476 
0.0058 2597 
0.0057 7787 
0.0057 3043 

0.0056 8365 
0.0056 3752 
0.0055 9201 
0.0055 4712 
0.0055 0284 


0.0085 2848 
0.0084 3198 
0.0083 3736 
0.0082 4457 
0.0081 5357 

0.0080 6430 
0.0079 7670 
0.0078 9075 
0.0078 0638 
0.0077 2356 

0.0076 4225 
0.0075 6239 
0.0074 8397 
0.0074 0693 
0.0073 3125 

0.0072 5688 
0.0071 8380 
0.0071 1196 
0.0070 4135 
0.0069 7192 

0.0069 0365 
0.0068 3652 
0.0067 7048 
0.0067 0552 
0.0066 4162 

0.0065 7874 
0.0065 1686 
0.0064 5595 
0.0063 9601 
0.0063 3699 

0.0062 7889 
0.0062 2168 
0.0061 6534 
0.0061 0985 
0.0060 5519 

0.0060 0135 
0.0059 4830 
0.0058 9603 
0.0058 4453 
0.0057 9377 

0.0057 4373 
0.0056 9442 
0.0056 4580 
0.0055 9787 
0.0055 5061 

0.0055 0401 
0.0054 5805 
0.0054 1272 
0.0053 6800 
0.0053 2390 


0.0083 4400 
0.0082 4769 
0.0081 5327 
0.0080 6068 
0.0079 6987 

0.0078 8079 
0.0077 9340 
0.0077 0764 
0.0076 2346 
0.0075 4084 

0.0074 5972 
0.0073 8007 
0.0073 0184 
0.0072 2500 
0.0071 4952 

0.0070 7535 
0.0070 0246 
0.0069 3082 
0.0068 6041 
0.0067 9118 

0.0067 2311 
0.0066 5617 
0.0065 9034 
0.0065 2558 
0.0064 6188 

0.0063 9919 
0.0063 3751 
0.0062 7681 
0.0062 1707 
0.0061 5825 

0.0061 0035 
0.0060 4334 
0.0059 8720 
0.0059 3191 
0.0058 7745 

0.0058 2381 
0.0057 7097 
0.0057 1890 
0.0056 6760 
0.0056 1704 

0.0055 6721. 
0.0055 1809 
0.0054 6968 
0.0054 2195 
0.0053 7489 

0.0053 2849 
0.0052 8273 
0.0052 3760 
0.0051 9309 
0.0051 4919 


0.0079 8366 
0.0078 8782 
0.0077 9387 
0.0077 0175 
0.0076 1142 

0.0075 2281 
0.0074 3589 
0.0073 5061 
0.0072 6691 
0.0071 8476 

0.0071 0412 
0.0070 2495 
0.0069 4720 
0.0068 7083 
0.0067 9582 

0.0067 2213 
0.0066 4973 
0.0065 7857 
0.0065 0863 
0.0064 3988 

0.0063 7230 
0.0063 0584 
0.0062 4049 
0.0061 7621 
0.0061 1298 

0.0060 5078 
0.0059 8959 
0.0059 2937 
0.0058 7010 
0.0058 1177 

0.0057 5435 
0.0056 9782 
0.0056 4216 
0.0055 8736 
0.0055 3339 

0.0054 8023 
0.0054 2787 
0.0053 7628 
0.0053 2546 
0.0052 7539 

0.0052 2604 
0.0051 7741 
0.0051 2948 
0.0050 8224 
0.0050 3566 

0.0049 8975 
0.0049 4447 
0.0048 9983 
0.0048 5580 
0.0048 1238 


0.0076 3473 
0.0075 3947 
0.0074 4610 
0.0073 5457 
0.0072 6481 

0.0071 7679 
0.0070 9045 
0.0070 0575 
0.0069 2264 
0.0068 4107 

0.0067 6102 
0.0066 8242 
0.0066 0526 
0.0065 2948 
0.0064 5506 

0.0063 8195 
0.0063 1013 
0.0062 3956 
0.0061 7021 
0.0061 0205 

0.0060 3505 
0.0059 6918 
0.0059 0441 
0.0058 4072 
0.0057 7808 

0.0057 1647 
0.0056 5586 
0.0055 9623 
0.0055 3755 
0.0054 7981 

0.0054 2298 
0.0053 6703 
0.0053 1197 
0.0052 5775 
0.0052 0436 

0.0051 5179 
0.0051 0002 
0.0050 4902 
0.0049 9879 
0.0049 4930 

0.0049 0055 
0.0048 5250 
0.0048 0516 
0.0047 5850 
0.0047 1252 

0.0046 6718 
0.0046 2250 
0.0045 7844 
0.0045 3500 
0.0044 9217 
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J_ = i (J_ _ J_ .\ 

(I + 1)“ — 1 Vap { s^, ' / 


n 


wmmm 

wwmmam 

mu 


h Tc 
(0.005) 

151 

0.0054 

5915 

0.0052 

8038 

0.0051 

0588 

0.0047 

6956 

0.0044 

4993 

152 

0.0054 

1605 

0.0052 

3745 

0.0050 

6315 

0.0047 

2731 

0.0044 

0827 

153 

0.0053 

7351 

0.0051 

9509 

0.0050 

2099 

0.0046 

8564 

0.0043 

6719 

154 

0.0053 

3153 

0.0051 

5329 

0.0049 

7939 

0.0046 

4453 

0.0043 

2666 

155 

0.0052 

9010 

0.0051 

1203 

0.0049 

3834 

0.0046 

0396 ; 

0.0042 

8668 

156 

0.0052 

4921 

0.0050 

7132 

0.0048 

9783 

0.0045 

6393 

0.0042 

4723 

157 

0.0052 

0885 

0.0050 

3113 

0.0048 

5784 

0.0045 

2443 

0.0042 

0832 

158 

0.0051 

6900 

0.0049 

9146 

0.0048 

1837 

0.0044 

8545 

0.0041 

6992 

159 

0.0051 

2966 

0.0049 

5230 

0.0047 

7941 

0.0044 

4697 

0.0041 

3203 

160 

0.0050 

9082 

0.0049 

1363 

0.0047 

4095 

0.0044 

0889 

0.0040 

9464 

161 

0.0050 

5247 

0.0048 

7545 

0.0047 

0298 

0.0043 

7150 

0.0040 

5773 

162 

0.0050 

1459 

0.0048 

3776 

0.0046 

6549 

0.0043 

3450 

0.0040 

2131 

163 

0.0049 

7719 

0.0048 

0053 

0.0046 

2846 

0.0042 

9796 

0.0039 

8536 

164 

0.0049 

4025 

0.0047 

6377 

0.0045 

9190 

0.0042 

6188 , 

0.0039 

4987 

165 

0.0049 

0377 

0.0047 

to 

o 

0.0045 

5580 

0.0042 

2626 j 

0.0039 

1483 

166 

0.0048 

6773 

0.0046 

9160 

0.0045 

2014 

0.0041 

9109 

0.0038 

8024 

167 

0.0048 

3213 

0.0046 

5617 

0.0044 

8492 

0.0041 

5635 

0.0038 

4608 

168 

0.0047 

9695 

0.0046 

2118 

0.0044 

5012 

0.0041 

2204 

0.0038 

1236 

169 

0.0047 

6220 

0.0045 

8660 

0.0044 

1575 

0.0040 

8815 

0.0037 

7906 

170 

0.0047 

2787 

0.0045 

5244 

0.0043 

8180 

0.0040 

5468 

0.0037 

4617 

171 

0.0046 

9394 

0.0045 

1869 

0.0043 

4825 

0.0040 

2162 

0.0037 

1369 

172 

0.0046 

6042 

0.0044 

8534 

0.0043 

1510 

0.0039 

8896 

0.0036 

8161 

173 

0.0046 

2728 

0.0044 

5239 

0.0042 

8235 

0.0039 

5669 

0.0036 

4992 

174 

0.0045 

9454 

0.0044 

1982 

0.0042 

4998 

0.0039 

2481 

0.0036 

1862 

175 

0.0045 

6217 

0.0043 

8763 

0.0042 

1800 

0.0038 

9330 

0.0035 

8770 

176 

0.0045 

3018 

0.0043 

5581 

0.0041 

8639 

0.0038 

6217 

0.0035 

5715 

177 

0.0044 

9855 

0.0043 

2436 

0.0041 

5514 

0.0038 

3141 

0.0035 

2697 

178 

0.0044 

6729 

0.0042 

9327 

0.0041 

2426 

0.0038 

0101 

0.0034 

9715 

179 

0.0044 

3638 

0.0042 

6254 

0.0040 

9373 

0.0037 

7097 

0.0034 

6768 

180 

0.0044 

0582 

0.0042 

3216 

0.0040 

6355 

0.0037 

4127 

0.0034 

3857 

181 

0.0043 

7560 

0.0042 

0212 

0.0040 

3371 

0.0037 

1192 1 

0.0034 

0979 

182 

0.0043 

4572 

0.0041 

7242 

0.0040 

0421 

0.0036 

8290 1 

0.0033 

8136 

183 

0.0043 

1617 

0.0041 

4305 

0.0039 

7504 

0.0036 

5422 

0.0033 

5325 

184 

0.0042 

8695 

0.0041 

1400 

0.0039 

4620 

0.0036 

2586 

0.0033 

2547 

185 

0.0042 

5805 

0.0040 

8528 

0.0039 

1763 

0.0035 

9782 

0.0032 

9802 

186 

0.0042 

2947 

0.0040 

5687 

0.0038 

8948 

0.0035 

7010 

0 0032 

7088 

187 

0.0042 

0120 

I 0.0040 

2878 

0.0038 

6159 

0.0035 

4269 

0.0032 

4404 

188 

0.0041 

7323 

i 0.0040 

0099 

0.0038 

3400 

0.0035 

1559 

0.0032 

1752 

189 

0.0041 

4557 

0.0039 

7350 

0.0038 

0672 

0.0034 

8879 

0.0031 

9129 

190 

0.0041 

1820 

1 0.0039 

4631 

. 0.0037 

7973 

0.0034 

6228 

0.0031 

6537 

191 

0.0040 

9112 

0.0039 

1941 

0.0037 

5304 

0.0034 

3607 

0.0031 

3973 

192 

0.0040 

6434 

0.0038 

9280 

0.0037 

2663 

0.0034 

1014 

0.0031 

1438 

193 

0.0040 

3783 

: 0.0038 

6647 

0.0037 

0050 

0.0033 

8450 

0.0030 

8931 

194 

0.0040 

1160 

i 0.0038 

4042 

0.0035 

7465 

0.0033 

5913 

0.0030 

6452 

195 

0.0039 

8565 

i 0.0038 

1465 

0.0036 

4903 

0.0033 

3404 

0.0030 

4000 

196 

0.0039 

5997 

0.0037 

8914 

0.0036 

2378 

0.0033 

0922 

0.0030 

1576 

197 

0.0039 

3455 

0.0037 

6390 

0.0035 

9374 

0.0032 

8467 

0.0029 

9178 

198 

0.0039 

0939 

0.0037 

3892 

0.0035 

7397 

0 0032 

6037 

0.0029 

6806 

199 

0.0038 

8450 

0 0037 

1420 

0.0035 

4945 

0.0032 

3534 

0.0029 

4459 

200 

1 0.0038 

5985 

0.0036 

8974 ■ 

0.0035 

2519 

0 0032 

1255 ' 

0.0029 

2138 
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Table XII . — ( Continued ) 


JL = 1 ( — = — + i 

s^i,- (1 + *)“ “ 1 


n 

IMHiBM 

mmUmbn 

My 


1% 

(0.01) 

i 

1 .0000 

0000 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1 .0000 

0000 

2 

0.4985 

4591 

0.4983 

3887 

0.4981 

3200 

0.4978 

2203 

0.4975 

1244 

3 

0.3313 

9643 

0.3311 

2095 

0.3308 

4579 

0.3304 

3361 

0.3300 

2211 

4 

0.2478 

2310 

0.2475 

1384 

0.2472 

0501 

0.2467 

4257 

0.2462 

8109 

5 

0.1976 

8024 

0.1973 

5105 

0.1970 

2242 

0.1965 

3049 

0.1960 

3980 

6 

0.1642 

5260 

0.1639 

1042 

0.1635 

6891 

0.1630 

5789 

0.1625 

4837 

7 

0.1403 

7653 

0.1400 

2531 

0.1396 

7488 

0.1391 

5070 

0.1386 

2828 

8 

0.1224 

7018 

0.1221 

1240 

0.1217 

5552 

0.1212 

2190 

0.1206 

9029 

9 

0.1085 

4365 

0.1081 

8096 

0.1078 

1929 

0.1072 

7868 

0.1067 

4036 

10 

0.0974 

0299 

0.0970 

3654 

0.0966 

7123 

0.0961 

2538 

0.0955 

8208 

11 

0.0882 

8842 

0.0879 

1905 

0.0875 

5094 

0.0870 

0111 

0.0864 

5408 

12 

0.0806 

9341 

0.0803 

2176 

0.0799 

5148 

0.0793 

9860 

0.0788 

4879 

13 

0.0742 

6730 

0.0738 

9385 

0.0735 

2188 

0.0729 

6669 

0.0724 

1482 

14 

0.0687 

5962 

0.0638 

8474 

0.0680 

1146 

0.0674 

5453 

0.0669 

0117 

15 

0.0639 

8666 

0.0636 

1067 

0.0632 

3639 

0.0626 

7817 

0.0621 

2378 

16 

0.0598 

1068 

0.0594 

3382 

0.0590 

5879 

0.0584 

9965 

0.0579 

4460 

17 

0.0561 

2632 

0.0557 

4880 

0.0553 

7321 

0.0548 

1346 

0.0542 

5806 

18 

0.0528 

5165 

0.0524 

7363 

0.0520 

9766 

0.0515 

3756 

0.0509 

8205 

19 

0.0499 

2198 

0.0495 

4361 

0.0491 

6740 

0.0486 

0715 

0.0480 

5175 

20 

0.0472 

8556 

0.0469 

0696 

0.0465 

3063 

0.0459 

7042 

0.0454 

1531 

21 

0.0449 

0050 

0.0445 

2176 

0.0441 

4543 

0.0435 

8541 

0.0430 

3075 

22 

0.0427 

3251 

0.0423 

5374 

0.0419 

7748 

0.0414 

1779 

0.0408 

6372 

23 

0.0407 

5329 

0.0403 

7456 

0.0399 

9846 

0.0394 

3921 

0.0388 

8584 

24 

0.0389 

3925 

0.0385 

6062 

0.0381 

8474 

0.0376 

2604 

0.0370 

7347 

25 

0.0372 

7055 

0.0368 

9210 

0.0365 

1650 

0.0359 

5843 

0.0354 

0675 

26 

0.0357 

3043 

0.0353 

5220 

0.0349 

7693 

0.0344 

1959 

0.0338 

6888 

27 

0.0343 

0460 

0.0339 

2664 

0.0335 

5176 

0.0329 

9520 

0.0324 

4553 

28 

| 0.0329 

8082 

0.0326 

0317 

0.0322 

2871 

0.0316 

7300 

0.0311 

2444 

29 

0.0317 

4853 

0.0313 

7123 

0.0309 

9723 

0.0304 

4243 

0.0298 

9502 

30 

0.0305 

9857 

0.0302 

2166 

0.0298 

4816 

0.0292 

9431 

0.0287 

4811 

31 

0.0295 

2299 

0.0291 

4649 

0.0287 

7352 

0.0282 

2068 

0.0276 

7573 

32 

0.0285 

1482 

0.0281 

3875 

0.0277 

6634 

0.0272 

1454 

0.0266 

7089 

33 

0.0275 

6791 

0.0271 

9231 

0.0268 

2048 

0.0262 

6976 

0.0257 

2744 

34 

0.0266 

7687 

0.0263 

0176 

0.0259 

3053 

0.0253 

8092 

0.0248 

3997 

35 

0.0258 

3691 

0.0254 

6231 

0.0250 

9170 

0.0245 

4324 

0.0240 

0368 

36 

0.0250 

4376 

0.0246 

6970 

0.0242 

9973 

0.0237 

5244 

0.0232 

1431 

37 

0.0242 

9365 

0.0239 

2013 

0.0235 

5082 

0.0230 

0473 

0.0224 

6805 

38 

0.0235 

8316 

0.0232 

1020 

0.0228 

4157 

0.0222 

9671 j 

0.0217 

6150 

39 

0.0229 

0925 

0.0225 

3687 

0.0221 

6893 

0.0216 

2531 

0.0210 

9160 

40 

0.0222 

6917 

0.0218 

9739 

0.0215 

3016 

0.0209 

8780 

0.0204 

5560 

41 

0.0216 

6046 

0.0212 

8928 

0.0209 

2276 

0.0203 

8169 

0.0198 

5102 

42 

0.0210 

8087 

0.0207 

1031 

0.0203 

4452 

0.0198 

0475 

0.0192 

7563 

43 

0.0205 

2836 

0.0201 

5843 

0.0197 

9338 

0.0192 

5493 

0.0187 

2737 

44 

0.0200 

0110 

0.0196 

3180 

0.0192 

6751 

0.0187 

3039 

0.0182 

0441 

45 

0.0194 

9740 

0.0191 

2875 

0.0187 

6521 

0.0182 

2943 

0.0177 

0505 

46 

0.0190 

1571 

0.0186 

4772 

0.0182 

8495 

0.0177 

5053 1 

0.0172 

2775 

47 

0.0185 

5465 

0.0181 

8732 

0.0178 

2532 

0.0172 

9228 

0.0167 

7111 

48 

0.0181 

1291 

0.0177 

4626 

0.0173 

8504 

0.0168 

5338 

0.01 63 

3384 

49 

0.0176 

8932 

0.0173 

2334 

0.0169 

6292 

0.0164 

3265 

0.0159 

1474 

50 

0.0172 

8278 

0.0169 

1749 

0.0165 

5787 

0.0160 

2900 

0.0155 

1273 
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MATHEMATICS OF FIX A XCI 


Taju.e XT I. — (Conlimm!) 


_1_ = ' (JL = J_ 4. A 

0 + 0" - 1 Vrr^, SJ; “ V 


n 


(O.OOOG 0067) 

■rani 

K Tc 

(0.00S75) 

(0.01) 

51 

0.0168 

9230 

0.0165 

2770 

0.0161 

6888 

0.0155 

4142 

0.0151 

2680 

52 

0.0165 

1694 

0.0161 

5304 

0.0157 

9503 

0.0152 

6899 

0.0147 

5603 

53 

0.0161 

5585 

0.0157 

9266 

0.0154 

3546 

0.0149 

1084 

0.0143 

9956 

54 

0.0158 

0824 

0.0154 

4576 

0.0150 

8938 

0.0145 

6619 

0.0140 

5658 

55 

0.0154 

7337 

0.0151 

1160 

0.0147 

5605 

0.0142 

3430 

0.0137 

2637 

56 

0.0151 

5056 

0.0147 

8951 

0.0144 

3478 

0.0139 

1449 

0.0134 

0824 

57 

0.0148 

3918 

0.0144 

7885 

0.0141 

2496 

0.0136 

0611 

0.0131 

0156 

58 

0.0145 

3863 

0.0141 

7903 

0.0138 

2597 

0.0133 

0858 

0.0128 

0573 

59 

0.0142 

4836 

0.0138 

8949 

0.0135 

3727 

0.0130 

2135 

0.0125 

2020 

60 

0.0139 

6787 

0.0136 

0973 

0.0132 

5836 

0.0127 

4390 

0.0122 

4445 

61 

0.0136 

9666 

0.0133 

3926 

0.0129 

8873 

0.0124 

7575 

0.0119 

7800 

62 

0.0134 

3428 

0.0130 

7763 

0.0127 

2795 

0.0122 

1644 

0.0117 

2041 

63 

0.0131 

8033 

0.0128 

2442 

0.0124 

7560 

0.0119 

6557 

0.0114 

7125 

64 

0.0129 

3440 

0.0125 

7923 

0.0122 

3127 

0.0117 

2273 

0.0112 

3013 

65 

0.0126 

9612 

0.0123 

4171 

0.0119 

9460 

0.0114 

8754 

0.0109 

9667 

66 

0.0124 

6515 

0.0121 

1149 

0.0117 

6524 

0.0112 

5968 

0.0107 

7052 

67 

0.0122 

4116 

0.0118 

8825 

0.0115 

4286 

0.0110 

3879 

0.0105 

5136 

68 

0.0120 

2383 

0.0116 

7168 

0.0113 

2716 

0.0108 

2459 

0.0103 

3889 

69 

0.0118 

1289 

0.0114 

6150 

0.0111 

1785 

0.01 C6 

1677 

0.0101 

3280 

70 

0.0116 

0805 

0.0112 

5742 

0.0109 

1464 

0.0104 

1506 

0.0099 

3282 

71 

0.0114 

0906 

0.0110 

5919 

0.0107 

1728 

0.0102 

1921 

0.0097 

3870 

72 

0.0112 

1567 

0.0108 

6657 

0.0105 

2554 

0.0100 

2897 

0.0095 

5019 

73 

0.0110 

2766 

0.0106 

7933 

0.0103 

3917 

0.0098 

4411 

0.0093 

6706 

74 

0.0103 

4481 

0.0104 

9725 

0.0101 

5796 

0.0096 

6441 

0.0091 

8910 

75 

0.0106 

6690 

0.0103 

2011 

I 0.0099 

8170 

0.0094 

8965 

0.0090 

1609 

76 

0.0104 

9375 

0.0101 

4773 

0.0098 

1020 

0.0093 

1967 i 

0.0088 

4784 


[ 0.0103 

2517 

0.0099 

7993 

0.0096 

4328 

0.0091 

5426 i 

0.0086 

8416 


0.0101 

6099 

0.0098 

1652 

0.0094 

8074 

0.0089 

9324 

0.0085 

2488 


0.0100 

0103 

0.0096 

5733 

0.0093 

2244 i 

0.0088 

3645 1 

0.0083 

6983 


0.0098 

4514 

0.0095 

0222 

0.0091 

6821 | 

0.0086 

8374 

0.0082 

1885 


0.0095 

9316 

0.0093 

5102 

0.0090 

1790 

0.0035 

3494 

0.0080 

7179 


0.0095 

4496 

0.0092 

0360 

0.0038 

7136 j 

0.0083 

8992 

0.0079 

2851 


0.0094 

0040 

0.0090 

5982 

0.0087 

2847 

0.0082 

4854 

0.0077 

8887 


0.0092 

5935 

0.0039 

1955 

0.00S5 

8903 

0.0031 

1057 

0.0076 

5273 


0.0091 

2168 

0.0087 

8265 

0.0084 

5308 

0.0079 

7619 

0.0075 

1998 


0.0089 

8727 

0.0086 

4904 

0.0033 

2034 

0.0078 

4497 

0.0073 

9050 


0.0088 

5602 

0.0035 

1857 

0.0081 

9076 

0.0077 

1691 

0.0072 

6418 


0.0087 

2781 

0.0083 

9115 

0.0030 

6423 

0.0075 

9190 

0.0071 

4089 

89 

0.0086 

0255 

0.0032 

6567 

0.0079 

4064 

0.0074 

6982 

0.0070 

2056 

90 

0.0034 

8013 

0.0031 

4504 

0.0078 

1989 

0.0073 

5050 

0.0069 

0306 

91 

0.0033 

6047 

0.0030 

2616 

0.0077 

0190 

0.0072 

3413 

0.0067 

8832 

92 

0.0032 

4345 

0.0079 

0994 

0.0075 

8657 

0.0071 

2031 

0.0066 

7624 

93 

0.0031 

2903 

0.0077 

9629 

0.0074 

7332 

0.0070 

0903 

0.00G5 

6573 

94 

0.0080 

1709 

0.0076 

8514 

0.0073 

6356 

0.0059 

0033 

0.0054 

5971 

95 

0.0079 

0757 

0.0075 

7641 

0.0072 

5571 

0.0057 

9401 

0.0053 

5511 

96 

0.0073 

0038 

0.0074 

7001 

0.0071 

5020 

0.0056 

9002 

0.0052 

5284 

97 

0.0076 

9547 

0.0073 

6588 

0.0070 

4695 

0.0055 

8829 

0.0051 

5284 

93 

1 0.0075 

9275 

0.0072 

639' 

0.0059 

4592 

0.0054 

8377 

0.0(550 

5503 

99 

f 0.0074 

9216 

0.0071 

6415 

0.0068 

4701 

0.0063 

9137 

1 0.0059 

5935 

100 

1 0.0073 

9363 

0.0070 

6542 

0.0057 

5017 

0.0062 

9604 

f 0.0058 

6574 
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Table XII. — (Continued) 


_L = 1 (_L = -L + i 

s^i 0- + ’)” ~ 1 Wi; S 7I» 


m 

HUSH 

1 'll. .1. 

«ai 

— 


■HI 

IiIqEuS^ 

E S 

0.0072 9711 

0.0069 

7069 

0.0066 

5533 

0.0062 

0271 

0.0057 

7413 

wtM 

0.0072 0254 

0.0068 

7690 

0.0065 

6243 

0.0061 

1133 

0.0056 

8446 


0.0071 0986 

0.0067 

8501 

0.0064 

7143 

0.0060 

2184 

0.0055 

9668 

104 

0.0070 1901 

0.0066 

9495 

0.0063 

8226 

0.0059 

3418 

0.0055 

1073 

105 

0.0069 2994 

0.0066 

0668 

0.0062 

9487 

0.0058 

4830 

0.0054 

2656 

106 

0.0068 4261 

0.0065 

2013 

0.0062 

0922 

0.0057 

6416 

0.0053 

4412 

107 

0.0067 5696 

0.0064 

3527 

0.0061 

2524 

0,0056 

8169 

0.0052 

6336 

108 

0.0066 7294 

0.0063 

5205 

0.0060 

4291 

0.0056 

0086 

0.0051 

8423 

109 

0.0065 9052 

0.0062 

7042 

0.0059 

6216 

0.0055 

2162 

0.0051 

0669 

110 

0.0065 0965 

0.0061 

9033 

0.0058 

8297 

0.0054 

4393 

0.0050 

3069 

111 

0.0064 3028 

0.0061 

1175 

0.0058 

0527 

0.0053 

6774 

0.0049 

5620 

112 

0.0063 5237 

0.0060 

3464 

0.0057 

2905 

0.0052 

9301 

0.0048 

8317 

113 

0.0062 7590 

0.0059 

5895 

0.0056 

5425 

0.0052 

1971 

0.0048 

1155 

114 

0.0062 0081 

0.0058 

8465 

0.0055 

8084 

0.0051 

4780 

0.0047 

4133 

115 

0.0061 2708 

0.0058 

1171 

0.0055 

0878 

0.0050 

7724 

0.0046 

7245 

116 

0.0060 5466 

0.0057 

4008 

0.0054 

3803 

0.0050 

0799 

0.0046 

0488 

117 

0.0059 8353 

0.0056 

6974 

0.0053 

6858 

0.0049 

4003 

0.0045 

3860 

118 

0.0059 1365 

0.0056 

0065 

0.0053 

0037 

0.0048 

7331 

0.0044 

7356 

119 

0.0058 4499 

0.0055 

3278 

; 0.0052 

3338 

0.0048 

0781 

0.0044 

0974 

120 

0.0057 7751 

0.0054 

6609 

0.0051 

6758 

0.0047 

4350 

0.0043 

4709 

121 

0.0057 1120 

0.0054 

0057 

0.0051 

0294 

0.0046 

8035 

0.0042 

8561 

122 

0.0056 4602 

0.0053 

3618 

0.0050 

3942 

0.0046 

1832 

0.0042 

2525 

123 

0.0055 8194 

0.0052 

7289 

0.0049 

7702 

. 0.0045 

5740 

0.0041 

6599 

124 

0.0055 1894 

0.0052 

1067 

0.0049 

1568 ! 

0.0044 

9754 

0.0041 

0780 

125 

0.0054 5700 

0.0051 

4951 

0.0048 

5540 

0.0044 

3874 

0.0040 

5065 

126 

0.0053 9607 

0.0050 

8937 

0.0047 

9614 

0.0043 

8096 

0.0039 

9452 

127 

0.0053 3615 

0.0050 

3024 

0.0047 

3788 

0.0043 

2418 

0.0039 

3939 

128 

0.0052 7721 

0.0049 

7208 

0.0046 

8060 

0.0042 

6838 

0.0038 

8524 

129 

0.0052 1922 

0.0049 

1488 

0.0046 

2428 

0.0042 

1352 

0.0038 

3203 

130 

0.0051 6216 

0.0048 

5861 

0.0045 

6888 

0.0041 

5960 

0.0037 

7975 

131 

0.0051 0602 

0.0048 

0325 

0.0045 

1440 

0.0041 

0659 

0.0037 

2837 

132 

0.0050 5077 

0.0047 

4878 

0.0044 

6080 

0.0040 

5446 

0.0036 

7788 

133 

0.0049 9639 

0.0046 

9518 

0.0044 

0808 

0.0040 

0320 

0.0036 

2825 

134 

0.0049 4286 

' 0.0046 

4244 

0.0043 

5621 

0.0039 

5279 

0.0035 

7947 

135 

0.0048 9016 

0.0045 

9052 

0.0043 

0516 

0.0039 

0321 

0.0035 

3151 

136 

0.0048 3828 

0.0045 

3942 

0.0042 

5493 

0.0038 

5444 

0.0034 

8437 

137 

0.0047 8719 

0.0044 

8911 

0.0042 

0550 

0.0038 

0646 

0.0034 

3801 

138 

0.0047 3688 

0.0044 

3959 

0.0041 

5684 

0.0037 

5926 

0.0033 

9242 

139 

0.0046 8733 

0.0043 

9082 

0.0041 

0894 

0.0037 

1281 

0.0033 

4759 

140 

0.0046 3853 

0.0043 

4280 

0.0040 

6179 

0.0036 

6711 

0.0033 

0349 

141 

0.0045 9046 

0.0042 

9551 

0.0040 

1536 

0.0036 

2213 

0.0032 

6012 

142 

0.0045 4311 

0.0042 

4893 

0.0039 

6965 

0.0035 

7787 

0.0032 

1746 

143 

0.0044 9645 

0.0042 

0305 

0.0039 

2464 

0.0035 

3430 

0.0031 

7549 

144 

0.0044 5048 

0.0041 

5786 

0.0038 

8031 

0.0034 

9141 

0.0031 

3419 

145 

0.0044 0518 

0.0041 

1333 

0.0038 

3664 

0.0034 

4918 

0.0030 

9356 

146 

0.0043 6053 

0.0040 

6947 

0.0037 

9364 

0.0034 

0761 

0.0030 

5358 

147 

0.0043 1 653 

0.0040 

2624 

0.0037 

5127 

0.0033 

6668 

0.0030 

1423 

148 

0.0042 7316 

0.0039 

8364 

0.0037 

0954 

0.0033 

2638 

0.0029 

7551 

149 

0.0042 304 0 

0.0039 

4166 

0.0036 

6841 

0.0032 

8669 

0.0029 

3739 

150 

0.0041 8825 

0.0039 

0029 

0.0036 

2790 

0.0032 

4760 

0.0028 

9988 
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Table XII . — ( Continued ) 


J_ = i ( J_ „ J_ . A 

s^li (1 + i) n - 1 Va ^|, s ^; 7 


« 

- m% 

(0.01125) 

E^KilnE&I V 

l■tiSlE3Q0H 

1 * 4 % 

(0.015) 


i 

1 .0000 

0000 

1.0000 

0000 

1 .0000 

0000 

1 .0000 

0000 

1.0000 

0000 

2 

0.4972 

0323 

0.4968 

9441 

0.4965 

8597 

0.4962 

7792 

0.4956 

6295 

3 

0.3296 

1130 

0.3292 

0117 

0.3287 

9173 

0.3283 

8296 

0.3275 

6746 

4 ' 

0.2458 

2058 

0.2453 

6102 

0.2449 

0243 

0.2444 

4479 

0.2435 

3237 

5 

0.1955 

5034 

0.1950 

6211 

0.1945 

7510 

0.1940 

8932 

0.1931 

2142 

6 

0.1620 

4034 

0.1615 

3381 

0.1610 

2877 

0.1605 

2521 

0.1595 

2256 

7 

0.1381 

0762 

0.1375 

8872 

0.1370 

7157 

0.1365 

5616 

0.1355 

3059 

8 

0.1201 

6071 

0.1196 

3314 

0.1191 

0758 

0.1185 

8402 

0.1175 

4292 

9 

0.1062 

0432 

0.1056 

7055 

0.1 051 

3906 

0.1046 

0982 

0.1035 

5813 

10 

0.0950 

4131 

0.0945 

0307 

0.0939 

6737 

0.0934 

3418 

0.0923 

7534 

11 

0.0859 

0984 

0.0853 

6839 

0.0848 

2973 

0.0842 

9384 

0.0832 

3038 

12 

0.0783 

0203 

0.0777 

5831 

0.0772 

1764 

0.0766 

7999 

0.0756 

1377 

13 

0.0718 

6626 

0.0713 

2100 

0.0707 

7903 

0.0702 

4036 

0.0691 

7283 

14 

0.0663 

5138 

0.0658 

0515 

0.0652 

6246 

0.0647 

2332 

0.0636 

5562 

15 

0.0615 

7321 

0.0610 

2646 

0.0604 

8351 

0.0599 

4436 

0.0588 

7739 

16 

0.0573 

9363 

0.0568 

4672 

0.0563 

0388 

0.0557 

6508 

0.0546 

9958 

17 

0.0537 

0698 

0.0531 

6023 

0.0526 

1780 

0.0520 

7966 

0.0510 

1623 

18 

0.0504 

3113 

0.0498 

8479 

0.0493 

4301 

0.0488 

0578 

0.0477 

4492 

19 

0.0475 

0120 

0.0469 

5548 

0.0464 

1457 

0.0458 

7847 

0.0448 

2061 

20 

0.0448 

6531 

0.0443 

2039 

0.0437 

8054 

0.0432 

4574 ! 

0.0421 

9122 

21 

0.0424 

8145 

0.0419 

3749 

0.0413 

9884 

0.0408 

6550 

0.0398 

1464 

22 

0.0403 

1525 

0.0397 

7238 

0.0392 

3507 

0.0387 

0332 

0.0376 

5638 

23 

0.0383 

3833 

0.0377 

9666 

0.0372 

6080 

0.0367 

3075 

0.0356 

8796 

24 

0.0365 

2701 

0.0359 

8665 

0.0354 

5235 

0.0349 

2410 

0.0338 

8565 

25 

0.0348 

6144 

0.0343 

2247 

0.0337 

8981 

0.0332 

6345 

0.0322 

2952 

26 

0.0333 

2479 

0.0327 

8729 

0.0322 

5635 

0.0317 

3196 

0.0307 

0269 

27 

0.0319 

0273 

0.0313 

6677 

0.0308 

3763 

0.0303 

1527 

0.0292 

9079 

28 

0.0305 

8299 

0.0300 

4863 

0.0295 

2134 

0.0290 

0108 

0.0279 

8151 

29 

0.0293 

5498 

0.0288 

2228 

0.0282 

9689 

0.0277 

7878 

0.0267 

6424 

30 

0.0282 

0953 

0.0276 

7854 

0.0271 

5511 

0.0266 

3919 

0.0256 

2975 

31 

0.0271 

3866 

0.0266 

0942 

0.0260 

8798 

0.0255 

7430 

0.0245 

7005 

32 

0.0261 

3535 

0.0256 

Q 791 

0.0250 

8850 

0.0245 

7710 

0.0235 

7812 

33 

0.0251 

9349 

0.0246 

6786 

0.0241 

5053 

0.0236 

4144 

0.0226 

4779 

34 

0.0243 

0763 

0.0237 

8387 

0.0232 

6864 

0.0227 

6189 

0.0217 

7363 

35 

0.0234 

7299 

0.0229 

5111 

0.0224 

3801 

0.0219 

3363 

0.0209 

5082 

36 

0.0226 

8529 

0.0221 

6533 

0.0216 

5438 

0.0211 

5240 

0.0201 

7507 

37 

0.0219 

4072 

0.0214 

2270 

0.0209 

1394 

0.0204 

1437 

0.0194 

4257 

38 

0.0212 

3589 

0.0207 

1983 

0.0202 

1327 

0.0197 

1613 

0.0187 

4990 

39 

0.0205 

6773 

0.0200 

5365 

0.0195 

4931 

0.0190 

5463 

0.0180 

9399 

40 

0.0199 

3349 

0.01 94 

2141 

0.0189 

1931 

0.0184 

2710 

0.0174 

7209 

41 

0.0193 

3069 

0.0188 

2063 

0.0183 

2078 

0.0178 

3106 

0.0168 

8170 

42 

0.0187 

5709 

0.01 82 

4906 

0.0177 

5148 

0.0172 

6426 

0.0163 

2057 

43 

0.0182 

1064 

0.0177 

0466 

0.0172 

0936 

0.0167 

2465 

0.0157 

8666 

44 

0.0176 

8949 

0.0171 

8557 

0.0166 

9257 

0.0162 

1038 

0.0152 

7810 

45 

0.0171 

9197 

0.0166 

9012 

0.0161 

9941 

0.0157 

1976 

0.0147 

9321 

46 

0.0167 

1652 

0.0162 

1675 

0.0157 

2836 

0.0152 

5125 

0.0143 

3043 

47 

0.0162 

6173 

0.0157 

6406 

0.0152 

7799 

0.0148 

0342 

0.0138 

8836 

48 

0.0158 

2632 

0.0153 

3075 

0.0148 

4701 

0.0143 

7500 

0.0134 

6569 

49 

0.0154 

0910 

0.0149 

1563 

0.0144 

3423 

0.0139 

6478 

0.0130 

6124 

50 

0.0150 

0898 

0.0145 

1763 

0.0140 

3857 

0.0135 

7168 

0.0126 

7391 
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Table XII. — {Continued) 

i f _L = _L + A 

(1 + 1)" — 1 \a^!, Sf, ' ) 


(0.01125) 


0.0146 2 
0.0142 5606 
0.0139 0149 
0.0135 6043 
0.0132 3213 

0.0129 1592 
0.0126 1116 
0.0123 1726 
0.0120 3366 
0.0117 5985 


1 

(0.0125) 


ih % 
(0.015) 


0.0123 0269 
0.0119 4665 
0.0116 0492 
0.0112 7672 
0.0109 6129 

0.0106 5795 
0.0103 6606 
0.0100 8503 
0.0098 1430 
0.0095 5336 

0.0093 0172 
0.0090 5892 
0.0088 2455 
0.0085 9821 
0.0083 7952 
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Tab^e XII. — ( Continued ) 



i 

i 

( 1 - 


*7 

. _ a +1)" - 

1 

/ 




2H % 


n 



(0.025) 

(0.0275) 

i 

1.0000 0000 

1.0000 0000 

1.0000 0000 

1.0000 0000 

2 

0.4950 4950 

0.4944 3758 

0.4938 2716 

0.4932 1825 

3 

0.3267 5467 

0.3259 4458 

0.3251 3717 

0.3243 3243 

4 

0.2426 2375 

0.2417 1893 

0.2408 1788 

0.2399 2059 

5 

0.1921 5839 

0.1912 0021 

0.1902 4686 

0.1892 9832 

6 

0.1585 2581 

0.1575 3496 

0.1565 4997 

0.1555 7083 

7 

0.1345 1196 

0.1335 0025 

0.1324 9543 

0.1314 9747 

8 

0.1165 0980 

0.1154 8462 

0.1144 6735 

0.1134 5795 

9 

0.1025 1544 

0.1014 8170 

0.1004 5689 

0.0994 4095 

10 

0.0913 2653 

0.0902 8768 

0.0892 5876 

0.0882 3972 

11 

0.0821 7794 

0.0811 3649 

0.0801 0596 

0.0790 8629 

12 

0.0745 5960 

0.0735 1740 

0.0724 8713 

0.0714 6871 

13 

0.0681 1835 

0.0670 7686 

0.0660 4827 

0.0650 3252 

14 

0.0626 0197 

0.0615 6230 

0.0605 3652 

0.0595 2457 

15 

0.0578 2547 

0.0567 8852 

0.0557 6646 

0.0547 5917 

16 

0.0536 5013 

0.0526 1663 

0.0515 9899 

0.0505 9710 

17 

0.0499 6984 

0.0489 4039 

0.0479 2777 

0.0469 3186 

18 

0.0467 0210 

0.0456 7720 

0.0446 7008 

0.0436 8063 

19 

0.0437 8177 

0.0427 6182 

0.0417 6062 

0.0407 7802 

20 

0.0411 5672 

0.0401 4207 

0.0391 4713 

0.0381 7173 

21 

0.0387 8477 

0.0377 7572 

0.0367 8733 

0.0358 1941 

22 

0.0366 3140 

0.0356 2821 

0.0346 4661 

0.0336 8640 

23 

0.0346 6810 

0.0336 7097 

0.0326 9638 

0.0317 4410 

24 

0.0328 7110 

0.0318 8023 

0.0309 1282 

0.0299 6863 

25 

0.0312 2044 

0.0302 3599 

0.0292 7592 

0.0283 3997 

26 

0.0296 9923 

0.0287 2134 

0.0277 6875 

0.0268 4116 

27 

0.0282 9309 

0.0273 2188 

0.0263 7687 

0.0254 5776 

28 

0.0269 8967 

0.0260 2525 

0.0250 8793 

0.0241 7738 

29 

0.0257 7836 

0.0248 2081 

0.0238 9127 

0.0229 8935 

30 

0.0246 4992 

0.0236 9934 

0.0227 7764 

0.0218 8442 

31 

0.0235 9635 

0.0226 5280 

0.0217 3900 

0.0208 5453 

32 

0.0226 1061 

0.0216 7415 

0.0207 6831 

0.0198 9263 

33 

0.0216 8653 

0.0207 5722 

0.0198 5938 

0.0189 9253 

34 

0.0208 1867 

0.0198 9655 

0.0190 0675 

0.0181 4875 

35 

0.0200 0221 

0.0190 8731 

0.0182 0558 

0.0173 5645 

36 

0.0192 3285 

0.0183 2522 

0.0174 5158 

0.0166 1132 

37 

0.0185 0678 

0.0176 0643 

0.0167 4090 

0.0159 0953 

38 

0.0178 2057 

0.0169 2753 

0.0160 7012 

0.0152 4764 

39 

0.0171 7114 

0.0162 8543 

0.0154 3615 

0.0146 2256 

40 

0.0165 5575 

0.0156 7738 

0.0148 3623 

0.0140 3151 

41 

0.0159 7188 

0.0151 0087 

0.0142 6786 

0.0134 7200 

42 

0.0154 1729 

0.0145 5364 

0.0137 2876 

0.0129 4175 

43 

0.0148 8993 

0.0140 3364 

0.0132 1688 

0.0124 3871 

44 

0.0143 8794 

0.0135 3901 

0.0127 3037 

0.0119 6100 

45 

0.0139 0962 

0.0130 6805 

0.0122 6751 

0.0115 0693 

46 

0.0134 5342 

0.0126 1921 

0.0118 2676 

0.0110 7493 

47 

0.0130 1792 

0.0121 9107 

0.0114 0669 

0.0106 6358 

48 

0.0126 0184 

0.0117 8233 

0.0110 0599 

0.0102 7158 

49 

0.0122 0396 

0.0113 9179 

0.0106 2348 

0.0098 9773 

50 

0.0118 2321 

0.0110 1836 

0.0102 5806 

0.0095 4092 


3 % 

(0.03) 

1.0000 0000 
0.4926 1084 
0.3235 3036 
0.2390 2705 
0.1883 5457 

0.1545 9750 
0.1305 0635 
0.1124 5639 
0.0984 3386 
0.0872 3051 

0.0780 7745 
0.0704 6209 
0.0640 2954 
0.0585 2634 
0.0537 6658 

0.0496 1085 
0.0459 5253 
0.0427 0870 
0.0398 1388 
0.0372 1571 

0.0348 7178 
0.0327 4739 
0.0308 1390 
0.0290 4742 
0.0274 2787 

0.0259 3829 
0.0245 6421 
0.0232 9323 
0.0221 1467 
0.0210 1926 

0.0199 9893 
0.0190 4662 
0.0181 5612 
0.0173 2196 
0.0165 3929 

0.0158 0379 
0.0151 1162 
0.0144 5934 
0.0138 4385 
0.0132 6238 

0.0127 1241 
0.0121 9167 
0.0116 9811 
0.0112 2985 
0.0107 8518 

0.0103 6254 
0.0099 6051 
0.0095 7777 
0.0092 1314 
0.0088 6549 
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Table XII . — ( Continued ) 


i i / _±_ _ . ■ 

s^c “ (1 + *)“ - 1 \a- u Jq,- 


n 


MBHM 

4 y 2 % 
(0.045) 

HUH 


i 

1 .0000 

0000 

1 .0000 

0000 

1.0000 0000 

1.0000 0000 

1.0000 0000 

2 

0.4914 

0049 

0.4901 

9608 

0.4889 9756 

0.4878 0488 

0.4866 1800 

3 

0.3219 

3418 

0.3203 

4854 

0.3187 7336 

0.3172 0856 

0.3156 5407 

4 

0.2372 

5114 

0.2354 

9005 

0.2337 4365 

0.2320 1183 

0.2302 9449 

5 

0.1864 

8137 

0.1846 

2711 

0.1827 9164 

0.1809 7480 

0.1791 7644 

6 

0.1526 

6821 

0.1507 

6190 

0.1488 7839 

0.1470 1 747 

0.1451 7895 

7 

0.1285 

4449 

0.1266 

0961 

0.1247 0147 

0.1228 1982 

0.1209 6442 

8 

0.1104 

7665 

0.1085 

2783 

0.1066 0965 

0.1047 2181 

0.1028 6401 

9 

0.0964 

4601 

0.0944 

9299 

0.0925 7447 

0.0906 9008 

0.0888 3946 

10 

0.0852 

4137 

0.0832 

9094 

0.0813 7882 

0.0795 0457 

0.0776 6777 

11 

0.0760 

9197 

0.0741 

4904 

0.0722 4818 

0.0703 8889 

0.0685 7065 

12 

0.0684 

8395 

0.0665 

5217 

0.0646 6619 

0.0628 2541 

0.0610 2923 

13 

0.0620 

6157 

0.0601 

4373 

0.0582 7535 

0.0564 5577 

0.0546 8426 

14 

0.0565 

7073 

0.0546 

6897 

0.0528 2032 

0.0510 2397 

0.0492 7912 

15 

0.0518 

2507 

0.0499 

4110 

0.0481 1381 

0.0463 4229 

0.0446 2560 

16 

0.0476 

8483 

0.0458 

2000 

0.0440 1537 

0.0422 6991 

0.0405 8254 

17 

0.0440 

4313 

0.0421 

9852 

0.0404 1758 

0.0386 9914 

0.0370 4197 

18 

0.0408 

1684 

0.0389 

9333 

0.0372 3690 

0.0355 4622 

0.0339 1992 

19 

0.0379 

4033 

0.0361 

3862 

0.0344 0734 

0.0327 4501 

0.0311 5006 

20 

0.0353 

6108 

0.0335 

8175 

0.0318 7614 

0.0302 4259 

0.0286 7933 

21 

0.0330 

3659 

0.0312 

8011 

0.0296 0057 

0.0279 9611 

0.0264 6478 

22 

0.0309 

3207 

0.0291 

9881 

0.0275 4565 

0.0259 7051 

0.0244 7123 

23 

0.0290 

1880 

0.0273 

0906 

0.0256 8249 

0.0241 3682 

0.0226 6965 

24 

0.0272 

7283 

0.0255 

8683 

0.0239 8703 

0.0224 7090 

0.0210 3580 

25 

0.0256 

7404 

0.0240 

1196 

0.0224 3903 

0.0209 5246 

0.0195 4935 

26 

0.0242 

0540 

0.0225 

6738 

0.0210 2137 

0.0195 6432 

0.0181 9307 

27 

0.0228 

5241 

0.0212 

3854 

0.0197 1946 

0.0182 9186 

0.0169 5228 

28 

0.0216 

0265 

0.0200 

1298 

0.0185 2081 

0.0171 2253 

0.0158 1 440 

29 

0.0204 

4538 

0.0188 

7993 

0.0174 1461 

0.0160 4551 

0.0147 6857 

30 

0.0193 

7133 

0.0178 

3010 

0.0163 9154 

0.0150 5144 

0.0138 0539 

31 

0.0183 

7240 

0.0168 

5535 

0.0154 4345 

0.0141 3212 

0.0129 1665 

32 

0.0174 

4150 

1 0.0159 

4859 

0.0145 6320 

0.0132 8042 

0.0120 9519 

33 

0.0165 

7242 

0.0151 

0357 

0.0137 4453 

0.0124 9004 

0.0113 3469 

34 

0.0157 

5966 

0.0143 

1477 

0.0129 8191 

0.0117 5545 

0.0106 2958 

35 

0.0149 

9835 

0.0135 

7732 

0.0122 7045 

0.0110 7171 

0.0099 7493 

36 

0.0142 

8416 

0.0128 

8688 

0.0116 0578 

0.0104 3446 

0.0093 6635 

37 

0.0136 

1325 

0.0122 

3957 

0.0109 8402 

0.0098 3979 

0.0087 9993 

38 

0.0129 

8214 

0.0116 

3192 

0.0104 0169 

0.0092 8423 

0.0082 7217 

39 

0.0123 

8775 

0.0110 

6083 

0.0098 5567 

0.0087 6462 

0.0077 7991 

40 

0.0118 

2728 

0.0105 

2349 

0.0093 4315 

0.0082 7816 

0.0073 2034 

41 

0.0112 

9822 

0.0100 

1738 

0.0088 6158 

0.0078 2229 

0.0068 9090 

42 

0.0107 

9828 

0.0095 

4020 

0.0084 0868 

0.0073 9471 

0.0064 8927 

43 

0.0103 

2539 

0.0090 

8989 

0.0079 8235 

0.0069 9333 

0.0061 1337 

44 

0.0098 

7768 

0.0086 

6454 

0.0075 8071 

0.0066 1625 

0.0057 6128 

45 

0.0094 

5343 

0.0082 

6246 

0.0072 0202 

0.0062 6173 

0.0054 3127 

46 

0.0090 

5108 

0.0078 

8205 

0.0068 4471 

0.0059 2820 

0.0051 2175 

47 

0.0086 

6919 

0.0075 

2189 

0.0065 0734 

0.0056 1421 

0.0048 3129 

48 

0.0083 

0646 

0.0071 

8065 

0.0061 8858 

0.0053 1843 

0.0045 5854 

49 

0.0079 

6167 

0.0068 

5712 

0.0058 8722 

0.0050 3965 

0.0043 0230 

50 

0.0076 

3371 

0.0065 

5020 

0.0056 0215 

0.0047 7674 

0.0040 6145 



338 


MATHEMATICS OF FINANCE 


TabIX XII. — -f Cor.Un'ied) 


_L = < (j_ 

IT, U T O' - 1 V'T^Jj ‘ / 


n 

(0.035) 

■Em 

■ni 

O Vc 

(0.05) 


51 

0.0073 

2155 

i 0.0052 

5335 ! 

0.0053 

3232 ! 

! 0.0045 

2357 

0.0038 

3495 

52 

0.0070 

2^29 

| 0.0059 

8212 

i 0.0050 

7679 

0.0042 

9450 

0.0036 

2186 

53 

0.0057 

4100 

! 0.0357 

1915 

1 0.0048 

3469 

0.0040 

7334 

0.0034 

2130 

54 

0.0064 

7090 

0.0054 

6910 

0.0046 

0519 

0.0038 

6438 

0.0032 

3245 

55 

0.0052 

1323 

0.0052 

3124 

j 0.0043 

8754 

0.0035 

6586 

0.0030 

5458 

55 

0.0059 

6730 

0.0050 

0487 

0.0041 

8105 

0.0034 

8010 

0.0028 

8698 

57 

0.0057 

3245 

0.0047 

8932 

0.0039 

8505 

0.0033 

0343 

0.0027 

2900 

58 

0,0055 

0310 

0.0045 

8401 

0.0037 

9397 

0.0031 

3525 

0.0025 

8005 

59 

0.0052 

9366 

0.0043 

8835 

0.0035 

2221 

0.0029 

7802 

0.0924 

3959 

60 

0.0050 

8852 

0.0042 

0185 

0.0034 

5425 

0.0028 

2318 

0.0023 

0707 

61 

0.0048 

9249 

0.0040 

2398 

0.0032 

9452 i 

0.0025 

8627 

0.0021 

8202 

62 

0.0047 

0480 

0.0038 

5430 

0.0031 

4234 

0.0025 

5183 

0.0020 

6400 

63 

0.0045 

2513 

0.0036 

9237 

0.0029 

9S4S 

0.0024 

2442 ; 

0.0019 

5258 

64 

0.0043 

5303 

0.0035 

3780 

0.0028 

6115 

0.0023 

0365 

0.0018 

4737 

65 

0.0041 

6326 

0.0033 

9019 

0.0027 

3047 ' 

■ 0.0021 

8915 

0.0017 

4800 

65 

0.0040 

3031 

0.0032 

4921 

0.0026 

0503 j 

0.0020 

8057 

0.0016 

5413 

67 

0.0033 

7852 

0.0031 

1451 

0.0024 

8765 

0.0019 

7753 

0.0015 

6544 

68 

0.0037 

3375 

0.0029 

8578 

0.0023 

7487 

0.0018 

7936 

0.0014 

8163 

69 

0.0035 

9453 

0.0028 

6272 

0.0022 

6745 

0.0017 

8715 

0.0014 

0242 

70 

0.0034 

6095 

0.0027 

4506 

0.0021 

6511 

0.0016 

9915 

0.0013 

2754 

71 

0.0033 

3277 

0.0025 

3253 

0.0020 

6759 

0.0016 

1553 

0.0012 

5575 

72 

0.0032 

0973 

0.0025 

2489 

0.0019 

7465 

0.0015 

3533 

0.0011 

8932 

73 

0.0030 

9160 

0.0024 

2190 

0.0018 

8505 

0.0014 

6103 

0.0011 

2652 

74 

0.0029 

7816 

0.0023 

2334 

0.0018 

0159 

0.0013 

£953 

0.0010 

6555 

75 

0.0023 

6919 

0.0022 

2900 

0.0017 

2101 | 

0.0013 

2161 

0.0010 

1002 

76 

0.0027 

6450 

0.0021 

3859 

0.0016 

4422 

0.0012 

5709 

0.0009 

5545 

77 

0.0025 

6390 

0.0020 

5221 

0.0015 

7094 

0.0011 

9530 | 

0.0009 

0577 

78 ; 

0.0025 

6721 

0.0019 

6939 

0.0015 

0104 ! 

0.0011 

3755 ! 

0.0003 

5731 

79 

0.0024 

7426 

0.0018 

9007 

0.0014 

3434 

0.0010 

8222 

0.0003 

1243 

80 

0.0023 

8^89 

0.0018 

1403 

0.0013 

7059 | 

0.0010 

2952 j 

0.0007 

6943 

81 

0.0022 

9894 

0.0017 

4127 

0.0013 

0995 

0.0009 

7953 ! 

0.0007 

2384 

82 

0.0022 

1628 

7 0016 

7150 

0.0312 

5157 

0.0009 

3211 

0.0005 

9035 

83 ! 

0.0021 

3576 

-15.0016 

0453 

0.0011 

9553 i 

0.0003 

8594 ! 

0.0003 

5395 

84 

0.0020 

607' “ 

0.0015 

4054 

0.0011 

4379 

0.0003 

4399 ! 

0.0005 

1947 

85 J 

0.0019 

SF ;2 

0.0014 

7909 

0.0010 

9334 

0.0003 

0316 

0.0005 

8533 

85 ! 

0.0019 

576 

0.0014 

2018 

0.0010 

4516 

0.0007 

6433 

0.0005 

5593 

87 

O.OOH 

4755 

0.0013 

6370 i 

0.0009 

9915 ! 

0.0007 

2740 

0.0005 

2657 

88 

0.001 

<8190 

0.0013 

0953 

0.0009 

5522 

0.0005 

9228 

0.0004 

9395 

89 

0.001 

1858 

0.0012 

5758 

0.0309 

1325 

0.0005 

5338 

0.0004 

7273 

90 

0.0013 

5781 

0.0012 

0775 i 

0.0303 

7316 i 

0.0005 

2711 ! 

0.0004 

1788 

91 

0.00‘S 

9919 

0.0011 

5995 : 

0.0003 

3485 

0.0005 

9539 ; 

0.0004 

2435 

92 

0.0015 

4273 

0.0011 

1410 

0.0307 

9327 ! 

0.0005 

6315 | 

0.0004 

0207 

93 

o.o:i4 

8834 

0.0010 

7010 

0.0007 

6331 

0.0005 

4030 

0.0003 

£995 

94 

0.0014 

3594 

0.0010 

2789 ; 

0.0037 

2991 

0.0005 

1473 i 

0.0003 

6097 

95 

0.0*13 

8545 

0.0009 

8733 

0.0005 

5799 

! 0.0004 

9093 ! 

0.0003 

4204 

95 

0.0013 

3532 

0.0009 

4850 

0.0005 

6749 

i 0.0004 

6543 

0.0003 

2410 

97 

O.OOf 

8595 

0.0009 

1119 

0.0305 

3334 

| 0.0004 

4107 

0.0903 

0711 

93 

0.0012 

••'•*73 

0.0003 

7533 

0.0305 

1043 

, 0.0004 

2274 

0.0002 

9101 

99 

0.0012 

01-.-, 

j S 

'•iHaj 

0.0305 

8335 

! 0.0004 

0245 

' 0.0002 

7577 

100 

0.0011 

5927 

0.0003 

ceoo 

0.0005 

5539 

1 0.0033 

3314 

. 0.0002 

6132 
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Table XII. — ( Continued ) 


JL = i = 

(1 + t) n - 1 Vo^i ®nl* 


n 

sMmutmtm 

■HE 

WmmNMR 

■a 

^ K 

i 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1 .0000 

0000 

2 

0.4854 

3689 

0.4842 

6150 

0.4830 

9179 

0.4819 

2771 

0.4807 

6923 

3 

0.3141 

0981 

0.3125 

7570 

0.3110 

5167 

0.3095 

3763 

0.3080 

3351 

4 

0.2285 

9149 

0.2269 

0274 

0.2252 

2812 

0.2235 

6751 

0.2219 

2080 

5 

0.1773 

9640 

0.1756 

3454 

0.1738 

9069 

0.1721 

6472 

0.1704 

5645 

6 

0.1433 

6263 

0.1415 

6831 

0.1397 

9580 

0.1380 

4489 

0.1363 

1539 

7 

0.1191 

3502 

0.1173 

3137 

0.1155 

5322 

0.1138 

0032 

0.1120 

7240 

8 

0.1010 

3594 

0.0992 

3730 

0.0974 

6776 

0.0957 

2702 

0.0940 

1476 

9 

0.0870 

2224 

0.0852 

3803 

0.0834 

8647 

0.0817 

6716 

0.0800 

7971 

10 

0.0758 

6796 

0.0741 

0469 

0.0723 

7750 

0.0706 

8593 

0.0690 

2949 

11 

0.0667 

9294 

0.0650 

5521 

0.0633 

5690 

0.0616 

9747 

0.0600 

7634 

12 

0.0592 

7703 

0.0575 

6817 

0.0559 

0199 

0.0542 

7783 

0.0526 

9502 

13 

0.0529 

6011 

0.0512 

8256 

0.0496 

5085 

0.0480 

6420 

0.0465 

2181 

14 

0.0475 

8491 

0.0459 

4048 

0.0443 

4494 

0.0427 

9737 

0.041 2 

9685 

15 

0.0429 

6276 

0.0413 

5278 

0.0397 

9462 

0.0382 

8724 

0.0368 

2954 

16 

0.0389 

5214 

0.0373 

7757 

0.0358 

5765 

0.0343 

9116 

0.0329 

7687 

17 

0.0354 

4480 

0.0339 

0633 

0.0324 

2519 

0.0310 

0003 

0.0296 

2943 

18 

0.0323 

5654 

0.0308 

5461 

0.0294 

1260 

0.0280 

2896 

0.0267 

0210 

19 

0.0296 

2086 

0.0281 

5575 

0.0267 

5301 

0.0254 

1090 

0.0241 

2763 

20 

0.0271 

8456 

0.0257 

5640 

0.0243 

9293 

0.0230 

9219 

0.0218 

5221 

21 

0.0250 

0455 

0.0236 

1333 

0.0222 

8900 

0.0210 

2937 

0.0198 

3225 

22 

0.0230 

4557 

0.0216 

9120 

0.0204 

0577 

0.0191 

8687 

0.0180 

3207 

23 

0.0212 

7848 

0.0199 

6078 

0.0187 

1393 

0.0175 

3528 

0.0164 

2217 

24 

0.0196 

7900 

0.0183 

9770 

0.0171 

8902 

0.0160 

5008 

0.0149 

7796 

25 

0.0182 

2672 

0.0169 

8148 

0.0158 

1052 

0.0147 

1067 

0.0136 

7878 

26 

0.0169 

0435 

0.0156 

9480 

0.0145 

6103 

0.0134 

9961 

0.0125 

0713 

27 

0.0156 

9717 

0.0145 

2288 

0.0134 

2573 

0.0124 

0204 

0.0114 

4810 

28 

0.0145 

9255 

0.0134 

5305 

0.0123 

9193 

0.0114 

0520 

0.0104 

8891 

29 

0.0135 

7961 

0.0124 

7440 

0.0114 

4865 

0.0104 

9811 

0.0096 

1654 

30 

0.0126 

4891 

0.0115 

7744 

0.0105 

8640 

0.0096 

7124 

0.0088 

2743 

31 

0.0117 

9222 

0.0107 

5393 

0.0097 

9691 

0.0089 

1628 

0.0081 

0728 

32 

0.0110 

0234 

0.0099 

9665 

0.0090 

7292 

0.0082 

2599 

0.0074 

5081 

33 

0.0102 

7293 

0.0092 

9924 

0.0084 

0807 

0.0075 

9397 

0.0068 

5163 

34 

0.0095 

9843 

0.0086 

5610 

0.0077 

9674 

0.0070 

1461 

0.0063 

0411 

35 

0.0089 

7386 

0.0080 

6226 

0.0072 

3396 

0.0064 

8291 

0.0058 

0326 

36 

0.0083 

9483 

0.0075 

1332 

0.0067 

1531 

0.0059 

9447 

0.0053 

4467 

37 

0.0078 

5743 

0.0070 

0534 

0.0062 

3685 

0.0055 

4533 

0.0049 

2440 

38 

0.0073 

5812 

0.0065 

3480 

0.0057 

9505 

0.0051 

3197 1 

0.0045 

3894 

39 

0.0068 

9377 

0.0060 

9854 

0.0053 

8676 

0.0047 

5124 

0.0041 

8513 

40 

0.0064 

6154 

0.0056 

9373 

0.0050 

0914 

0.0044 

0031 

0.0038 

6016 

41 

0.0060 

5886 

0.0053 

1779 

0.0046 

5962 

0.0040 

7663 

0.0035 

6149 

42 

0.0056 

8342 

0.0049 

6842 

0.0043 

3591 

0.0037 

7789 

0.0032 

8684 

43 

0.0053 

3312 

0.0046 

4352 

0.0040 

3590 

0.0035 

0201 

0.0030 

3414 

44 

0.0050 

0606 

0.0043 

4119 

0.0037 

5769 

0.0032 

4710 

0.0028 

0152 

45 

0.0047 

0050 

0.0040 

5968 

0.0034 

9957 

0.0030 

1146 

0.0025 

8728 

46 

0.0044 

1485 

0.0037 

9743 

0.0032 

5996 

0.0027 

9354 

0.0023 

8991 

47 

0.0041 

4768 

0.0035 

5300 

0.0030 

3744 

0.0025 

9190 

0.0022 

0799 

48 

0.0038 

9765 

0.0033 

2505 

0.0028 

3070 

0.0024 

0527 

0.0020 

4027 

49 

0.0036 

6356 

0.0031 

1240 

0.0026 

3853 

0.0022 

3247 

0.0018 

8557 

50 

0.0034 

4429 

0.0029 

1393 

0.0024 

5985 

0.0020 

7241 

0.0017 

4286 
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Table XIII. Ameiucak Exteiuesce Table op Mortality 



1 

Num- 

Num- 

Age 

ber 

ber of 

living 

deaths 

X 

l. 

dr 
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Table XIV. Commutation Columns, American Experience Table, 334% 
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Tab lb XV. — ( Continued ) 


Mantissas for 150-199 


150 

0 

H 

2 

3 

4 

5 

6 

n 


9 

150 

17 6091 

6381 

6670 

6959 

724S 

7536 

7S25 

8113 

8401 

8689 

51 

S977 

9264 

9552 

9839 

*0126 

*0413 

*0699 

*0986 

*1272 

*1558 

52 

18 1S44 

2129 

2415 

2700 

2985 

3270 

3555 

3839 

4123 

4407 

53 

4691 

4975 

5259 

5542 

5825 

6108 

6391 

6674 

0956 

7239 

54 

7521 

7803 

8084 

8366 

8647 

892S 

9209 

9490 

9771 

*0051 

55 

19 0332 

0612 

0S92 

1171 

1451 

1730 

2010 

2289 

2567 

2846 

56 

3125 

3403 

36S1 

3959 

4237 

4514 

4792 

5069 

5346 

5623 

57 

5900 

6176 

6453 

6729 

7005 

7281 

7556 

7832 

8107 

8382 

58 

8657 

8932 

9206 

9481 

9755 

*0029 

*0303 

*0577 

*0850 

*1124 

59 

20 1397 

1670 

1943 

2216 

24SS 

2761 

3033 

3305 

3577 

3848 

160 

4120 

4391 

4663 

4934 

5204 

5475 

5746 

6016 

6286 

6556 

61 

6826 

7096 

7365 

7634 

7904 

8173 

8441 

8710 

8979 

9247 

62 

9515 

9783 

*0051 

*0319 

*0586 

*0853 

*1121 

*1388 

*1654 

*1921 

63 

21 2188 

2454 

2720 

29S6 

3252 

3518 

3783 

4049 

4314 

4579 

64 

4844 

5109 

5373 

5638 

5902 

6166 

6430 

6694 

6957 

7221 

65 

7484 

7747 

8010 

8273 

8536 

879S 

9060 

9323 

9585 

9846 

66 

22 0108 

0370 

0631 

0892 

1153 

1414 

1675 

1936 

2196 

2456 

67 

2716 

2976 

3236 

3496 

3755 

4015 

4274 

4533 

4792 

5051 

6S 

5309 

556S 

5826 

60S4 

6342 

6600 

6858 

7115 

7372 

7630 

69 

7S87 

S144 

S400 ' 

8657 

S913 

9170 

9426 

9682 

9938 

*0193 

170 

23 0449 

0704 

096 0 

1215 

1470 

1724 

1979 

2234 

2488 

2742 

71 

2996 

3250 

3504 

3757 

4011 

4264 

4517 

4770 

5023 

5276 

72 

552S 

5781 

6033 

62S5 

6537 

6789 

7041 

7292 

7544 

7795 

73 | 

S046 

S297 

S54S 

8799 

9049 

9299 I 

9550 j 

9800 

*0050 

1 *0300 

74 

24 0549 

0799 

104S 

1297 

1546 

1795 

2044 

2293 

2541 

2790 

75 

3038 

3286 

3534 

3782 

4030 

4277 

4525 

4772 

5019 

5266 

76 

5513 

5759 

6006 

6252 

6499 

6745 

6991 

7237 

7482 

7728 

77 

7973 

8219 

1 8464 

8709 

8954 

9198 

9443 

9687 

9932 

*0176 

78 

25 0420 

0664 

0908 

1151 

1395 

1638 

1881 

2125 

2368 

2610 

79 

2853 

3096 

3338 

3580 

3822 

4064 

4306 

454S 

4790 

5031 

180 

5273 

5514 

5755 

5996 

6237 

6477 

6718 

6958 

7198 

7439 

81 

7679 

7918 

S158 

8398 

8637 

8877 

9116 

9355 

9594 

9833 

82 

26 0071 

0310 

0548 

0787 

1025 

1263 

1501 

1739 

1976 

2214 

83 

2451 

2688 

2925 

3162 

3399 

3636 

3873 

4109 

4346 

4582 

84 

4818 

5054 

5290 

| 5525 

5761 

5996 

6232 

6467 

I 6702 

6937 

85 

7172 

7406 

7641 

7875 

8110 

8344 

8578 

8812 

9046 

9279 

86 

9513 

9746 

9980 

*0213 

*0446 

*0679 

*0912 

*1144 

*1377 

*1609 

87 

27 1842 

2074 

2306 

2538 

2770 

3001 

3233 

3464 

3696 

3927 

88 

415S 

4389 

4620 

4850 

5081 

5311 

5542 

5772 

6002 

6232 

89 

6462 

6692 

6921 

7151 

7380 

7609 

7838 

S067 

8296 

8525 

190 

8754 

8982 

9211 

9439 

9667 

9895 

*0123 

*0351 

*0578 

*0806 

91 

28 1033 

1261 

! 14SS 

1715 

1942 

2169 

2396 

2622 

2S49 

3075 

92 

3301 

3527 

3753 

3979 

4205 

4431 

4656 

4882 

5107 

5332 

93 

5557 

5782 

6007 

6232 

6456 

6681 

6905 

7130 

7354 

7578 

94 

7802 

8026 

S249 

8473 

8696 

8920 

9143 

9366 

9589 

9812 

95 

29 0035 

0257 

0480 

0702 

0925 

1147 

1369 

1591 

1813 

2034 

96 

2256 

2478 

2699 

2920 

3141 

3363 

3584 

3S04 

4025 

4246 

97 

98 

4466 

6665 

4687 

6884 

4907 
l 7104 

5127 

7323 

5347 

7542 

5567 

7761 

5787 

7979 

6007 

8198 

6226 

8416 

6446 

8635 

*0813 

99 

! 8853 

i 

9071 

I 9289 

9507 

9725 

9943 

*0161 

*0378 

*0595 
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Table XV. — ( Continued ) 
Mantissas bob. 200-249 


200 

0 

1 

2 

3 

4 

5 

0 

n 

8 

m 

200 

30 1030 

1247 

1404 

16S1 

189S 

2114 

2331 

2547 

2764 

29S0 

01 

3190 

3412 

3G2S 

3S44 

4059 

4275 

4491 

4700 

4921 

5136 

02 

5351 

55GG 

57S1 

5990 

0211 

6425 

0039 

6S54 

70GS 

7282 

03 

7490 

7710 

7924 

S137 

S351 

8504 

S77S 

8991 

9204 

9417 

01 

9030 

9S43 

*0050 

*02GS 

*0481 

*0093 

*0906 

*111S 

*1330 

*1542 

05 

31 1754 

19GG 

2177 

23S9 

2000 

2S12 

2023 

3234 

3445 

3056 

0G 

3S67 

407S 

42S9 

4499 

4710 

4920 

5130 

5340 

5551 

5700 

07 

5970 

61 SO 

0390 

0599 

OSOD 

701 S 

7227 

7436 

7G4G 

7S54 

OS 

S0G3 

S272 

S4S1 

S6S9 

SS9S 

9100 

9314 

9522 

9730 

9938 

09 

32 0140 

0354 

0502 

07G9 

0977 

1184 

1391 

159S 

1S05 

2012 

210 

2219 

2420 

2633 

2S39 

3040 

3252 

345S 

3005 

3S71 

4077 

11 

4282 | 

44 SS , 

4094 

4S99 

5105 

5310 

551 G 

5721 

592G 

0131 

12 

G33G 1 

G541 

G745 

6950 

7155 

7359 

7503 

7707 

7972 

8176 

13 

S3S0 i 

S5S3 j 

S7S7 

S991 

9194 

939S 

9601 

9S05 

•ooos 

*0211 

14 

33 0414 ! 

| 

0G17 

0S19 

1022 

1225 

1427 

1030 

1832 

2034 

2236 

15 

243S | 

2640 

2S42 

3044 

3240 

3447 

3049 

3S50 

4051 

4253 

10 

4454 1 

4G55 

4850 

5057 

5257 

545S 

565S ! 

5S59 

0059 

0260 

17 

0400 

GGGO 

GSG0 

7000 

7260 

7459 

7659 

785S 

8058 

8257 

IS 

S45G 

SG5G 

SS55 

9054 

9253 

9451 

9050 

9S49 

*0047 

*0240 

19 

34 0144 

0642 

0S41 

1039 

1237 

1435 

1632 

1S30 

202S 

2225 

220 

2423 

2G20 

2S17 

3014 

3212 

3409 

3000 

3S02 

3999 

419G 

21 

4392 

45S9 

47S5 

49S1 

5178 

5374 

5570 

5700 

5902 

6157 

22 

0353 

G549 

0744 

0939 

7135 

7330 

7525 

7720 

7915 

8110 

23 

S305 

S500 

SG94 

8SS9 

90 S3 

9278 

9472 

9000 

9SG0 

*0054 

24 

35 02 IS 

0442 

0G3G 

0S29 

1023 

1210 

1410 

1003 

1790 

19S9 

25 

21S3 

2375 

256S 

2701 

2954 

3147 

3339 

3532 

3724 

3916 

2G 

410S 

4301 

4493 

40S5 

4S7G 

50 OS 

5200 

5452 

5643 

5834 

27 

0020 

G217 

G40S 

0599 

6790 

09S1 

7172 

7303 

7554 

7744 

2S 

7935 

S125 

S31G 

S500 

8090 

SSSO 

907G 

9266 

9450 

9640 

29 

9S35 

*0025 

*0215 

*0404 

*0593 

*07 S3 

*0972 

*1101 

*1350 

*1539 

230 

3G 172S 

1917 

2105 

2294 

2482 

2071 

2859 

304S 

3230 

3424 

31 

3012 

3S00 

39S8 

4170 

4363 

4551 

4739 

4926 

5113 

5301 

32 

54 SS 

5G75 

5SG2 

0049 

6230 

0423 

0010 

0790 

G9S3 

7169 

33 

7350 

7542 

7729 

7915 

8101 

S2S7 

8473 

8059 

8845 

9030 

34 

9210 

9401 

95S7 

9772 

9958 

*0143 

*0328 

*0513 

*009S 

*0S83 

35 

i 37 10GS 

1253 

1437 

1022 

1S0G 

1991 

2175 

2300 

2544 

272S 

3G 

2912 

309G 

32S0 

3404 

3647 

3S31 

4015 

419S 

43S2 

4565 

37 

474S 

4932 

5115 

529S 

54S1 

5004 

5S40 

0029 

0212 

6394 

3S 

0577 

0759 

0942 

7124 

7300 

74S3 

7070 

7852 

8034 

8216 

39 

S39S 

S5S0 

S701 

S943 

9124 

9300 

94S7 

900S 

9S49 

*0030 

240 

3S 0211 

! 0392 

0573 

0754 

0934 

1115 

1290 

1470 

1650 

1837 

41 

2017 

! 2197 

2377 

2557 

2737 

2917 

3097 

3277 

3450 

3630 

42 

3S15 

3995 

4174 

4353 

4533 

4712 

4S91 

5070 

5249 

5428 

43 


1 tj/ So 

5904 

0142 

0321 

0499 

0077 

0S50 

7034 

7212 

44 


| 75GS 

7740 

7924 

S101 

8279 

S456 

8034 

SS11 

89S9 

45 


1 9343 

9520 

9G9S 

9S75 

*0051 

*0228 

*0405 

*05S2 

*0759 

40 


1112 

12SS 

. 1404 

1G4I 

1817 

1993 

2109 

2345 

2521 

47 

2097 

‘ 2S73 

304 S 

i 3224 

3400 

3575 

3751 

3920 

4101 

4277 

4S 

4152 

4027 

4S02 

4977 

5152 

5326 

5501 

5670 

5S50 

0025 

49 

0199 

6374 

| 

6548 

0722 

GS9G 

7071 

7245 

7419 

7592 

7766 
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Table XV. — ( Continued ) 


Mantissas for 250-2 99 


250 

0 

1 

2 

! 3 

4 

5 

6 

D 

8 

9 

250 

39 7940 

8114 

8287 

8461 

8634 

8808 

8981 

9154 

9328 

9501 

51 

9674 

9847 

| *0020 

*0192 

*0365 

*0538 

*0711 

*08S3 

*1056 

*122S 

52 

40 1401 

1573 

1 1745 

1917 

20S9 

2261 

2433 

2605 

2777 

2949 

53 

3121 

3292 

3464 

3635 

3807 

3978 

4149 

4320 

4492 

4663 

54 

4834 

5005 

5176 

5346 

5517 

5688 

5858 

6029 

6199 

6370 

55 

6540 

6710 

68S1 

7051 

7221 

7391 

7561 

7731 

7901 

8070 

56 

8240 

8410 

8579 

8749 

8918 

9087 

9257 

9426 

9595 

9764 

57 

9933 

*0102 

*0271 

*0440 

*0609 

*0777 

*0946 

*1114 

*1283 

*1451 

58 

41 1620 

1788 

1956 

2124 

2293 

2461 

2629 

2796 

2964 

3132 

59 

3300 

3467 

3635 

3803 

3970 

4137 

4305 

4472 

4639 

4806 

260 

4973 

5140 

5307 

5474 

5641 

5808 

5974 

6141 

6308 

6474 

61 

6641 

6807 

6973 

7139 

7306 

7472 

7638 

7804 I 

7970 

8135 

62 

8301 

8467 

8633 

8798 

8964 

9129 

9295 

9460 

9625 

9791 

63 

9956 

*0121 

*028’6 

*0451 

*0616 

*0781 

*0945 

*1110 

*1275 

*1439 

64 

42 1604 

1768 

1933 

2097 

2261 

2426 

2590 

2754 

2918 

3082 

65 

3246 

3410 

3574 

3737 

3901 

4065 

4228 

4392 

4555 

4718 

66 

4882 

5045 

5208 

5371 

5534 

5697 

5860 

6023 

6186 

6349 

67 

6511 

6674 . 

6S36 

6999 

7161 

7324 

7486 

7648 

7811 

7973 

68 

8135 

8297 

8459 

8621 

8783 

8944 

9106 

9268 

9429 

9591 

69 

9752 

9914 

*0075 

*0236 

*0398 

*0559 

*0720 

*0SS1 

*1042 

*1203 

270 

43 1364 

1525 

1685 

1846 

2007 

2167 

2328 

2488 

2649 

2809 

71 

2969 

3130 

3290 

3450 

3610 

3770 

3930 

4090 

4249 

4409 

72 

4569 

4729 

4888 

5048 

5207 

5367 

5526 

5685 

5844 

6004 

73 

6163 

6322 

6481 

6640 

6799 

6957 

7116 

7275 

7433 

7592 

74 

7751 

7909 

S067 

S226 

8384 

8542 

S701 

SS59 

9017 

9175 

75 

9333 

9491 

9648 

9806 

9964 

*0122 

*0279 

*0437 

*0594 

*0752 

76 

44 0909 

1066 

1224 

1381 

1538 

1695 

1852 

2009 

2166 

2323 

77 

2480 

2637 

2793 

2950 

3106 

3263 

3419 

3576 

3732 

3889 

78 

4045 

4201 

4357 

4513 

4669 

4825 

4981 

5137 

5293 

5449. 

79 

5604 

5760 

5915 

6071 

6226 

6382 

6537 

6692 

6848 

7003 

2S0 

7158 

7313 

7468 

7623 

7778 

7933 

8088 

8242 

8397 

8552 

81 

8706 

8861 

9015 

9170 

9324 

9478 

9633 

9787 

9941 

*0095 

82 

45 0249 

0403 

0557 

0711 

0865 

1018 

1172 

1326 

1479 

1633 

S3 

1786 

1940 

2093 

2247 

2400 

2553 

2706 

2859 

3012 

3165 

84 

3318 

3471 

3624 

3777 

3930 

4082 

4235 

4387 

4540 

4692 

85 

4845 

4997 

5150 

5302 

5454 

5606 

5758 

5910 

6062 

6214 

86 

6366 

6518 

6670 

6821 

6973 

7125 

7276 

7428 

7579 

7731 

87 

7882 

8033 

8184 

8336 

8487 

8638 

8789 

8940 

9091 

9242 

88 

9392 

9543 

9694 

9845 

9995 

*0146 

*0296 

*0447 

*0597 

*0748 

89 

46 0898 

1048 

1198 

1348 

1499 

1649 , 

1799 

1948 

2098 

2248 

290 

2398 

2548 

2697 

2847 

2997 

3146 ^ 

3296 

3445 

3594 

3744 

91 

3893 

4042 

4191 

4340 

4490 

4639 

4788 

4936 

5085 

5234 

92 

53 S3 

5538 

5680 

5829 

5977 

6126 

6274 

6423 

6571 

6719 

93 

686S 

70V6 

7164 

7312 

7460 

7608 

7756 

7904 

8052 

8200 

94 

8347 

8495 

8643 

8790 

8938 

9085 

9233 

9380 

9527 

9675 

95 

9822 

9969 

*0116 

*0263 

*0410 

*0557 

*0704 

*0851 

*0998 

*1145 

96 

47 1292 

1438 

1585 

1732 

1878 

2025 

2171 

2318 

2464 

2610 

97 

2756 

2903 

3049 

3195 

3341 

3487 

3633 

3779 

3925 

4071 

98 

4216 

4362 

4508 

4653 

4799 

4944 

5090 

5235 

5381 

5526 

99 

5671 

5816 

5962 

6107 

6252 

6397 

6542 

6687 

6832 

\ 

6976 
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Table XV. — ( Continued ) 
Mantissas ion 300-319 


300 

1 

0 

D 

2 

3 

m 

5 

0 

n 

S 8 

9 

300 

47 7121 

1 

7411 

7555 

7700 

7S44 

79S9 

8133 

8278 

S422 

01 

8500 

■Sill 

8855 

8999 

9143 

92S7 

9431 

9575 

9719 

9S03 

02 

48 0007 

■■IMS 

0294 

0438 

05S2 

0725 

OS09 

1012 

1150 

1299 

03 

14 13 

15S0 

1729 

1872 

2010 

2159 

2302 

2445 

25SS 

2731 

04 

2874 

3010 

3159 

3302 

3445 

3587 

3730 

3872 

4015 

4157 

OS 

4300 

4442 

45S5 

4727 

4809 

5011 

5153 

5295 

5437 

5579 

00 

5721 

5803 

0005 

0147 

0289 

0430 

0572 

0714 

GS55 

0997 

07 

7138 

7280 

7421 

7503 

7704 

7845 

79S6 

S127 

8209 

8110 

08 

S551 

8692 

8833 

8974 

0114 

9255 

9390 

9537 

9077 

981S 

09 

9958 

*0099 

*0239 

*0380 

*0520 

*0001 

*0S01 | 

*0941 

*10S1 

*1222 

310 

49 1302 

1502 

1042 

17S2 

1922 

2002 

2201 

2341 

24S1 

2021 

11 

2700 

2900 

3040 

3170 

3319 . 

345S 

3597 

3737 

3S7G 

4015 

12 

4155 

4294 

4433 

4572 

4711 

4850 

49S9 

512S 

5207 

5-400 

13 

554-4 

5083 i 

5822 

5900 

0099 

0238 

0370 

0515 

0053 

0701 

14 

0930 

7008 

7200 

7344 

7483 

7021 

7759 

7807 1 

8035 

S173 

15 

8311 

8448 

S5S0 

S724 

8802 

S999 

9137 

9273 

9112 

9550 

1G 

9087 

9S24 

9902 

*0099 

*0230 

*0374 

*0511 

*0048 

*0785 

*0922 

17 

50 1059 

1190 

1333 

1470 

1007 

17-14 

1S80 

2017 

2154 

2291 

18 

2427 

2504 

2700 

2837 

2973 

3109 

32 1G 

33S2 

3518 

3055 

19 

3791 

3927 

4063 

4199 

4335 

4471 

4007 

4743 

4878 

5014 

320 

5150 

5280 

5421 

5557 

5093 

582S 

5904 

0099 

0234 

0370 

21 

0505 

0040 

0770 

0911 

7040 

7181 

7310 

7451 

75S0 

7721 

22 

7850 

7991 

8120 

S2G0 

8395 

8530 

8004 

8799 

8931 

900S 

23 

9203 

9337 

9471 

9000 

9740 

9874 

*0009 

*0143 1 

*0277 

*0111 

24 

51 0545 

0079 

0813 

0947 

1081 

1215 

1349 

1-1S2 

1010 

1750 

25 

1SS3 

2017 

2151 

2284 

2418 

2551 

2084 

281S 

2951 

30S4 

20 

3218 

3351 

3484 

3017 

3750 

3S83 

4010 

4140 

4282 

4415 

27 

4548 

4G81 

4813 

494G 

5079 

5211 

534 4 

5470 

5009 

5741 

28 

5S74 

0000 

0139 

0271 

0403 

0535 

6008 

CSOO 

0932 

7004 

29 

7190 

7328 

7400 

7592 

7724 

7855 

7087 

8119 

8251 

8382 

330 

8514 

8040 

S777 

8909 

9040 

9171 

9303 

9434 

9500 1 

9097 

31 

9828 

9959 

*0090 

*0221 

*0353 

*0184 

*0015 

*0745 

*0870 

*1007 

32 

52 1138 

1209 

1400 

1530 

1001 

1792 

1922 

2053 

2183 

2314 

33 

2444 

2575 

2705 

2S35 

29GG 

309G 

3226 

3350 

3480 

3010 

34 

3740 

387G 

4000 

4130 

4200 

4390 

4520 

4050 

4785 

4915 

35 

5045 

5174 

5301 

5434 

5503 

5093 

5S22 

5951 

00S1 

G210 

30 

0339 

0409 

G59S 

0727 

0S5G 

0985 

7114 

7213 

7372 

7501 

37 

7030 

7759 

78 S 8 

S01G 

8145 

S274 

S!02 

8531 

8000 

8788 

38 

S917 

9045 

9174 

0312 

0430 

9559 

0GS7 

9S15 

9943 

*0072 

39 

53 0200 

032S 

0450 

0584 

0712 

08-40 

0908 

1090 

1223 

1351 

340 

1479 

1007 

1734 

1802 

1990 

2117 

2215 

2372 

2500 

2027 

41 

2754 

28S2 

3009 

313G 

3204 

3391 

3518 

3045 

3772 

3899 

42 

4026 

4153 

4280 

4407 

453 4 

4001 

4787 

4914 

5041 

5107 

43 

5294 

5-121 

5547 

5074 

5800 

5927 

0053 

0180 

0300 

0132 

44 

0558 

6085 

0S11 

6937 

7003 

71 S9 

7315 

7441 

7507 

7093 

45 

7819 

7945 

8071 

8197 

8322 

8418 

8574 

8099 

8825 

8951 

40 

9070 

9202 

9327 

9452 

05 <8 ! 

9703 

9829 

0954 

*0079 

*0204 

47 

5-4 0329 

0455 

0580 

0705 

0830 

0955 

1080 

1205 

1330 

1454 

48 

1579 

1704 

1829 

1953 

2078 

2203 

2327 

2452 

2570 

2701 

49 

2S25 

2950 

3074 

3199 

3323 

3447 

3571 

3090 

3820 

3944 
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Table XV. — ( Continued ) 
Mantissas for 350-399 


350 j 

1 0 

a 

2 

: 

3 

4 j 

1 

5 

i 

6. 

a 

8 

9 

350 

54 4068 

4192 

4316 | 

4440 

4564 

468S 

4S12 

4936 

'5000 | 

5183 

51 

5307 

5431 

5555 

5678 

5802 

5925 

6049 

6172 

6296 ! 

6419 

52 

6543 

6666 

67S9 

6913 

7036 

7159 

7282 

7405 

7529 

7652 

53 

7775 

7898 

8021 

S144 

8267 

S3S9 

8512 I 

8635 

8758 

8881 

54 

9003 

9126 

9249 

9371 

9494 

9616 

9739 

9861 

99S4 

*0106 

55 

55 022S 

0351 

0473 

0595 

0717 

0S40 

0962 ] 

10S4 

1206 

1328 

56 

| 1450 

1572 

1694 

1S16 

1938 

2060 

2181 ; 

2303 

2425 

2547 

57 

2668 

2790 

2911 

3033 

3155 

3276 

3398 

3519 

3640 

3762 

58 

3883 

4004 

4126 

4247 

436S 

44S9 

4610 

4731 

4852 

4973 

59 

5094 

5215 

5336 

5457 

5578 

5699 

5S20 

5940 

6061 

6182 

360 

6303 

6423 

6544 

6664 

67S5 , 

6905 , 

7026 . 

7146 

7267 

7387 

61 

7507 

7627 

7748 

7S68 

7988 

S10S 

S22S 

8349 

8469 

8589 

62 

8709 

S829 

8948 

9068 

91SS 

930S 

942S 

954S 

9667 

9787 

63 

9907 

1 *0026 

*0146 

*0265 

*03 S5 

*0504 

*0624 , 

*0743 

*0863 

*0982 

64 

56 1101 

1221 

1340 

1459 

1578 

1698 

1S17 

1936 

2055 

2174 

65 

2293 

2412 

2531 1 

2650 

2769 

2887 

3006 I 

3125 

3244 

3362 

66 

3481 

3600 

3718 

3837 

3955 

4074 

4192 1 

4311 

4429 

4548 

67 

4666 

4784 1 

4903 

5021 

5139 

5257 

537G 

5494 

5612 

5730 

G8 

1 584S 

5966 1 

60S4 

6202 

6320 

6437 

6555 

6673 

6791 

6909 

69 

7026 

7144 

7262 

7379 

7497 

7614 

7732 

7849 

7967 

8084 

370 

8202 

8319 ' 

8436 

8554 

8671 1 

8788 

S905 

9023 

9140 

9257 

71 

9374 

9491 

9608 

9725 

9842 

9959 

*0076 

*0193 

*0309 1 

*0426 

72 

57 0543 

0660 

0776 

0893 

1010 

1126 

1243 

1359 

1476 

1592 

73 

i 1709 

1S25 

1942 

205S 

2174 

2291 

2407 

2523 

2639 

' 2755 

74 

2872 

29SS 

3104 

3220 

3336 

3452 

3568 

3684 

3800 

3915 

75 

4031 

4147 

4263 

4379 

4494 

4610 

4726 

4S41 

4957 

5072 

76 

5188 

! 5303 

5419 

5534 

5650 

5765 

5880 

5996 

6111 

6226 

77 

6341 

6457 

6572 

C6S7 

GS02 

6917 

7032 

7147 

7262 j 

7377 

78 

1 7492 

7607 

7722 

7836 

7951 

8066 

8181 

8295 

8410 

8525 

79 

| 8639 

| 8754 

SS6S 

S9S3 

9097 

9212 

9326 i 

j 

9441 

9555 

9669 

380 

9784 

989S 

*0012 

*0126 

*0241 

*0355 

*0469 

*0583 

*0697 

*0811 

81 

5S 0925 

1039 

1153 

1267 

1381 

1495 | 

160S | 

1722 

1836 

1950 

82 

2063 

2177 

2291 

2404 

251S 

2631 1 

2745 ! 

2858 

2972 

3085 

83 

3199 

3312 

3426 

3539 

3652 

3765 

3S79 

3992 

4105 

4218 

S4 

4331 

4444 

4557 

4670 

4783 

4S96 

5009 

5122 

5235 

5348 

85 

5461 

5574 

5686 

5799 

5912 

6024 

6137 

6250 

6362 

6475 

S6 

6587 

6700 

6S12 

6925 

7037 

7149 

7262 

7374 

7486 

7599 

ST 

7711 

7S23 

7935 

8047 

8160 

8272 

8384 

8496 

8608 

8720 

8S 

8832 

8944 

9056 

9167 

9279 

9391 

9503 

9615 

9726 

9838 

89 

9950 

*0061 

*0173 

*0284 

*0396 

*0507 

*0619 

*0730 

*0842 

*0953 

390 

59 1065 

1176 

1287 

1399 

1510 

1621 

1732 

1S43 

1955 

2066 

91 

2177 

2288 

2399 

2510 

2621 

2732 

2843 

2954 

3064 

3175 

92 

3286 

3397 

350S 

3618 

3729 

3840 

3950 

4061 

4171 

4282 

93 

4393 

4503 

4614 

4724 

4834 

4945 

5055 

5165 

5276 

5386 

94 

5496 

5606 

5717 

5827 

5937 

i 

6047 

6157 

6267 

6377 

6487 

95 

6597 

6707 

6S17 

6927 

7037 

7146 

7256 

7366 

7476 

7586 

96 

97 

7695 

8791 

7S05 

S900 

7914 

9009 

8024 

9119 

S134 

9228 

S243 

9337 

; 8353 
9446 

8462 

9556 

8572 

9665 

8681 

9774 

98 | 

9S83 

9992 

*0101 

*0210 

*0319 

*0428 

*0537 

*0646 

*0755 

*0864 

99 ! 

60 0973 

1082 

1191 

1299 

1408 

; 

1517 

j 1625 

1734 

1S43 

1951 













350 


MATHEMATICS OF FI.VAXCE 


Tabix XV. — (Continued) 
.Mantissas tor 400-449 


400 

0 

D 

2 i 

3 1 

s 

I 

4 

5 

i 

i 

5 ! 
1 

6 ! 

? 

a 

8 

9 

400 

GO 20GO 

21G9 

2277 

23S6 

2494 

2603 

2711 

* 

2S19 

! 

| 292S 

3036 

01 

3144 

3253 

3361 

3469 

3577 

36S6 

3794 

3902 

4010 

4 1 IS 

02 

422G 

4334 

4442 

4550 

5G5S 

4766 

4S74 

49S2 

50S9 

5197 

03 

5305 

5413 

5521 

562 S 

5736 

5344 

5951 

6059 

61 GG 

6274 

04 

63S1 

G4S9 

G5DG 

6704 

6S11 

6919 

7026 

7133 

7241 

7348 

05 

7455 

i 75G2 

7CG9 

777 7 

7SS4 

! 7991 

S09S 

S205 

S312 

8419 

06 

S52G 

i S633 

S740 

S-S47 

8954 

9061 

9167 

9274 

9381 

94S8 

07 ' 

9594 

9701 

9S0S 

9914 

*0021 

*012S 

*0234 

*0341 

*0447 

*0554 

OS ] 

G1 06 GO 

! 07G7 

0S73 

0979 

10S6 

1192 

129S 

1405 

1511 

1617 

00 ! 

1723 

1829 

193G 

2042 

214S 

2254 

2360 

24 GG 

2572 

2678 

410 ' 

27S4 

2S90 

2996 

3102 

3207 

3313 

3419 

3o2o 

3630 

3736 

11 

3S42 

3947 

4053 

4159 

4264 

4370 

4475 

45S1 

46S6 i 

4792 

12 1 

4S97 

5003 

51 OS 

5213 

5319 

5424 

5529 

5634 

5740 

5845 

13 

5950 

G055 

0160 

6265 

6370 

0470 

65S1 

60S6 

0790 

6S95 

14 

7000 

7105 

7210 

7315 

7420 i 

7525 

7629 

7734 

7S39 

7943 

15 

S04S 

SI 53 

S257 

S3G2 

8466 

8571 

S676 

8780 , 

SSS4 

S9S9 

1G 

9093 ; 

919S 

9302 

9406 

9511 

9615 

; 9719 

9S24 

9928 

*0032 

17 

02 0136 

0240 

0344 

044S 

0552 

0656 

0760 

OS 61 

09 OS 

i 1072 

IS 

1I7G 

1280 

13S4 

14SS 

1592 , 

i 1695 

1799 

1903 j 

2007 

2110 

19 

2214 

2318 

2421 

2525 

2G2S 

2732 

2S35 

2939 

3042 

3146 

420 

3249 

3353 

3456 

3559 

3663 

' 3766 

3SC9 

3973 

4076 

4179 

21 

42S2 

43S5 

44 SS 

4591 

4695 

479S 

4901 

5004 

5107 

5210 

22 

5312 

5415 

5518 

5621 

5724 

, 5S27 

5929 

6032 

6135 

623S 

23 

G340 

6443 

654 G 

6648 

6751 

6S53 

6950 

705S 

71G1 

7263 

24 

7360 

746S 

7571 

7673 

/no 

787S 

79S0 

S0S2 

S1S5 

S2S7 

25 

S3S9 

S491 

8593 

SG95 

S797 

8900 

9002 

9104 

9200 

9308 

26 

9410 

9512 

9G13 

9715 

9817 

9919 

*0021 i 

*0123 

*0224 1 

*0326 

27 

03 042S 

0530 

0631 

0733 

0S35 

093G 

103S 

1139 

1241 

1342 

2S 

1444 

1545 

1647 

1748 

1849 

1951 

2052 i 

2153 

2255 

2350 

29 

2457 

2559 

2660 

2701 

2SG2 

2963 

3064 ! 

3165 

32GG 

3367 

430 

1 3468 

3569 

3670 

3771 

3S72 

3973 

4074 

4175 i 

427G 

4376 

31 

' 4477 

457S 

4679 

4779 

4SS0 

49S1 

50S1 

51 S2 

52S3 

53S3 

32 

! 54S4 

55S4 

5685 

57S5 

5SSG 

5986 

60S7 

G187 

G2S7 

63SS 

33 

64 S3 

G5S8 

66SS 

67S9 

6SS9 

69S9 

70S9 

7189 

7290 

7390 

3-4 

7490 

7590 

7090 

7790 

7S90 

7990 

S090 

SI 90 

S290 

S3S9 

35 

84S9 

86S9 

86S9 

S7S9 

SSSS 

8933 

903S 

91SS 

92S7 

93S7 

30 

94SG 

95SG 

9CS6 

97S5 

9SS5 

99S4 ' 

*00S4 

*0183 

*02S3 

*03S2 

37 

64 04S1 

0531 

OOSO 

0779 

0S79 

0978 

1077 

1177 

127G 

1375 

38 

1474 

1573 

1G72 

1771 

1S71 

1970 i 

2069 

216S 

2267 

2360 

39 

2465 

2563 

2GG2 

2761 

2SG0 

2959 

305S 

315G 

3255 

3354 

440 

3453 

3551 

3650 

3749 

3847 

394G 

4044 

4143 

4242 

4340 

41 

4439 

4537 

4G3G 

4734 

4832 

4931 

5029 

5127 

5226 

5324 

42 

6422 

5521 

5619 

5717 

5815 

5913 

6011 

6110 

620S 

0300 

43 

6404 

6502 

G600 

6693 

0790 

6S94 

6992 

70S9 

71S7 

7285 

44 

73S3 

74S1 

7oi9 

767G 

7774 

7S72 

7969 

S007 

S1G5 

S2G2 

45 

S3 GO 

S45S 

8555 

8053 

8750 

SS48 

S945 

9043 

9140 

9237 

4G 

9335 

9432 

9530 

9627 

9724 

9S21 

9919 

*0016 

*0113 

•0210 

47 

65 030S 

0105 

0502 

0599 1 

0690 

0793 

1 0S90 

09S7 

10S4 

1181 

48 

127S 

1375 

1 1472 

1569 

1666 

1762 

1859 

1950 

2053 

2150 

49 

224 G 

J 

2343 

2440 

, 2536 

i 

2633 < 

i 

2730 

2S2G 

2923 

3019 

i 

3116 
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Table XV'. — { Continued ) 


Mantissas for 450— 199 


450 

0 

H 

2 

3 

4 

5 

6 

n 

8 

9 

450 

65 3213 

3309 , 

3405 | 

3502 

3598 

3695 j 

3791 

i 

3SSS 

39S4 

4080 

51 

4177 

4273 i 

4369 

4465 

4562 

465S j 

4754 

4850 

4946 

5042 

52 

513S 

5235 

5331 1 

5427 

5523 

5619 

5715 

5S10 

5906 

6002 

53 

609S 

6194 

6290 1 

63S6 

6482 

6577 1 

6673 

6769 

6864 

6960 

54 

7056 

7152 

7247 1 

7343 

7438 

7534 1 

7629 

7725 

7820 

7916 

55 

8011 

8017 

8202 

8298 

8393 

84SS 

S584 

8679 

8774 

8870 

56 j 

8965 

9060 j 

9155 

9250 

9346 

9441 i 

9536 

9631 

9726 

9821 

57 

9916 

*0011 

*0106 

*0201 

*0296 

*0391 

*04S6 

*05S1 

*0676 

*0771 

5S 

66 0S65 

0960 

1055 

1150 

1245 

1339 

1434 

1529 

1623 

1718 

59 

1S13 

1907 

2002 | 

2096 

2191 

2286 

23S0 

24/ o j 

2569 

2663 

460 

275S 

2S52 i 

2947 

3041 

3135 

3230 

3324 

3418 1 

3512 

3607 

61 

3701 

3795 , 

3SS9 

39S3 

4078 

4172 , 

4266 

4360 , 

4454 

4548 

62 

4642 

4736 1 

4830 

4924 

5018 

5112 1 

5206 ! 

5200 1 

5393 

5487 

63 

5581 

5675 

5769 

5S62 

5956 

6050 

6143 

6237 

6331 

6424 

64 

6518 

6612 1 

6705 

6799 

6S92 

69S6 

7079 | 

7173 

7266 

7360 

65 

7453 

7546 | 

7640 

7733 

7826 

7920 

S013 

8106 

8199 

8293 

66 

8386 

S479 ' 

S572 

8665 

S759 

8852 

8945 

9038 

9131 

9224 

67 

9317 

9410 

9503 

9506 

968 9 

9782 | 

9S75 

9967 i 

*0060 

*0153 

68 

67 0246 

0339 

0431 

0524 

0617 

0710 

0S02 

0S95 

0988 

1080 

69 

1173 

1265 

1358 

1451 

1543 

1636 

1728 

1821 

1913 

2005 

470 

209S 

2190 

2283 

2375 

2467 

i 2560 

2652 

2744 

2836 

2929 

71 

3021 

3113 

3205 

3207 

3390 

3482 

3574 

3666 

3758 

3850 

72 

3942 

4034 

| 4126 

4218 

4310 

I 4402 

4494 

45S6 

4677 

4769 

73 

4S61 

4953 

5045 

5137 

5228 

5320 

5412 

5503 

5595 

5687 

74 

5778 

5S70 

5962 

6053 

6145 

6236 

6328 

6419 

6511 

6602 

75 

6694 

^ 67S5 

6876 

696S 

7059 

7151 

7242 

7333 

7424 

7516 

76 

7607 

769S 

77S9 

78S1 

7972 

8063 

8154 

8245 

8336 

8427 

77 

8518 

S609 

8700 

8791 

S8S2 

8973 

9064 

9155 

9246 

9337 

78 

942S 

9519 

9610 

9700 

9791 

98S2 

9973 

*0063 

*0154 

*0245 

79 

68 0336 

0426 

0517 

0607 

0698 

0789 

0879 

0970 

1060 

1151 

480 

1241 

1332 

1422 

i 1513 

1603 

; 1693 

1784 

1874 

1964 

2055 

81 

2145 

2235 

2326 

2416 

2506 

1 2596 

26S6 

2777 

2S67 

2957 

82 

3047 

3137 

3227 

' 3317 

3407 

3497 

3587 

3677 

3767 

3857 

83 

3947 

4037 

| 4127 

1 4217 

4307 

; 4396 

4486 

4576 

4666 

4756 

84 | 

4845 

4935 

! 5025 

1 5114 

5204 

: 5204 

5383 

5473 

5563 

5652 

85 

5742 

5831 

5921 

6010 

6100 

1 6189 

6279 

6368 

6458 

6547 

86 

6636 

6726 

6S15 

6904 

6994 

7083 

7172 

7261 

7351 

7440 

S7 

7529 

7618 

7707 

7796 

7SS6 

7975 

8064 

8153 

8242 

8331 

88 

8420 

8509 

8598 

8687 

8776 

8865 

8953 

9042 

9131 

9220 

89 

9309 

9398 

9486 

9575 

9664 

9753 

9841 

9930 i 

*0019 

*0107 

490 

69 0196 

02S5 

0373 

i 0462 

0550 

0639 

0728 

0816 j 

0905 

0993 

91 

1081 

1170 

1258 

i 1347 

1435 

1524 

1612 

1700 

1789 

1877 

92 

1965 

2053 

2142 

1 2230 

2318 

2406 

2494 

2583 , 

2671 

2759 

93 

2847 

2935 

3023 

3111 

3199 

3287 

3375 

3463 

3551 

3639 

94 

3/2/ 

3815 

3903 

3991 

4078 

4166 

4254 

4342 

4430 

4517 

95 i 

4605 

4693 

4781 

4868 

4956 

5044 

5131 

5219 

5307 

5394 

6269 

96 

97 

98 

99 

5482 

5569 

1 5657 

i 5744 

5832 

5919 

6007 

6094 

6182 

6356 

7229 

8101 

6444 

7317 

8188 

i 6531 
7404 
8275 

i 

| 6618 
' 7491 
8362 

! 

6706 

7578 

1 8449 

6793 

7665 

8535 

6880 

7752 

8622 

6968 

7839 

8709 

7055 

7926 

8796 

7142 
8014 
j 8883 
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500 

0 

n 

500 


9057 

01 


9924 

02 

70 0704 | 

0790 

03 

156S 

1654 

04 

2431 

2517 

05 

3291 

3377 

05 

4151 

4230 

07 

500S 

5094 

OS 

5864 

5949 

09 

G71S 

6S03 

510 ! 

7570 

7055 

11 i 

8421 

S50G 

12 

9270 

9355 

13 

71 0117 

0202 

« 

0963 

104 S 

15 

1S07 

1S92 

1G i 

2650 

2734 

17 i 

3491 

3575 

IS ! 

4330 

4414 

19 

5167 

5251 

520 

6003 

60S" 

21 

6S3S 

6921 

22 

7671 

4 40i 

23 

S502 

85S5 

21 

9331 

9414 

25 j 

72 0159 

0242 

26 

0980 

106S 

27 

1S11 

1S93 

2S 

2634 ■ 

2710 

29 

3456 | 

353S 

530 

4276 ! 

435S 

31 

5095 

1 517G 

32 

1 5912 

I 5993 

33 

0727 

0509 

34 

7541 


35 

8354 

8435 

36 

9165 

9240 

37 

9974 


3S 

73 07S2 

0563 

39 

15S9 

1669 

540 

2394 

2474 

41 

3197 

3278 

42 

3999 

4079 

43 

4800 

4SS0 

44 

5599 

5679 

45 

0397 

6476 

46 

7193 

7272 

47 

79S7 

! 8067 

4S 

S7S1 

ssoo 

49 ; 

! 

9572 

9651 


ic 


T Ki’isi XT. — {Cordirtu'4} 
Maxtissvs top. 509-549 
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Table XV. — ( Continued ) 


Mantissas for 550-599 


550 

o 

D 

1 2 

m 

4 

5 

6 

7 

8 

9 

550' 

74 0363 

0442 

0521 

0600 

0678 

0757 

0836 

0915 

0994 

1073 

51 

1152 

1230 

1309 

1388 

1467 

1546 i 

1624 

1703 

1782 

1800 

52 

1939 

2018 

2096 

2175 

2254 

2332 

2411 

2489 1 

2568 | 

2647 

53 

2725 

2804 

2882 

2961 

3039 

3118 

3196 

3275 

3353 

3431 

54 

3510 

3588 

3667 

3745 

3823 

3902 

3980 

4058 

4136 

4215 

55 

4293 

4371 

4449 

4528 

4606 

4684 

4762 

4840 

4919 

4997 

56 

5075 

5153 

5231 

5309 

5387 

5465 

5543 

5621 

5699 

5777 

57 

5855 

5933 

6011 

6089 

6167 

6245 

6323 

6401 

6479 

6556 

68 

6634 

6712 

6790 

6868 

6945 

7023 

7101 

7179 

7256 

7334 

59 

7412 

7489 

7567 

7645 

7722 

7800 

7878 

7955 

8033 

8110 

560 

8188 

8266 

8343 

8421 

8498 

8576 

8653 

8731 

8808 

8885 

61 

8963 ! 

9040 

9118 

9195 

9272 

9350 

9427 

9504 

9582 

9659 

62 

9736 1 

9814 

9891 

9968 

*0045 

*0123 

*0200 

*0277 

*0354 

*0431 

63 

75 0508 

0586 

0663 

0740 

0817 

0894 

0971 

1048 

1125 

1202 

64 

1279 

1356 

1433 

1510 

1587 

1664 

1741 

1818 

1895 

1972 

65 

2048 

2125 

2202 

2279 

2356 

2433 

2509 

2586 

2663 

2740 

66 

2816 

2893 

2970 

3047 

3123 

3200 

3277 

3353 

3430 

350B 

67 

3583 

3660 

3736 

3813 

3889 

3966 

4042 

4119 

4195. 

4272 

68 

4348 

4425 

4501 

4578 

4654 

4730 

4807 

4883 

4960 

5036 

69 

5112 

5189 

5265 

5341 

5417 

5494 

5570 

5646 

5722 

5799 

570 

5875 

5951 

6027 

6103 

6180 

6256 

6332 

6408 

6484 

6560 

71 

6636 

6712 

6788 

6864 

6940 

7016 

7092 

7168 

7244 

7320 

72 

7396 

7472 

7548 

7624 

7700 

7775 

7851 

7927 

8003 

8079 , 

73 

8155 

8230 

8300 

8382 

8458 

8533 

8609 

8685 

8761 

8836 

74 

8912 

8988 

9063 

9139 

9214 

9290 

9366 

9441 

9517 

9592 

75 ! 

9668 

9743 

9819 

9894 

9970 

*0045 

*0121 

*0196 

*0272 

*0347 

76 

76 0422 

0498 

0573 

0649 

0724 

0799 

0875 

0950 

1025 

1101 

77 

1176 

1251 

1326 

1402 

1477 

1552 

1627 

1702 

1778 

1853 

78 

1928 

2003 

2078 

2153 

2228 

2303 

2378 

2453 

2529 

2604 

79 , 

2679 

2754 

2829 

2904 

2978 

3053 

3128 

3203 

3278 

3353 

580 

3428 

3503 

3578 

3653 

3727 

3802 

3877' 

3952 

4027 

4101 

81 

4176 

4251 

4326 

4400 

4475 

4550 

4624 

4699 

4774 

4848 

82 

4923 

4998 

5072 

5147 

5221 

5296 

5370 

5445 

5520 

5594 

83 

5669 1 

5743 

5818 

5892 

5966 

6041 

6115 

6190 

6264 1 

6338 

84 

6413 

6487 

6562 

6636 

6710 

6785 

6859 

6933 

7007 

7082 

85 

7156 

7230 

7304 

7379 

7453 

7527 

7601 

7675 

7749 

7823 

86 

7898 1 

7972 

8046 

8120 

8194 

8268 

8342 

8416 

8490 1 

8564 

87 

8638 

8712 

8786 

8860 

8934 

9008 

9082 

9156 

9230 

9303 

88 

9377 

9451 

9525 

9599 

9673 

9746 

9820 

9894 

9968 1 

*0042 

89 

77 0115 

0189 

0263 

0336 

0410 

0484 

0557 

0631 

0705 1 

0778 

590 

0852 

0926 

0999 

1073 

1146 

1220 

1293 

1367 

1440 

1514 

91 

1587 

1661 

1734 

1808 

1881 

1955 

2028 

2102 

2175 

2248 

92 

2322 

2395 

2468 

2542 

2615 

2688 

2762 

2835 

2908 

2981 

93 

3055 

3128 

3201 

3274 

3348 

3421 

3494 

3567 

3640 

3713 

94 

3786 

3860 

3933 

4006 

4079 

4152 

4225 

4298 

1 4371 

4444 

95 

4517 

4590 

4663 

4736 

4809 

4882 

4955 

5028 

5100 

5173 

96 

5246 

5319 

5392 

5465 

5538 

5610 

5683 

5756 

5829 

5902 

97 

5974 

6047 

6120 

! 6193 

6265 

6338 

6411 

6483 

6556 

6629 

98 

6701 

6774 

6846 

6919 

6992 

7064 

7137 

7209 

7282 

7354 

99 

7427 

7499 

7572 

7644 

7717 

7789 

7862 

7934 

8006 

8079 
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MATHEMATICS OF FIXAXCI 


T.vble XV. — ( Continued ) 
Mantiss \s ron GOO-049 


COO 

0 

D 

2 

3 

4 

5 

c 

D 

S 

i 

9 

coo 

77 8151 

8224 

8296 

83GS 

8441 

8513 

1 

85S5 

SG3S 

8730 

8S02 

01 

8S74 

8947 

9019 

9091 

9103 

9230 

930S 

9380 

9452 

9521 

02 

9596 

9669 

9741 

9S13 

9SS5 

995 ( 

*0029 

*0101 

*0173 

*0245 

03 

78 0317 

03S9 

0401 

0533 

0605 

0077 

0749 

0S21 

0S93 

0965 

04 

1037 

1109 

1181 

1253 

1324 

1396 

146S 

1540 

1612 

1GS4 

05 

1755 

1827 

1899 

1971 

2042 

2114 

218G ! 

225S 

2329 

2401 

00 

2473 

2544 

2616 

2GSS 

2759 

2S31 

2902 

2974 

3040 

3117 

07 

3189 

3260 

3332 

3403 

3475 

3546 

3618 

30S9 

3761 

3832 

OS 

3904 

3975 

4046 

4118 

4189 

4261 

4332 

4403 

4475 

4546 

09 

4617 

4CS9 

4760 

4S31 

4902 

4974 

5045 

5116 

5187 

5259 

610 

5330 

5401 

5472 

5543 

5615 

5686 

5757 

5S2S 

5899 

5970 

11 

0041 

6112 

6183 

625-1 

0325 

0396 

C107 

6538 

6009 

G6S0 

12 

6751 

0S22 

6S93 

6964 

7035 

7106 

7177 

724S 

7319 

7390 

13 

7460 

7531 

7602 

7673 

7744 

7815 

7SS5 

7950 

8027 

809S 

14 

8168 

8239 

8310 

S3S1 

8451 

8522 

S593 

S6G3 

S734 

SS04 

15 

8875 

8940 

9016 

90S7 

9157 

9228 

9299 

9309 

9440 

9510 

16 

9581 

9051 

9722 

9792 

9S63 

9933 

*0004 

*0074 

*0144 

*0215 

17 

79 02S5 

0350 

0426 

0490 

0567 

0037 

0707 

0778 

OS-18 

091S 

18 

09S8 

1059 

1129 

1199 

1269 

1340 

1410 

1480 

1550 

1620 

19 

1691 

1761 

1831 

1901 

1971 1 

2041 

2111 

2181 

2252 

2322 

620 

2392 

2402 

2532 

2602 

2672 

2742 

2812 

2SS2 

2952 

3022 

21 

3092 

3102 

3231 

3301 

3371 

3441 

3511 

35S1 

3651 

3721 

22 

3790 

3860 | 

3930 

4000 

4070 

4139 

4209 

4279 

4349 

4418 

23 

44 S8 

455S 

4627 

4097 

4767 

4836 

4906 

4970 

5045 

5115 

21 

51S5 

5254 

5324 

5393 

5463 

5532 

5602 

5672 

5741 

5811 

25 

5S80 

5949 

6019 

60SS 

615S 

G227 

6297 

636G 

6436 

6505 

20 

0574 

6644 

6713 

6782 

6852 

6921 

6990 

7060 

7129 

719S 

27 

726S 

7337 

7406 

7475 

7545 

7014 

7CS3 

7752 

7821 

7890 

28, 

7900 

8029 

8098 

8107 

8236 

S3 05 

8374 

S443 

8513 

S5S2 

29 ! 

I 

8651 

8720 

8789 

8858 

8927 

8996 

9065 

9134 

9203 

9272 

630 

9341 

9409 

947S 

9547 

9010 

96S5 

9754 

9S23 

0S92 

9961 

31 

SO 0029 

O09S 

0167 

0230 

0305 

0373 

0442 

0511 

05S0 

064 S 

32 

0717 

0780 

0354 

0923 

0992 

1061 

1129 

119S 

1200 

1335 

33 

1404 

1472 

1541 

1609 

1G7S 

1747 

1815 

18S4 

1952 

2021 

34 

2089 

2158 

2220 

| 

2295 

2363 

2432 

2500 

2568 

2037 

2705 

35 

2774 

2S42 

2910 

2979 

3047 

3116 

31 S4 

3252 

3321 

33S9 

36 

3457 

3525 

3594 

3662 

3730 

379S 

3S07 

3935 

4003 

4071 

37 

4139 

420S 

4276 

4344 

4412 

44S0 

454S 

4616 

4085 

4753 

38 

4821 

48S9 

4957 

5025 

5093 

5161 

5229 

5297 

5365 

5433 

39 

5501 

5569 

5637 

5705 

5773 

5S41 

590S 

5076 

6044 

6112 

CIO 

C1S0 

6248 

0316 

6384 

6451 

6519 

0587 

CG55 

6723 

6790 

41 

0S5S 

6925 

6994 

7061 

7129 

7197 

7264 

7332 

7400 

7407 

42 

7535 

7603 

7070 

7738 

7806 

7S73 

7941 

soos 

8070 

8143 

43 

8211 

S279 

8346 

8414 

S4S1 

8549 

8610 

86S4 

8751 

SS18 

44 

SSSG 

8953 

9021 

90S8 

9150 

9223 

9290 

9358 

9-125 

9-192 

45 

9560 

9027 

9601 

9762 

9S29 

9S96 

9964 

*0031 

*009S 

*0165 

46 

SI 0233 

0300 

0367 

0434 

0501 

0560 

0036 

0703 

0770 

0S37 

47 

0904 

0971 

1039 

1106 

1173 

1240 

1307 

1374 

1441 

1508 

4S 

1575 

1642 

1709 

1776 

1843 

1910 

1977 

2044 

2111 

2178 

49, 

2245 

2312 

2379 

2445 

2512 

2579 

i 

2G4G 

! 2713 

2780 

2S47 
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Table XV. — ( Continued ) 


Mantissas for 650-699 


650 

0 

n 

2 

3 

4 

5 

6 

m 

S 

9 

650 

81 2913 

2980 

3047 

3114 

3181 

3247 

3314 

3381 

3448 

3514 

51 

3581 

3648 

3714 

3781 

3848 

3914 

3981 

4048 

4114 

4181 

52 

4248 

4314 

4381 

4447 

4514 

45S1 

4647 

4714 

4780 

4847 

53 

4913 

4980 

5046 

5113 

5179 

5246 

5312 

5378 

5445 

5511 

54 

5578 

5644 

5711 

5777 

5843 

5910 

5976 

6042 

6109 

6175 

55 

6241 

6308 

6374 

6440 

6506 

6573 

6639 

6705 

6771 

6838 

56 

6904 

6970 

7036 

7102 

7169 

7235 

7301 

7367 

7433 

7499 

57 

7565 

7631 

7698 

7764 

7830 

7896 

7962 

S028 

8094 

8160 

58 

8226 

S292 

8358 

8424 

8490 

8556 

8622 

8688 

8754 

8820 

59 

SS85 

S951 

9017 

9083 

9149 

9215 

9281 

9346 

9412 

9478 

660 

9544 

9610 

9676 

9741 

9807 

9873 

9939 

*0004 

*0070 

*0136 

61 

82 0201 

0267 

0333 

0399 

0464 

0530 

0595 

0661 

0727 

0792 

62 

0858 

0924 

0989 

1055 

1120 

1186 

1251 

1317 

1382 

1448 

63 

1514 

1579 

1645 

1710 

1775 

1841 

1906 

1972 

2037 

2103 

64 

2168 

2233 

2299 

2364 

2430 

2495 

2560 

2626 

2691 

2756 

65 

2822 

28S7 

2952 

3018 

30S3 

3148 

3213 

3279 

3344 

3409 

66 

3474 

3539 

3005 

3670 

3735 

3S00 

3865 

3930 

3996 

4061 

67 

4126 

4191 

4256 

4321 

4386 

4451 

4516 

4581 

4646 

4711 

68 

4776 

4S41 

4906 

4971 

5036 

5101 

5166 

5231 

5296 

5361 

69 

5426 

5491 

5556 

5621 

5686 

5751 

5S15 

58S0 

5945 

6010 

670 

6075 

6140 

6204 

6269 

6334 

6399 

6464 

6528 

6593 

6658 

71 

6723 

67S7 

6852 

6917 

6981 

7046 

7111 

7175 

7240 

7305 

72 

7369 

7434 

7499 

7563 

7628 

7692 

7757 

7821 

7SS6 

7951 

73 

8015 

8080 

8144 

8209 

8273 

8338 

8402 

8467 

8531 

8595 

74 

8660 

8724 

8789 

8853 

8918 

S982 

9046 

9111 j 

9175 

9239 

75 

9304 

9368 

9432 

9497 

9561 

9625 

9690 

9754 

9S1S 

9882 

76 

9947 

*0011 

*0075 

*0139 

*0204 

*0268 

*0332 

*0396 

*0460 

*0525 

77 

83 0589 

0653 

0717 

0781 

0845 

0909 

0973 

1037 

1102 

1166 

78 

1230 

1294 

1358 

1422 

1486 

1550 

1614 

1678 

1742 

1806 

79 

1870 

1934 

1998 

2062 

2126 

21S9 

2253 

2317 

2381 

2445 

680 

2509 

2573 

2637 

2700 

2764 

2828 

2892 

. 2956 

3020 

3083 

81 

3147 

3211 

3275 

333S 

3402 

3466 

3530 

3593 

3657 

3721 

82 

3784 

3848 

3912 

3975 

4039 

4103 

4166 

4230 

4294 

4357 

83 

4421 

4484 

454S 

4611 

4675 

4739 

4802 

4866 

4929 

4993 

84 

5056 

5120 

| 5183 

5247 

5310 

5373 

5437 

5500 

5564 

5627 

85 

5691 

5754 

i 5S17 

, 5881 

, 5944 

6007 

6071 

6134 

6197 

1 

6261 

86 

6324 

6387 

6451 

6514 

6577 

6641 

6704 

6767 

6830 

6894 

87 

6957 

7020 

7083 

7146 

7210 

7273 

7336 

7399 

7462 

7525 

88 

7588 

7652 

7715 

7778 

7841 

7904 

7967 

S030 

8093 

8156 

89 

8219 

8282 

8345 

840S 

8471 

8534 

8597 

8660 

8723 

8786 

690 

8S49 

8912 

8975 

9038 

9101 

9164 

9227 

9289 

9352 

9415 

91 

9478 

9541 

9604 

9667 

9729 

9792 

9855 

991S 

9981 

*0043 

92 

84 0106 

0169 

0232 

0294 

0357 

0420 

0482 

0545 

0608 

0671 

93 

0733 

0796 

0859 

0921 

0984 

1046 

1109 

1172 

1234 

1297 

94 

1359 

1422 

1485 

1547 

1610 

1672 

1735 

1797 

1860 

1922 

95 

19S5 

2047 

2110 

2172 

2235 

2297 

2360 

2422 

248 4 

2547 

96 

2609 

2672 

2734 

2796 

2859 

2921 

2983 

3046 

310S 

3170 

97 

3233 

3295 

3357 

3420 

3482 

3544 

3606 

3669 

3731 

3793 

98 

3855 

3918 

3980 

4042 

4104 

4166 

4229 

4291 

4353 

4415 

99 

4477 

4539 

4601 

4664 

4726 

4788 

4850 

4912 

4974 

5036 
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MATHEMATICS OF FINANCE 


Table XV. — ( Continued ) 
Mantissas ron 705-749 


700 

0 

1 

2 

3 

4 

5 

0 

D 

l 8 

9 

Hi 

S4 509 S 

5100 

5222 

5284 

5340 

540S 

5470 

5532 

[ 5594 

5656 

|ca 

57 IS 

5780 

5S42 

5904 

5900 

G02S 

0090 

6151 

0213 

6275 

mfm 

0337 

0399 

0401 

0523 

05S5 

0640 

070S 

6770 

0S32 

6S94 

H 

0955 

7017 

7079 

7141 

7202 

7204 

7320 

73SS 

7449 

7511 

04 

7573 

7034 

7090 

775S 

7819 

7SS1 

7043 

8004 

S00G 

j 8128 

05 

8189 

8251 

8312 

8374 

8435 

8497 

8559 

8020 

80S2 

8743 

00 

8805 

SSOG 

892S 

, S9S9 

9051 

9112 

9174 

9235 

9297 

935S 

07 

9119 

94S1 

9542 

9004 

9005 

9720 

978S 

9S49 

9911 

9972 

OS 

85 0033 

0095 

0150 

0217 

0279 

0340 

0401 

0402 

0524 

05S5 

09 

0G4G 

0707 

0709 

0S30 

0S91 

0952 

1014 

1075 

1130 

1197 

710 

125S 

1320 

13S1 

1442 

1503 

15G4 

1G25 

1GSG 

1747 

IS 09 

11 

1870 

1931 

1992 

2053 

2114 

2175 

2230 

2297 

2358 

2419 

12 

24S0 

2541 

2602 

2003 

2724 

2785 

2340 

2907 

i 290S 

3029 

13 

3090 

3150 

3211 

3272 

3333 

3394 

3455 

351G 

3577 

3G37 

14 

3098 

3759 

3820 

38S1 

3941 

4002 

4003 

4124 

4185 

4245 

M* 

4300 

4307 

4428 

44S8 

4549 

4010 

4070 

1 4731 

4792 

4852 

10 

4913 

4974 

5034 

5095 

515G 

5210 

5277 

■ 5337 

539S 

5459 

17 

5519 

! 55S0 

5G40 

5701 

5701 

5S22 

5SS2 

5943 

0003 

0004 

IS 

0124 

1 G1S5 

G245 

0300 

03GG 

0427 

0487 

654 S 

coos 

OOOS 

19 

6729 

G7S9 

6S50 

1 

6910 

G970 

7031 

7091 

7152 

7212 

7272 

720 

7332 

7393 

7453 

7513 

7574 

7034 

7094 

7755 

7S15 

7S75 

21 

7935 

7995 

S05G 

8116 

SI 76 

8230 

8297 

8357 

8417 

8477 

22 

8537 

8597 

8657 

S71S 

8778 

SS3S 

8S9S 

S95S 

90IS 

9078 

23 

913S 

919S 

925S 

9318 

9379 

9439 

9499 

9559 

9019 

9079 

24 

9739 

9799 

9S59 

9918 

997S 

*0038 

*009S 

*0158 

*0218 

*0278 

25 

SG 033S 

039S 

045S 

0518 

0378 

0037 

0097 

0757 

0S17 

0S77 

20 

0937 

099G 

1050 

1116 

1170 

1230 

1295 

1355 

1415 

1475 

27 

1534 

1594 

1G54 

1714 

1773 

1833 

1893 

1952 

2012 

2072 

2S 

2131 

2191 

2251 

2310 

2370 

2430 

2489 

2549 

2G0S 

2003 

29 

2728 

27S7 

2847 

2900 

2960 

3025 

30S5 

3144 

3204 

3203 

730 1 

3323 

33S2 

3442 

3501 

3501 

3020 

30S0 

3739 

3799 

385S 

31 

3917 

3977 

4030 

409G 

4155 

4214 

4274 

4333 

4392 

4452 

32 

4511 

4570 

4030 

4GS9 

4748 

480S 

4S07 

4926 

4985 

5045 

33 

5104 

5103 

5222 

52S2 

5341 

5400 1 

5459 1 

5519 

5578 

5037 

34 

5690 

5755 

5S14 

5S74 

5933 

5992 

6051 

6110 

G109 

G228 

35 

G2S7 

0310 

6405 

6405 

0524 

05S3 

6642 

6701 

0700 

GS19 

3G 

GS7S 

0937 

6996 

7055 

7114 

7173 

7232 

7291 

7350 

7409 

37 

7467 

7520 

75S5 

7644 

7703 

7702 

7S21 ; 

7SS0 

7939 

799S 

3S 

8050 

8115 

8174 

8233 

8292 

S350 1 

8409 i 

8408 

8527 

8580 

39 

8044 

8703 

S7C2 

SS21 

SS79 

8938 ! 

8997 ! 

9050 

9114 

9173 

740 

9232 

9290 

9349 

910S 

91GG 

9525 

9584 

9642 

9701 

9700 

41 

9S18 

9S77 

9935 

9994 

*0053 

*0111 

*0170 

*0228 

*0287 

*0345 

42 

S7 0404 

0-102 

0521 

0579 

0G3S 

0090 

0755 

0S13 

0S72 

0930 

43 

0989 

1047 

1100 

1104 

1223 

12S1 

3339 

139S 

14.56 

1515 

44 

1573 

1031 

1090 

174S 

1S0G 

1SG5 

1923 

19S1 

2040 

2098 

45 

2150 

2215 

2273 

2331 

23S9 

2448 

2506 

2SG4 

2622 

2681 

40 

2739 

2797 

2S55 

2913 

2972 

3030 

30SS 

3140 

3204 

3202 

47 

3321 

3379 

3137 

3495 

3553 

3011 

3669 

3727 

3785 

3844 

4S 

3902 

3960 

4018 

4076 

4134 

4192 ! 

4250 

430S ! 

4360 

4424 

49 

4482 

4540 

459S 

4050 

4714 

4772 

4S30 

4883 

4945 

5003 
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Table XV. — ( Continued ) 
Mantissas for 750-799 


750 

0 

n 

750 

87 5061 

5119 

51 

5640 

5698 

52 

. 6218 

6276 

53 

6795 

6853 

54 

7371 

7429 

55 

7947 

8004 

56 

8522 

8579 

57 

9096 

9153 

58 

9669 

9726 

59 

88 0242 

0299 

760 

0814 

0871 

61 

1385 

1442 

62 

1955 

2012 

63 

2525 

2581 

64 

3093 

3150 

65 

3661 

3718 

66 

4229 

4285 



75 9302 

76 9862 

77 89 0421 

78 0980 

79 1537 


95 90 0367 

96 0913 

97 1458 

98 2003 

99 2547 



5 

6 

5351 

5409 

5929 

5987 

6507 

6564 

7083 

7141 

7659 

7717 

8234 

8292 

8809 

8S66 

9383 

9440 

9956 

*0013 

0528 

0585 

1099 

1156 

1670 

1727 

2240 

2297 

2809 

2866 

3377 

3434 

3945 

4002 

4512 

4569 

5078 

5135 

5644 

5700 

6209 

6265 

6773 

6829 

7336 

7392 

7898 

7955 

8460 

8516 

9021 

9077 

9582 

9638 

*0141 

*0197 

0700 

0756 

1259 

1314 

1816 

1872 

2373 

2429 

2929 

2985 

3484 

3540 

4039 

4094 

4593 

4648 

5146 

5201 

5699 

5754 

6251 

6306 

6802 

6857 

7352 

7407 

7902 

7957 

8451 

8506 

8999 

9054 

9547 

9602 

*0094 

*0149 

0640 

0695 

1186 

1240 

1731 

1785 

2275 

2329 

2818 

2873 
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Table XV. — (Continued) 
Mantissas ron SO0-S40 


g 




3 

4 

» ! 
I 

i 

C 

i 

« 

8 

9 

soo 

90 3090 

3144 

3199 

3253 

3307 

3301 

341G 

3470 

3524 

3578 

01 

3033 

Hil 

3741 

3795 

3S49 

3904 

395S 

4012 

4066 

4120 

02 

4174 

4229 

42 S3 

4337 

4391 

4445 

4499 

4553 

4607 

4061 

03 

4710 

4770 

4S24 

4S78 

4932 

4980 

5040 

5094 

514S 

5202 

04 

5250 

5310 

5304 

541S 

5472 

5520 

55S0 

5634 

56SS 

5742 

05 

5790 

5S50 

5904 

595S 

0012 

606G 

6119 

0173 

0227 

02S1 

00 


03S9 

6443 

6497 

6551 

0604 

C65S 

0712 

6766 

0820 

07 

GS74 

0927 

C9S1 

7035 

70S9 

7143 

719G 

7250 

7304 

735S 

OS 

7411 

7405 

7519 

7573 

7626 

76S0 

7734 

7787 

7841 

7S95 

09 

7949 

S002 

S05G 

8110 

8163 

8217 

8270 

8324 

S37S 

8431 

810 

S4S5 

S539 

S592 

8046 

SG99 

S753 

SS07 

SSG0 

SOM 

8907 

11 


9074 

912S 

91S1 

9235 

9289 

9342 

939G 

9449 

9503 

12 

955G 

9010 

9003 

9716 

9770 

9S23 

9S77 

0930 

9984 

*0037 

13 


0144 

■09/9 

0251 

0304 

035S 

am 

0464 

051S 

0571 

14 


0G7S 

0731 

07S4 

0S3S 

0S91 

0944 

099S 

1051 

1104 

15 

115S 

1211 

1204 

1317 

1371 

1424 

1477 

1530 

1584 

1637 

16 

1690 

1743 

1797 

1S50 

1903 


2009 

2063 

2110 

2109 

17 

99 . 99 . 

2275 

232S 

23S1 

2435 


2541 

2594 

2647 

2700 

IS 

2753 

2S0G 

2S59 

2913 

2900 


3072 

3125 

317S 

3231 

19 

32S4 

3337 

3390 

3443 

3490 

■ 

3602 

3655 

3708 

3761 

S20 

3S14 

3S07 


3973 

4026 


4132 

4184 

4237 

4290 

21 

4343 

4390 

4449 

4502 

4555 

400S 

4660 

4713 

4706 

4S19 

22 

4872 

4925 

4977 

5030 

50S3 

5130 

5189 

5241 

5294 

5347 

23 


5453 

■iWlfcl 

555S 

5611 

5661 

57 1G 

57C9 

5S22 

5S75 

24 

5927 

59S0 

0033 

60S5 

6138 

0191 

6243 

G29G 

6349 

0401 

25 

G454 

0507 

6539 

6G12 

GG04 

0717 

6770 

6S22 

6875 

6927 

20 

G9S0 

7033 

■ai&f 

7138 

7190 

7243 

7295 

734S 

7400 

7453 

27 

7500 

755S 

7611 

7663 

7716 

77GS 

7820 

7S73 

7925 

797S 

2S 


S0S3 

S135 

S1SS 

8240 

8293 

8345 

S397 

8450 

8502 

29 

S555 

SOOT 

SG59 

S712 

S7G4 

SS1G 

SSG9 

S921 

S973 

9020 

S30 


9130 

9183 

9235 

9287 

9340 

9392 

9444 

9490 

9549 

31 

9001 

9653 


975S 


9SG2 

9914 

9967 

*0019 

*0071 

32 

92 0123 

017G 


0280 


0384 

0430 

61S9 

0541 

0593 

33 

0045 

0097 

0749 

0S01 


0906 

095S 

1010 

1062 

1114 

3-1 

1100 

121S 

1270 


1374 

1426 

147S 

1530 

15S2 

1034 

35 


173S 

1790 

1S42 

1894 

1940 

199S 

2050 

2102 

215? 

30 

2200 

2258 

2310 

2302 

2414 

2400 

2518 

2570 

2022 

2074 

37 

2725 

2777 

2S29 

2SS1 

2933 

29S5 

3037 

3089 

3140 

3192 

3S 

3244 

3290 

334S 

3399 

3451 

3503 

3555 

3007 

3G5S 

3710 

39 

3702 

3S14 

3SG5 

3917 

3969 

4021 

4072 

4124 

4176 

4228 

S40 

4279 

4331 

4383 

4434 

44S0 

453S 

4589 

4641 

4093 

4744 

41 

4790 

4S4S 

4S99 

4951 

■rfiUKl 

5054 

5100 

5157 

5209 

5261 

42 

5312 

5304 

54 1 5 

5407 

5518 

5570 

5021 

5673 

5725 

577G 

43 

5S2S 

5S79 

5931 

59S2 

6034 

COS 5 

0137 

01SS 

0240 

6291 

44 

0342 

0394 

6445 

6497 

654S 

0000 

6651 

0702 

0754 

6805 

45 

GS57 

6903 

6959 

7011 

1 

7114 

7105 

7210 

720S 

7319 

40 

7370 

7422 

7473 

7524 

757G 

7027 

7078 

7730 

77S1 

7S32 

47 

i 7SS3 

7935 

79SG 

K&V9 

soss 

8140 

8191 

8242 

8293 

8345 

4S 

. S3 90 

8447 

S49S 

8549 

8601 

8652 

8703 

8754 

SS05 

8S57 

49 

S90S 

S959 

1 


9001 

9112 

9163 

9215 

9206 

9317 

930S 
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Table XV. — ( Continued . ) 


Mantissas for 850-S99 


S50 

0 

n 

2 

3 

4 

5 

6 

n 

8 

9 

850 

92 9419 

9470 

9521 

9572 

9623 

9674 

9725 

9776 

9827 

9879 

51 

9930 

99S1 

*0032 

*00S3 

*0134 

*01 S5 

*0236 

*02S7 

*033S 

*0389 

52 

93 0440 

0491 

0542 

0592 

0643 

0694 

0/45 

0796 

0S47 

089S 

53 

0949 

1000 

1051 

1102 

1153 

1204 

1254 

1305 

1356 

1407 

54 

1458 

1509 

1560 

1610 

1661 

1712 

1763 

1814 

1S65 

1915 

55 

1966 

2017 

206S 

2118 

2169 

2220 

2271 

2322 

2372 

2423 

56 

2474 

2524 

2575 

2626 

2677 

2727 

277S 

2S29 

2S79 

2930 

57 

2981 

3031 

3082 

3133 

31S3 

3234 

3285 

3335 

3386 

3437 

58 

3487 

3538 

3589 

3639 

3690 

3740 

3791 

3S41 

3892 

3943 

59 

3993 

4044 

4094 

4145 

4195 

4246 

4296 

4347 

4397 

4448 

S60 

449S 

4549 

4599 

4650 

4700 

4751 

4S01 

4852 

4902 

4953 

61 

5003 

5054 

5104 

5154 

5205 

5255 

5306 

5356 

5406 

5457 

62 

5507 

5558 

560S 

565S 

5709 

5759 

5809 

5S60 

5910 

5960 

63 

6011 

6061 

6111 

6162 

6212 

6262 

6313 

6363 

6413 

6463 

64 

6514 

6564 

6614 

6665 

6715 

6765 

6815 

6865 

6916 

6966 

65 

7016 

7066 

7117 

7167 

7217 

7267 

7317 

7367 

7418 

7468 

66 

751S 

7568 

7618 

766S 

7718 

7769 

7819 

7S69 

7919 

7969 

67 i 

S019 

S069 

S119 

8169 

S219 

S269 

8320 

8370 

8420 

8470 

6S 

8520 

S570 

S620 

8670 

S720 

8770 

SS20 

S870 

8920 

8970 

69 

9020 

9070 

9120 

9170 

9220 

9270 

9320 

9369 

9419 

9469 

S70 

9519 

9569 

9619 

9669 

9719 

9769 

9S19 

9S69 

9918 

996S 

71 

94 001S 

006S 

OHS 

016S 

021S 

0267 

0317 

0367 

0417 

0467 

72 

0516 

0566 

0616 

0666 

0716 

0765 

0S15 

OS65 

0915 

0964 

73 

1014 

1064 

1114 

1163 

1213 

1263 

1313 

1362 

1412 

1462 

74 

1511 

1561 

1611 

1660 

1710 

1760 

1S09 

1S59 

1909 

1958 

75 

2008 

205S 

2107 

2157 

2207 

2256 

2306 

2355 

2405 

2455 

76 

2504 

2554 

2603 

2653 

2702 

2752 

2801 

2S51 

2901 

2950 

77 

3000 

3049 

3099 

3148 

319S 

3247 

3297 

3346 

3396 

3445 

78 

3495 

3544 

1 3593 

3643 

3692 

3742 

3791 

3S41 

3890 

3939 

79 

39S9 

403S 

40S8 

4137 

4186 

4236 

42S5 

4335 

4384 

i 

4433 

880 

4483 

4532 

45S1 

4631 

4680 

4729 

4779 

4828 

4877 

4927 

81 

1 4976 

5025 

5074 

5124 

5173 

5222 

5272 

5321 

5370 

5419 

82 

5469 

551S 

5567 

5616 

5665 

5715 

5764 

5S13 

5862 

5912 

83 

5961 

6010 

6059 

61 OS 

6157 

6207 

i 6256 

6305 

6354 

6403 

84 

6452 

6501 

i 6551 

6600 

6649 

669S 

6747 

6796 

6S45 

6894 

85 

6943 

6992 

7041 

7090 

7140 

71 S9 

723S 

72S7 

7336 

7385 

86 

7434 

74S3 

7532 

7581 

7630 

7679 

772S 

7777 

7S26 

7S75 

S7 

7924 

7973 

8022 

SOTO 

S119 

S168 

S217 

8266 

8315 

8364 

88 

8413 

S462 

S511 

S560 

S609 

S657 

S706 

S755 

8804 

8853 

89 

8902 

S951 

8999 

9048 

9097 

9146 

9195 

9244 

9292 

9341 

S90 

9390 

9439 

94SS 

9536 

9585 

9634 

9683 

9731 

9780 

9S29 

91 

9878 

1 9926 

99/5 

*0024 

*0073 

*0121 

*0170 

*0219 

*0267 

*0316 

92 

95 0365 

0414 

0462 

0511 

0560 

0608 

0657 

0706 

0754 

0803 

93 

0S51 

0900 

0949 

0997 

1046 

1095 

1143 

1192 

1240 

1289 

94 

1338 

1386 

1435 

14S3 

1532 

1580 

1629 

1677 

1726 

1775 

95 

1S23 

1S72 

1920 

1969 

2017 

2066 

2114 

2163 

2211 

0 

96 

23 OS 

2356 

2405 

2453 

2502 

2550 

2599 

2647 

2696 

2744 

97 

2792 

2S41 

2889 

2938 

2986 

3034 

3083 

3131 

3180 

3228 

98 

3276 

3325 

3373 

3421 

3470 

351S 

3566 

3615 

3663 

3711 

99 

3760 

380S 

3856 

i 

3905 

3953 

4001 

4049 

4098 

4146 

4194 
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Table XV. — (Continued) 
Mantissas top. 900-949 


900 

0 

D 

2 

3 

4 

5 

6 

D 

s 

0 

900 

95 4243 


4339 

4387 

4435 

4-184 

4532 

43S0 

402S 

4077 

01 

4725 

4773 

4S21 

4S09 

491 S 

4966 

5014 

5062 

5110 

5158 

02 

5207 

5255 

5303 

5351 

5399 

5447 

5-195 

0543 

5592 

5010 

03 

56S8 

5730 

57S4 

5S32 

5S80 

592S 

5976 

6024 

0072 

0120 

04 

61CS 


6265 

0313 

63G1 

6409 

6457 

6505 

0353 

0601 

05 

6649 

6097 

6745 

0793 

6S40 

GSSS 

6936 

69S4 

7032 

70S0 

06 

712S 

7170 

7224 

7272 

7320 

7368 

7416 

7464 

7512 

7359 

07 

7607 

7055 

7703 

7751 

7799 

7S47 

7894 

7942 

7990 

8038 

OS 


8134 

S1S1 

8229 

S277 

8325 

8373 

8421 

840S 

8510 

09 

8564 


S659 

S707 

8755 

SS03 

SS50 

8S9S 

S940 

8994 

910 


90S9 

9137 

91S5 

0232 

9280 

932S 

9375 

9423 

9-171 

11 

9518 

9500 

9614 

9661 

9709 

9757 

9S04 

9852 

9900 

9947 

12 

9995 


*0090 

*013S 

*0185 

‘0233 

*02 SO 

*0328 

*0370 

*0423 

13 

96 0471 

0518 

0500 

0613 

0661 

MW&M 

»rM‘J 

0S04 

OS 51 

0S99 

14 

0946 

0994 

1041 

10S9 

1136 

1181 

1231 

1279 

1320 

1374 

15 

1421 

1409 

1510 

1563 

1611 

1G5S 

■ERfl 

1753 

1S01 

1848 

16 

1895 

1943 

1990 


2085 

2132 

Ktrcil 

2227 

2275 

2322 

17 


2417 

2404 

2511 

2559 

2006 


2701 

2748 

2795 

18 

2S43 

2S90 

2937 

29S5 



3126 

3174 

3221 

3268 

19 

3316 

3363 

3410 

3457 

3504 

3552 

3599 

3646 

3093 

3741 

920 

37SS 

3S35 

3SS2 

3929 

3977 

4024 


4118 

41 Go 

4212 

21 

4260 

4307 

435-4 

4401 

4448 

4495 

4542 

4590 

4G37 

4GS-1 

22 

4731 

4778 

4S25 

4S72 

4919 

4900 

5013 

5061 

5108 

5155 

23 

5202 

5249 

5290 

5343 

5390 

5137 

5-184 

5531 

5578 

5025 

24 

5072 

5719 

5766 

5S13 

5860 

6907 

5954 

6001 

0048 

0095 

25 

0142 

0IS 9 

G23G 

02S3 

G329 

6370 

0423 

0470 

0517 

050-1 

26 

6611 

0058 

6705 

6752 

6799 

0S45 

GS92 

0939 

098G 

7033 

27 

70S0 

7127 

7173 

7220 

7207 

7314 

7361 

7408 

7454 

7501 

2S 

754S 

7595 

7042 

7GSS 

7735 

7782 

7829 

7875 

7922 

79G9 

29 

S016 

8002 

8109 

8156 

S203 

S249 

8296 

8343 

8390 

8430 

930 

8483 

8530 

8576 

8623 

8G70 

8710 

8763 

8810 

SS50 

8903 

31 

8950 

8990 

9043 

9090 

9136 

9183 

9229 

9270 

9323 

9309 

32 

9410 

9403 

9509 

9556 

9002 

9649 

9095 

9742 

9789 

9835 

33 

9SS2 

9928 

9975 

*0021 

*006S 

*0114 


*0207 

*025-1 

*0300 

34 

97 0347 

0393 

0440 

04SG 

0533 

0579 

0626 

0072 

0719 

0705 

35 

0S12 

0S5S 

0904 

0951 

0997 

1044 


1137 

1183 

1229 

36 

1270 

1322 

1309 

1415 

1461 

150S 

1554 

3001 

1017 

1093 

37 

1740 

17S6 

1S32 

1S79 

1925 

1971 

Eina 

200! 

2110 

2157 

3Sj 

2203 

2249 

2295 

2342 

23SS 

2434 

2481 

2527 

2573 

2019 

39 

2000 

2712 

275S 

2S04 

2851 

2S97 

2913 

29S9 

3035 

30S2 

9-10 

312S 

3174 

3220 

32GG 

3313 

3359 

3405 

3451 

3497 

3543 

41 

3590 

3630 

30S2 

372S 

3774 

3820 

3SG6 

3913 

3959 

4005 

42 

4051 

4097 

4143 

4189 

4235 

4281 

EH 

4374 

4420 

4400 

43 

4512 

4558 

4G04 

4050 

4690 

4742 

47S8 

4S34 

4SS0 

4920 

44 

4972 

501S 

5004 

5110 

5156 

5202 

5248 

5294 

5340 

53 SO 

45 

5132 

5478 

5521 

5570 

5610 

5062 

5707 

5753 

5799 

5845 

46 

5S91 

5937 

5983 

6029 

6075 

0121 

Cl 67 

0212 

0258 

6304 

47 

0350 

0396 

6-442 

G4SS 

6533 

6579 

0625 

0071 

0717 

0703 

4S 

csos 

6S54 

0900 

6946 

6992 

7037 

7083 

7129 

7175 

7220 

49 

7200 

7312 

735S 

7403 

7449 

7493 

7541 

7580 

7032 

7078 
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Table XV. — ( Continued ) 


Mantissas fob 950-999 


950 

0 

H 

2 

3 

4 

5 

6 

7 

8 

9 

950 

97 7724 

7769 

7S15 

7S61 

7906 

7952 

7998 

8043 

8089 

8135 

51 

S1S1 

8226 

S272 

8317 

8363 

8409 

S454 

8500 

8546 

8591 

52 

S637 

8683 

872S 

8774 

SS19 

8865 

8911 

8956 

9002 

9047 

53 

9093 

9138 

9184 

9230 

9275 

9321 

9366 

9412 

9457 

9503 

54 

954S 

9594 

9639 

9685 

9730 

9776 

9S21 

9867 

9912 

9958 

55 

9S 0003 

0049 

0094 

0140 

01S5 

0231 

0276 

0322 

0367 

.0412 

56 

045S 

0503 

0549 

0594 

0640 

0685 

0730 

0776 

0821 

0867 

57 

0912 

0957 

1003 

1048 

1093 

1139 

1184 

1229 

.1275 

1320 

5S 

1366 

1411 

1456 

1501 

1547 

1592 

1637 

1683 

172S 

1773 

59 

1S19 

1864 

1909 

1954 

2000 

2045 

2090 

2135 

2181 

2226 

960 

2271 

2316 

2362 

2407 

2452 

2497 

2543 

25SS 

2633 

2678 

61 

2723 

2769 

2814 

2859 

2904 

2949 

2994 

3040 

3085 

3130 

62 

3175 

3220 1 

3265 

3310 

3356 

3401 ! 

3446 

3491 

3536 

3581 

63 

3626 

3671 1 

3716 

3762 

3807 

3852 1 

3897 

3942 

3987 

4032 

64 

4077 

4122 

4167 

4212 

4257 

4302 

4347 

4392 

4437 

4482 

65 

4527 

4572 

4617 

4662 

4707 

4752 

4797 

4S42 

4887 

4932 

66 

4977 

5022 

5067 

5112 

5157 

5202 

5247 

5292 

5337 

5382 

67 

5426 

5471 

5516 

5561 

5606 

5651 

5696 

5741 

57S6 

5S30 

6S 

5S75 

5920 

5965 

6010 

6055 

6100 

6144 

6189 

6234 

6279 

69 

6324 

6369 

6413 

6458 

6503 

6548 

6593 

6637 

66S2 

6727 

970 

6772 

6S17 

6S61 

6906 

6951 

6996 

7040 

70S5 

7130 

7175 

71 

7219 

7264 

7309 

7353 

7398 

7443 

74SS 

7532 

7577 

7622 

72 

7666 

7711 

7756 

7800 

7S45 

7890 

7934 

7979 

S024 

8068 

73 

S113 1 

S157 | 

S202 

S247 

S291 

S336 j 

S3S1 

S425 | 

S470 | 

S514 

74 

8559 1 

8604 

S648 

S693 

S737 

S7S2 

8826 

SS71 

8916 

8960 

75 | 

9005 I 

9049 , 

9094 

9138 

91S3 

9227 j 

9272 j 

9316 | 

9361 j 

9405 

76 | 

9450 | 

9494 

9539 

95S3 

9628 

9672 1 

9717 1 

9761 1 

9806 1 

9850 

77 

9S95 

9939 

99S3 

*002S 

*0072 

*0117 

*0161 

*0206 

*0250 

*0294 

7S 

90 0339 

0383 

0428 

0472 

0516 

0561 

0605 , 

0650 

0694 

0738 

79 

07S3 

0827 

0S71 

0916 

0960 

1004 ! 

1049 

1093 

1137 

1182 

9S0 

1226 

1270 

1315 

1359 

1403 

1448 

1492 

1536 

1580 

1625 

SI 

1669 

1713 

175S 

. 1802 

1846 

1890 

1935 

1979 

2023 

2067 

S2 

2111 

2156 

2200 

2244 

22SS 

2333 

2377 

2421 

2465 

2509 

S3 

2554 

259S 

2642 

26S6 

2730 

2774 

2819 

2863 

2907 

2951 

S4 

2995 

3039 

30S3 

3127 

3172 

3216 

3260 

3304 

3348 

3392 

So 

3436 

34S0 

3524 

3568 

3613 

3657 

3701 

3745 

3789 

3833 

S6 

3S77 

3921 

3905 

4000 

4053 

4097 

4141 

4185 

4229 

4273 

S7 

4317 

4361 

4405 

4449 

4493 

4537 

4581 

4625 

4669 

4713 

S8 

4757 

4S01 

4845 

4889 

4933 

4977 

5021 

5065 

5108 

5152 

S9 

5196 

5240 

5284 

532S 

5372 

5416 

5460 

5504 

5547 

5591 

990 

5635 

5679 

5723 

5767 

5811 

5854 

5S9S 

5942 

5986 

6030 

91 

6074 

6117 

6161 

6205 

6249 

6293 

6337 

6380 

6424 

6468 

92 

6512 

6555 

6599 

6643 

66S7 

6731 

6774 

6S18 

6862 

6906 

93 

6949 

6993 

7037 

7080 

7124 

7168 

7212 

7255 

7299 

7343 

94 

73S6 

7430 

7474 

7517 

7561 

7605 

7648 

7692 

7736 

- 7779 

95 

7823 

7867 

7910 

7954 

7998 

S041 

S0S5 

8129 

8172 

8216 

96 

S259 

S303 

8347 

S390 

S434 

8477 

8521 

8564 

8608 

8652 

9/ 

S695 

S739 

87S2 

8826 

8869 

8913 

8956 

9000 

9043 

9087 

9S 

9131 

9174 

921S 

9261 

9305 

9348 

9392 

9435 

9479 

9522 

99 

9565 

9609 

9652 

9696 

r 

9739 

9783 

9826 

9870 

9913 

9957 











INDEX 


A 

Accrued bond interest, 126 
Accumulation of bond deficiency, 121 
Accumulation factor, 15 
Accumulation formula, Fackler’s, 206 
Amortization, of bond excess, 120 
of debt, 96-98 
schedule of, 97, 121 
sinking fund, comparison with, 110 
Amount, at compound interest, 13, 20, 
27 

of depletion, 148 
of general annuity, 76, 151-159 
of simple annuity, 47-51, 54 
at simple interest, 1 

Annual charge for depreciation and inter- 
est, 146 

Annual investment cost, 90 
Annuities, 46-95, 151-169 
amount of, 47-48, 51-52, 54-55, 76, 
151-169 

conversion of, 78-79 
definitions of, 46 
equivalence of, 73, 78, 195 
interest rate for, 66, SO 
payment of, 58-62, 78 
final payment of, 62, 65, 159-163 
present value of, 47-54, 76 
term of, 46, 81 
types of, annuity bond, 136 
annuity due, 46, 51-54 
contingent, 46 
deferred, 46, 54—56, 193 
life annuities, 191-195 
temporary, 194 
whole-life, 192, 196-197 
ordinary, 46, 54 
general, 47, 72, 151-153 
simple, 46 

other types of, 165-168 
decreasing, 166 
increasing, 165 


Annuities, other types of, with interest 
converted continuously, '167 
payable continuously, 166 
perpetuities, 84—95 
Antilogarithms, 216 
A.P. (see Arithmetic progression) 
Approximating methods, 170-187 
for accumulation factor, 15, 170, 173 
for amount of annuity, 170 
for compound interest rate, 173 
for discount factor, 21, 170, 173 
for present value of annuity, 170 
for yield rate, 66, 178-185 
Arithmetic mean, 226 
Arithmetic progression (A.P.), 225-226, 
229 

Average due date, 42-45 
B 

Bank discount, 7 
Bankers’ rule, 6 

Binomial expansion, 17-18, 21, 170-171 
Bobtailed multiplication, 209-210 
Bond tables, 134—135 
Bonds, 113-137 
accrued interest of, 126 
annuity, 136 
callable, 114 
deficiency of, 121 
definitions of, 113-114 
excess of, 119-120 
face value of, 113 
flat price of, 127 

(, See also Purchase price) 
investor’s rate for, 114-115 
interest price of, 127 
market price of, 126-127 
(See also Book value) 
par value of, 114-115 
premium of, 114-115 
purchase price of, 115, 116, 127 
purchased between interest dates, 126 
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